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Lol tua

Thud con 12 mdt hoc sinh trung hoc tré twéi, tdi vAn mang mot sy ton
kinh gin nhu thin thdnh d6i v6i cic cun sich gido khoa. Khi d6, d6i véi
t0i, cdc cudn sach gido khoa, ma ¢t ddu nim hoc lai dugc mot ban tay
min can boc lai cdn than, c¢6 y nghia nhu th€ ndo thi 18i clng khong thé
n6i 1&n chinh xac dugc : didu chic chin 12 ching chita dyng Chan ly. Ching
han, 101 cho ring chi c6 thé phat bi€u mdt dinh ly theo ding timg ciu cho
nhu trong sach gido khoa. Lic d6 céc gido su chwa s dung thudng xuyén
cac 0 520 chup (0n tap va b8 sung ly thuy&t, d& bii tap...) ; ngay nay thi
t6i nghi ring tinh hinh d6 12 do nhimg khé khin vé sao chup hon 12 vi cdc
gido su d6 lai khong mudn dé lai ddu 4n c4 nhin qua viéc Tya chon nhing
bai tdp ddc d4o. Cac gisdo su khi d6 thuong xuyén tham chi&u d€n céc sich
gido khoa, tudn thi trung thanh trinh ty cda sich gido khoa, iy bai tap t
sdch gido khoa. Tuy nhién t6i vin con nhd da rit ling ting khi thay gi4o
Todn, & 16p cudi cip Trung hoc phd thong, ma tdi cing rdt ton sing, d6i
khi lai phat biéu mot s8 1o phe phan d6i voi mot cudn sdch ma chinh dng
ta da khuyén ching t6i st dung! Con c4c tic gia cla cic cudn sich d6 thi
lai cang bi 4n : ho 12 ai, céc vi thin linh ndm gid Tri thic d6?7 Sau nay,
tdt nhién 12 cAc m&i quan h¢ cia toi vai tr cach sinh vién d8i vdi cdc cudn
gido trinh A2 thay d6i din, nhung hinh nhu t6i vin gitt lai cdch tiép can
vira ham thich vira ton kinh dd, chic 13 do ngdy tho, cich nhin vdn d3 ngdn
cin 16i khong 1am nhimg viéc ching han nhir ghi nhin xét & 1¢ trang sach
- t6i s¢ khOng nhai viec lam cia mdt Pierre de Fermat! - va cd cdi dinh
kién ton trong s& khi&n cho tdi kh6é ma soan thdo dugc mdt ban nhin xét
khach quan.

Khong mdt gido su ndo, di cho 12 mot tdc giad da viét gido trinh, lai nghi
dén viéc thay viéc gidng day s6ng dong bing mot cudn sich. Nhung mot
gido trinh dugc xuft ban, nfu trung thinh véi ndi dung va tinh thin ciia
chuong trinh cda mot 16p, ¢6 thé gidp ich rdt nhidu cho nhong sinh vién
cham chi. Nguoi sinh vién, nhit 12 c4c sinh vién méi bit ddu hoc, s& cam
thdy yén tam khi ¢6 dugc mot luge A8 sang sia, chinh xdc, chit che, mdt
cdch trinh bay that chau chuét, v&i cdc kiéu chor khéc nhau duwge xen ke



mdt cach hop li, mdt cach nhin toan cuc d8i v6i cic vin d& duge khio sat
trong culn sich. Ngudi sinh vién s& tin chic 13 s€ tim duge trong cudn
~ sdch d6 mot phép chumg minh chua thiu hiu, mot thi dy hay phan thi du
gidp cho viéc ndm vimg hon mot khdi niém, cau gidi dip cho mot cau hdi
ma anh ta khong ddm néu ra...

bé cudn sich c6 thé hoan thanh vai trd trg 1y d6 - tuy thy ddng nhung
ludn ludn c6 mit - 18i cho ring cudn sich phdi thit gin gdi vdi nhéng
khic mic trye tiép cia nguoi sinh vién, khong ddi héi nhing hiéu biét chua
thu hidu, khong 1am cho ngudi sinh vién chdn nin do thudng xuyén dua
ra nhomg khdi niém qué tinh t& ; tuy nhién cudn sich d6 vin phai chia
dung mdt ndi dung & dé c6 thd 1ao nén dugc nhing co sd chic chin lam
nén tang cho tri thitc khoa hoc.

Nhu th& ching ta d& hinh dung duge ring viéc bien soan mot bd gido
trinh danh cho sinh vién cic I6p dy bj hay sinh vién hoc phin 1 bac dai
hoc, s& doi hdi, cung voi sy hi€u biét chuyén mon cin thi€, mot trinh do
sur pham chdc chin, dwgc rén luyén qua kinh nghiém gidng day 1au nam &
cac cdp hoc d6, mot duc tinh kién tri va ty mi to 19n.

Jean-Mariec Monier d3 di dang cim dé thyuc hién cong viéc 16n lao d6,
va nhimg cudn sach ma 6ng ta cho ra mit ching ta hdm nay - ndi li€p cic
t4p bai t4p von d2 git hai thinh cOng mA ching ta déu biét - da chimg 16
ring Ong ta da di ding hudng; 61 nghi ring Ong ta di dat dugc muc tidu
dé ra, ufc 12 bién soan nhing gido trinh hoan chinh danh cho t4t ¢4 cic
sinh vién, chnt khong riéng cho nhitng sinh vién teong lai cia Truong Bach
khoa. T4t nhign sau niy ho s& doc va thudng thiuc nhong cudn sich chuyén
sau..., nhtng ngudi s tiép tyc hoc 18n. Trude mit, san khi hoc xong 16p
cudi cip, ho cAn phai thdu hidu ddy du nhtrng khai niém co s& mdi (tinh
lign tuc, sy hoi ty, cfu tric tuyén tinh...) : nguoi doc s& duge mot ban tay
chic chin din'ddt tng budc, ban tay A6 s& 1a chd twa ving chic méi khi
xuft hién nguy co : nhang doan nhan xét d6i v6i mot s8 sai 1dm chinh 12
k&t qua cia sy quan sat nhifu 14n c4c sai 1Am ma sinh vien mac phai.

Sudt trong qué trinh hoc, thudmg xuyén c6 nhing bai 1ap d€ ngudi sinh
vien tap duot : vai chyc trang sau d6, anh ta s& cAm thdy hai 10ng kli nhan
ra ring minh da dat duge k&t qui dung din do di ding hudng, hodc thu
lrgm dugc mot chi din quy bau @€ ti&€p tuc nghitn cdu thém @ that vay

cudn sich da tao nén mot cai gi hoan chinh, c¢6 hi¢u qua va chjt che.
__cuBn sdch da tao nén mot cai gi hoan chinh, c6 hicu qua va chat ché.



Toi da néi vé& vai trd co bin ma mot cudn gido trinh, dugc s dung
trong mot thoi gian dai nhu moOt cOng cy tra ciu, cé thé ¢é trong vigc hinh
thanh mot tri tué khoa hoc tré trung. Nhu vay cfu tric, cdch bién soan vi
trinh bay mot culn gi4o trinh 12 nhimg yé&u t§ co bin : & day chung ta chi
dugc phép tao ra mot ci gi hoan hdo. P6 chinh 12 y nghia cla cong viéc
ma J-M. Monier d3 hoan thanh, v4i mot trinh 46 hiéu bi€t, modt cach lya
chon va sy kién tri tuyét voi, tt ban thio ddu tién tdi nhomg cdng viéc ska
chra cuBi cong, toi timg chi ti€t, rude khi hoan chinh. Cédc tap sich nay
dap tmg ding mot nhu clu thyc sy hién ¢6, va tdi tin chic ring ching se
dugc dén chao ndng nhiét tir d8i tugng cia ching l1a cdc sinh vign - va
chic chin 12 ci nhing nguoi khac nita - nhimg ngudi sau ndy sé néi ring :
“Toi da hoc duge nén tdng Todn hoc trong cic cudn Monier !

H.DURAND
Gido su Todn dgc bigt
Truimg Trung hoc
La Martiniére
Montplaisir - Lyon
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Bo6 gido trinh Todn mdi ndy, v6i nhiéu bai tdp c6 10 gidi, duge bién soan
danh cho sinh vién giai doan T cic truong dai hoc cong nghé qubc gia (nam
that | vi thit 2, moi chuyén nganh), cho sinh vién giai doan I dai hgc khoa
hoc, vivcho cdc thi sinh dy thi tuyén gido su trung hoc phé théng.

B6 cuc ciia bo gido trinh nhu sau:

Tapl:Giaitichl Ny - .
Tap2 : Gii tich 2} Giai tich nam thu-1
Tap3:Giaditich3 ‘o L S )
Tapd : Gidi t(ch4} Giai tich nam thu 2

Tap S: Duiso ! Paisé  nam (hal
Tap 6: Dai $6 2: Pai s6 nam tha?2
Tap 7: Hinh hoc: Hinh hoc nam thi 1va thi 2.

D€ kiém chiing mic d6 linh hoi kién thitc, trong mdi chuong déc gia sé thiy
nhiéu bai tap cé 101 gidi in & cubi sich. Trir mot vai truong hop dac biét, cic
bai tdp nay déu khic véi nhitng bai di ¢4 trong bo bai tap 6 10i giai gébm tim
tAp mdéi xudt ban.

Nhiéu vin dé & ranh gi6i ciia chuong trinh duge dé cap & cubi chUdng, duéi
dang cdc bd sung cé giai.

Tiéc gia rat mong nhan dugc nhitng 1t phé binh va goi y cia doc gia. Xin
vui 1dng gri cdc y ki€n dén Nhi xudt ban Dunod, 5, ph8 Laromiguiere,
75005 Paris.

Jean-Marie Monicr




Ldi cam on

Toi xin bly to tai day long biét on déu rit nhiéu ban dong nghi¢p di vui
1dng nhan kiém tra lai timg phin cha ban thio hoijc clia bin danh mdy, [
Robert AMBLARD, Bruno ARSAC, Chantal AURAY, Heari BAROZ,
Alain  BERNARD,. Isabelle BIGEARD, Jacques BLANC, Gérard
BOURGIN, Gérard-Pierre  BOUVIER, Gérard CASSAYRE, Gilles
CHAFFARD, Jean-Yves CHEVROLAT, Jean-Paul CHRISTIN, Yves
COUTAREL, Catherine DONY, Hermin DURAND, Jean FEYLER, Nicole
GAILLARD, Marguerite GAUTHIER, Daniel GENOUD, Christian
GIRAUD, Alain GOURET, André GRUZ, André LAFFONT, Jean-Marc
LAPIERRE, Jean-Paul MARGIRIER, Annie MICHEL, Rémy NICOLAI,
Michel PERNOUD, Jean REY, René ROY, Philippe SAUNOIS, Patrice
SCHWARTZ va Gérard SIBERT.

Cudi ctlhg, td1 cdm on siu sic Nha xuit ban Dunod, Giséle Matus va Michel
Mounic, ma trinh d6 chuyén mén va tinh kién tri d3 tao diéu kién hoan thanh
cdc tap sich nay.

Jean-Marie Monier
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Chuadng 1
$é thuc

1.1 Mo dau

Tap hop N = {0, 1, 2, 3,...} céc s6 tu nhién thube vé co s& cha phép dém. Do
trong N khéng ¢é cdc phdn tir ma téng véi | heac véi 2.... bing 0, nén ngudi
ta da xay dung tap hop cdc s6 nguyén (tuong d61) Z={..., -2, -1,0, 1, 2,...}.
Sau dé, do trong Z khoéng c6 c4c phin tir ma tich vé6i 2 hoic 3 bing 1, nén
ngudi ta da xAy dung tap cic s§ hiru ty Q, tAp nay dugce trang bi mét cau tric
thé giac hodn sip thu ti toan phdn, nghia ta c6 hai luat hop thanh trong +, -,
va mot quan hé thy tu toan phén < sao cho:

(Q.+,) 12 mot thé giao hoan:
ua<h =Da+c<h+rc
Y(a,b,)e Q> lu<h

=>ua-c<h-c
0<c

Ta thdy ngay, ching han 1A khéng t6n tai s6 hiru ty niao ma binh phuong

m

2
bang 2. That vay, néu tén tai (m, n) € N** sao cho 2 =[ ] thi cic s6 mu

n

cla 2 trong c4c dang phan tich (thanh thira s6) nguyén t6 cila m* va 2n” s& c6
tinh chdn 1é khic nhau.

Nhimng "s&" ¢6 ich khac trong Giai tich c6 dién nhv e, n cling khong phai 12
s6 hitu ty.

Do dé cén phai xay dung mot thé s6 réng hon Q: dé6 s& [a thé céc s6 thuc.

Bai tap

¢ 1.1.1 Chimg minh tinh vé i coa J2 theo bon phuong phip

Ta gia thi€t tén tai (m, n) & N*? a0 cho m*= 2n?, va ta tim cdch din dén mau thuin,

2-GTT-T4



Chuong 1 S8 thyc

a) Ching minh rang tén tai p € N* sao chom=n+p, r8i t6n tai ¢ € N*snochon=p + ¢;
suy ra g’ = 2p%, sau d6 suy ra mau thudn bing cdch 13p lai thi tuc nay.

h) Chitng minh ting 2 chia h&t m, rBi 2 chia hét n, tir 46 din d&n mau thulin néu ta gia thi&t
UCLN(m, n) = 1

¢) Gia thi€t UCLN(m, n) = 1. Ching minh ring r chia hét (m — n)(m + n), vA mat khic
UCLN(n, mm — n) bing UCLN(nm + n) =1, tir 46 din d&n mau thudn.

d) Gia thi€t m va n nguyén t6 cing nhau, ching minh rang m? £ 20’ 13}.

1.2 S6 thuc

1.2.1 Su ton tai va duy nhat cia R
Ta thira nhan su tén tai va duy nhét, khéng ké dén cach ky hiéw, cla tap hop
R duoc trang bi hai luat hgp thanh trong +, - va mot quan h¢ < sao cho:
1) (R,+,) 12 mét thé giao hoin
2) < 12 mdt quan he thit ty toan phdn trong R
asb =a+c<b+c
13)V(a,b,c)eR3 1ash
0<c
4) Moi b6 phan khong réng va bi chin trén cia R
du c6 mot bién trén (hoac cén trén ding) thuéc R

}:>a-csb'c

Ta nhic lai ring:
(R, +, ) 1A mét thé giao hodn, nghia la:
+cotinh kéthop: ¥(a, b, c) e R?, (a+h)+c=a+(h+0)
+ ¢6 tinh giao hodn: V(a, b) € RLa+h=h+a
R c6 phén tir trung 14p d6i véi phép +, ky hiéu 12 0:
VaeR, «+0=0+a=a
moi phan tir 2 thudce R déu cé phén tir déi, ky hiéu 12 —a:
VaeR, a+(-a)=(-a)+a=0.
- ¢6 tinh két hop: V(a,b,c) € R, (a-h)-c = a(b-c)
- ¢6 tinh giao hodn: V (a,h) € R?, ab=hu



1.2 86 thyc

R ¢6 phén tr trung 14p dé&i véi phép -, ky hiéu 1a 1:
VaeR, al=la=a

moi phén tr a thuéc R — {0} déu c6 phén tir nghich ddo, ky hiéu a™":
Vae R-(0}), aa' =a'a=1

a-(b+c)=a-b+a-c

 phan phéi d6i véi phép cong:  (a,b,c)eR?,
(b+c)-a=b-a+c-a

< 1a mét quan hé thit tu toan phan trong R nghia l1a:

< cétinh phan xa: Va e R, a<a

IA

¢6 tinh phan d6i xing:  v(a.b)e R?, H:j b >a= b]

IA

<
¢6 tinh bic ciu: V(a,b,c)e R3, HZ <b =ac< c]
<c

AN

1 thif tw toan phén: V(a,b)eR2, (a<bheich<a).
Cho m6t bd phan A cia R va mét phén tir x cia R

¢ Ta n6i x 1a mot chan trén (hay c4n trén) cia A trong R khi vA chi khi
Va € A, a<x

¢ Ta néi x 12 mét chan duéi (hay can dué6i) cua A trong R khi va chi khi:
VaeA, x<a

e Ta ndi x 12 phan tir I6n nhit cia A khi v chi khi x € A va x la mot
chin trén cta A trong R

¢ Ta néi x 12 phan tir bé nhat cua A khi va chi khi x € A va x 1a mét chin
dudi cba A trong R.
Néu A c6 phan tir 16n nhét x, thi A ¢c6 mot vd chi moét phén ti 16n nh4t
(Vi < ¢6 tinh phan d6i xiing) khi d6 ta ky hiéu x = ptin(A) hay x = Max(A).
Tuong tu, nfu A c¢6 phdn tir bé nhit x thi ta ky hiéu x = ptbn(A) hay
x = Min(A).
Khi A 12 mot tap hitu han khéng réag, gébm cédc phin tr ay,...,a,, ta thudng
ky hieu Max (a,,....a,) hay Max a; thay cho Max{a,...,a,}; cling ky hiéu

t<i<n

tuong tu d6i véi phén tir bé nh4t.

Mot bo phan A clia R duge goi 13 bi chan trén (twong tng: bi chan dudi)
trong R kht va chi khi t8n tai it nhdt mot chan trén (twong ng: chin duéi)
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cua A trong F. Ta néi A bi chan khi va chi khi A bi chin trén va bj chin
dudi.

Cho mét bo phan A cla R:
» Ta goi phdn tir bé nh4t trong cdc chan trén cha A, néu tdn tai, 1a bién

trén (hay: can trén ding) clia A trong ¥; phan tir ndy duoc ky hiéu 1a
Sup (A) hay Supg(A).

« Ta goi phdn tir 16n nhdt trong cic chin dudi ciia A, n€u t6n tai, 13 bién
dudi (hay : can duéi ding). Phin tr nay dugc ky hieu Inf(A) hay
Tnf(A).

VGi(a, by e FL,a<bcénghia:a<bviazbhb. Ta cé th vist b>a
(tuong ng: b > a) thay cho a < b (twong tng: a < b).

Cic phdn tir coa F duge goi 1a céc s thue.

Ky hiéu 1 12 phdn tir trung 14p cia phép nhéan trong K. V&i moi n € Z, ta ky
hidu s§ thuc xc dinh bai:

1+1+4...+1 (nldn) néun e 1J*
n1=140 néun=0

(~D+(=D+.t(-D  (_yldn) nunez”
la n-1.

. Y - m :
Véi moi ¢ € 3, tOn tai (m, n) € Z x Z* sao cho ¢ = —, va ta k¢ hieu
n

g-1=(m-1)(n-1)"; dinh nghia nay 1a hop 1& vi néu g="="= véi (m, n),
n n

(m’, n’) déu thue Z x Z*, thi m-n’ = m’-n, t d6: (m-1)(n’-1) = (m’-1)(n-1) va
(m- Y- D)= (m’- D)1

Vi moi g € 3, 1a c6 thé ddng nhit g véi ¢-1, va déng nhit Q véi {g-1; ge )
va nhu viy ta coi 7 12 mot bo phan cba R.

Vi moi x € 2* ta thuomg ky hieu L thay cho x™'.
X

Ta ky hitu P.= {x e F; x 20}, B = {x € R; x £ 0}, R*= B — {0},
Fi=F.,-{0),F"=2_-{0}.

Véi(a, b) € T2 saocho a<b; ta dinh nghia trong R chin loai khoang:

[a; b] = {x € F; a < x < b} duge goi 12 khoang déng bi chan hay con goi 1a
doan.
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[a; [ = v e R;a<x < b}, la;hl={x e R a<x<bh)
la;bf={v e Ria<x<h) |- al = {x € R x <a)
]-e0i a] = |x € R; x < a} lu; +oof = {x € R, a < x}
[a; 4o = {x € R; a < x) ]—oo; +oof =

Cac khoang [«; b], 1-o0; a}, {4, +o[, -0, +oo| ducc goi 1a déng.

Cidc khodng Yu; bl, 1-0; df, ]a, +oof, }—, +oof durge goi 1a ma.

Cic khoang [a; h[, la, ] duoc goi 1a nira déng hoic nira ma.

Vi cic ky hiéu trén, cic s6 thuc ¢ (hodc b) duogc goi la cac mit cua khoang.

Cho 7 1a mét khoang cia R, bao déng cua /, ky hiéu 7, 1amet khoang clng
¢6 cic mit vé I va chifa ca nhitng mit thyc caa /, néu cd.

o
Phan trong cia /, ky hiéu /, 1a khoang thu dugc tir / bing cich bd cac mit,
néu cob.
Nhu vay, véi moi {(a. h) € R*saocho u < b:

[a;b)=[a.b] =)a:b] = la;b[ =[a;b], |-oia]=]-ow;a(=]-w;a],

lastoo] = (ai+oo] = [ar+oof , ]—ooiteo] =]~ coioo],

m-m-m~m~m . [ 2 = [o0r il = 1-o0; al,
m-m—]a +o], ]’—?oﬁ[-] 00400

Doc gia s& thaly mot su khao sat ddy du vé su ton tai va duy nhit cha R trong
Gido rinh Todn hoc tap 2, Dunod, cba J.-M. Amaudiés va H.Fraysse.

1.2.2 Cic tinh chit so cip coa so thuc

]) VxyzeR, xSye>x+2z5y+12).
x<

2) YxyuveR, H y=>x+u£y+v].
usv

Tir d6 bing phép quy nap don gian, vdi moi ne N* x(,..x,, y;...y, € R:

n n
(Vie{l,...,n},x,- sy,-):>2x, SZy, :
=1 i=l

3) YVreR* (0<x & 0<l).
X
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4) Vx,yeR, VzeR:,(xsyonSyz).

0<x<
5) Vx,y,u,veR,[{ X y:xuSyv].

Q<uc<v

X<y . |USv
Thyc vay, 0< = xu<yu,va o =D yu < yv.
S U <y

Tir d6 bing phép quy nap don gian ta cé:
Véi moi ne N*, x,..x,, y(,....y,€ R:

n n
(Vie{l,.,n)}, 0<x, <y )= HI,' < H)’i :
=1 =1

Trudng hop riéng: Vn € N* V(xy) € R, (0<x<y = ¥ <y,

6) VY(xy) e (R:_)z,[x<yc>l<l].
y X

x<y
7) VYxyuyveR, [{ :>x+u<y+v].
u<v

Thuc vay: (y + v) — (x +u) = (y — X) + (v — 1) > (y — x) + ==&

Tir d6 suy ra véi moi n € N*, xy,..x,,, ¥y».-sy, € R:

Vie{l,n} x; <y & 1
{3!0 ef{l ,.‘.,n}, X <y = lef <Zly"
o o i= =
Tinh ch4t nay dugc sir dung mot cédch thuan tién hon dudi dang sau:

Vie{l n} x, <y,
%=L

= (Vie{l,..n}x =)

i M:

\

Ta cling suy ra: Vn € N*, V(x, y) € Rf_ Jxsyeo <y

Gia tri tuyét déi cua mot s6 thuc

¢ Dinh nghia Gii tri tuyét d6i cia x € R 1a mot s6 thuc, ky hiéu ||,

L x néux20
xac dinh boi: \xl = . :
-x ntux<O0
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Ta c¢6 céc tinh chat sau:
1) VxeR, ix|=Max(x,—x).
2) VxeR, |xl>o0
3) VxeR, (Ix|=0=x=0).
4 Y yeR, (lxyl=lxllyh.

n n
ITx| =TIkt
i=1 i=1

Trudng hop rieng: Vn e N*, vieR, |xX"|=|xl".

Suyra: Vne N*, Yxy, ...y X,€ R,

5) VxeR' )1 -1
x| |y
6) Y(x,y) e R’ |x+y|5 | x|+ |y|, bd}déngtht?ctamgiéc(quy vé 4)
bang cich binh phuong).

n n
Ta suy ra: Vn € N¥,Vx,, ..., x, € R, Ex,- < Z}xil.
' i=1 i=1

Max(x, y)=— (x+y+|x yi)
7) Yx.y) eRY

Min(x, y) = — (x+y lx yl)
Ta dugc két qué sau cing nay bﬁng cdch phin thinh hai trudng hop x < y,
y<x
8 Yix,y) eR: |x|-lyll< lx-yl
vi |x|=’x—y+y|5 |x-yl+lylnen |x|-lyl< [x—yl va twong tw
lyl-lxl< ly-xi=lx-yl.

Khoang cich théng thuong trong R

¢ Dinh nghia Khoang cich thong thudng trong R [a 4nh xa
dRxR - R
() |-
V6i (x, y) € R? s6 thue d(x, y) duge goi 1a khoang cdch ti x dén y.

Diéu niy tng v6i hinh dnh truc quan vé& khodng céch giita hai diém clia mot
dudng thing.

Ta c6 c4c tinh chit sau, suy ra tryc tiép tir cdc tinh chét clia gid tri tuyeét d6i:
1) Vix,y) e R, (d(x,y))=0 & x=y).
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.2) VY(x,y) € R, d(y, x) = d(x, y).
(ta néi d c6 tinh déi ximg).
3) V(x,y, z) € R d(x, 2) <d(x, y) + d(y, 2).
(ta néi d thod min bat ding thic tam giac).
4) VY(x,y,
(bat dang thifc tam gidc ngugc).

Bat dang thuc Cauchy-Schwarz
n 2 n N n

Vne N, Vx,,.x,, V.Y, €R, (iny,] < {fo J[ny]
=1 =1 i=l

Ta sé trinh bay ba cich ching minh b4t ding thiéc quan trong nay:

o [(Ee)En)Ew)

=y (xfylf+x}2y,2—2x,y,x)yj)= y (x,yl—x,y,)zzo.

lSi<)<n 1si<)san

(ii) Bat ding thic 12 hién nhien khi Y 3> =0, nén c6é thé gia thiét

1=t

LM
=

(iii) Chi § ring: VA e R,Y. (A x, +y,)’ 2 0, nghia 12 (vAeR, T(1) 2 0)
1=\

trong d6T: R — R xéc dinh boi:

vieR, T(k):[ix,’]ﬁ +2[ix,y,]x+[iyf).

n
e Néu Y x>0 thi do tam thic thyc T c6 gia tri > O trén R nén cé
i=l

n 2 n n
biét thitc < 0, tir dé: [Zx,y,] *(Zx,z)[Zy,z]So
1=l 1=l

1=
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n
e Né&u Zx,z =0 thi (Vi € {1,.., n}, x; =0), va bat ding thiic c4n
I=1
chitng minh 1 hién nhién.

Trudng hgp ding thic trong bat ddng thitc Cauchy-Schwarz

1) Cho (x;,.-%,),(Y1---y,) 12 hai phin tir chia R" sao cho ddng thic xay ra
trong bét dang thisc Cauchy—Schwarz, nghia la:

ool (£ 8]

Lap lai cdc phép tinh & (i), ta duge: V(i j) € {1,..., n)% xy,= xy;.

Gia sU (xy,...,x,) # (0,...,0); thé thi tén tai i, € {1,..., n} sao cho xj #* 0.
. Y,

Tasuyra: Vj e (1,.n}, y, =—x,.

'a

Nhu vay, t6n tai @ €X sao cho (¥y,...,y.) = AX}yeesy X,).

2) Nguoe lai, gia sir tén tai @ € sao cho: Vj € {1,..,n}, y;= ax;. Khi dé

(e[ HE ) (8

Cu6i cung: bt ding thic Cauchy—Schwarz trd thanh ding thic khi va chi
khi:

taco: <

(X100 X ) = (0,...,0)
hoac

JaeR, (B, ¥p) = 00X, Xpy)

nghia ta: khi va chi khi ((x,,...x,),(¥1s--,y,)) phu thuéc tuyén tinh trong 2"
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Bai tap

01.2.1

Tim mét vi du vé dnh xa f: R>SR sao cho khéng tén tai cap 4nh xa (g, h) tir B vdo

P. thoa min V(x,y) € R fix, y) = g(x) + A(y).

01.22

¢01.23

01.2.4

01.25

01.286

01.2.7

01.2.8

Giai cdc hé phuong trinh sau v6i 4n 13 (x,y.2) € R*:

x+y=z2 x2+2yz=x
@yl 1.1 by y?+2z;x=y
x y 2 2242xy=2

x+y2+z3=3

xz+y="7z _
A dyz+x=8z 4y y*’2”3‘3
xty+z=12 +x"+y =3

x>0,y>0,z>0

Gii cic phuong trinh sav, véi 4n 12 (x, v, 2) € k3
a)3x2+y2+22=2r(y+z) b)3x2+4y2+1822—4.ry—12xz=0‘
Chimg minh ring véi mgi (x.y,z,1) € R

Peyr=2  |xP+:2=2

2+t =2 & y2+t2=2.

=y Xy =2t

Cho n e N - {0,1}, x,...., £, € R; chimg minh:
G +xd+a4 X2 =Xyt 00 ot Xy Xy F XX ) DY ==X,

Ching minh ring v6i moin € Nvax e R-{1):

2-01 31!4-[

Bl o X ~1 u 2.3t 3t x -1
a)l I x° +11= 1 b)l I x“7 +x° +1}= T
k=0 ' - ) x=

Chitng minh: Vx e B, x6—x5+ x4—x3+x2-x+ %>0.

Chiing minh cdc bat ding thic sau day vi khao s4t cic trudng hap xay ra ding thic:
a) Vb e(R,), a®+b3+222ab+a+b

b) Vabye(R:), YneN", (n—1ja" + b1 2 nan-1b

¢) V(a,bc)eR3, a2 +b2+c22ab+ac+bc

d) Vabo)e(R,), abc2(a+b—chb+c—aXc+a-b)

e) Y(abc)e(R,)2, ad+b3+3 2alb+b2+cla

P VY(abc)eR3, abe(at+b+c)<a?b? +a2cl+b2c2 Sat+b% +cd
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2 2 2
a- b c b ¢ a
} Y(a,bec)e(R.Y, ——+—+—2—+—+—
g v ) (+)3 B2 2 22 a b o«
h)'.V(a.b,c)e(R:)], ] + ! + ! > 3
a(l+b)y b(l+c) c(l+a) l+abc
. PR T I R\ P L
i) V(abecyelR,|], —+—+—<——0—— .
( ) (+)] 2 b ¢ 2633
X+y+z=93

0129 Cho(x,y,z) e R sa0 cho: { : chitng minh réng: -1 <z < 13 .

Xy+yz+zx=3
. 1 1 l , L
0 1.210 Cho (a,bc)e IR,| .a=a+ ; f=b+ —, y=c+ — . chilng minh ring:
c a
Max(a.f.p) 22

n n
01.211 Chon e N*, g,,...4, € R,; ching minh ring: n(l+a,-)2 1 +Za,
1=} i=1

va khio st trudng hgp déng thitc.

n n
01.2.12 Chon e N’ qg,,..a, € |1; +] : chimg minh rang: n + l—[a, >1 +Za,
=1 =1

vi khéo s4t trudng hop déng thic. (Sir dung bai tap 1.2.11).

. ) ) . n " n
01213 Chone N q,,..a, € [1; +0| ; ching minh rang: H(] +a,)2 — 1+§a,

1=l
(Sir dung bai tap 1.2.11).

2n+!
01.2.14 Chimg minh ting: n € N*, Vx € |0; [ w |1; +of, 1-x >(2n+ X",

—-X

01.215" Véine N-{0.1}, tish:  Max Z(xj—xi).

n
Crynxn 2R 1gic jn
0<xj< <x,<i

2
n
01.216 Chimg minh ring véi moi n € N: [n(ld- 2}‘ 1] >2n+3.
120 ad
1 1 )

n
*
2, mg minh r? R .VneN, <—-—.
04.217  Chiing minh ring Vx e R, Vn e Z(x+i)2 - T

i=]

n n
01.218* Chone N',(x,,...x,) € R" saocho 3 |x|=1 va ¥ x,=0.
i=1 =]
2 1 1

«) Ching minh ring: Vi € {1,...,n], '—_-l—~ Sl—;.
i n

h) Tur 8 suy ra:

i=]
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1.2.3 Cac tinh chat coban cua R

1) Bién trén

Ta nhic lai tién dé vé bién trén (c4n trén ding) trong R: moi boé phan khéng
réng va bi chin trén ctia R déu c6 mot bién trén trong R.

Chu y dén tap cdc phin tr d6i cia cdc phdn tir thuoc bo phan dang xét, ta
cing c6: moi bd phan khéng rong va bi chan dudi cia R déu c6 mot bién
dudi trong R.

Bai tap
0 1.219 Tim cdc bién dudi va bién trén trong R, néu ching t6n i, cla cic tdp E sau day:

- n » —_ n =
u)E:{—]n-+( D ;neN} h) E:{u—~n21 ne N

2 n n

0 1.2.20 Cho A, B 1a hai bo phan khéng rong cia R: ky hieu:
A+B={.reR; EI(a.b)c—:AxB_x=a+b}. AB = {xel{; 3(a>b)sAxB,x=ab}
-A={xeR;—xe A}, A ={xeR,EIaeA.a.x=1}
a) Gia st A vk B bi chan trén, chimg minh ring A + B c6 bién trén trong R v
Sup(A + B) = Sup(A) + Sup(B).

h) Gia sit A by chan én. chimg minh rang -A ¢6 ™én dudi trong R va
Inf(-A) = —Sup(A).

¢} Giasu A va Bbi chin trén, chimg minh réng A © B ¢6 bién irén trong R va:
Sup(AUB) = Max(Sup(A), Sup(B)).

d) GiastrAvaBbichan, kyhitvA,=ANR,,A_=ANR_,B,=BNR,,B.=8nR_
a) Chimg minh ring néu A, = & va B, = @ thi A,B, cd bién trén trong R va:
Sup(A,B,) = Sup(A,)Sup(B,).

p) Khio sét urong tr voi Sup(A B-). Sup(A_B,). Sup(A_B-).
y) Suy ra ring AB c6 bien trén trong R vi:
Sup(AB) = Max(Sup(A,)Sup(B,), Inf(4,)Sup(B_), Sup(A)Inf(B.). Inf(A_)Inf(8 ))
& day, theo yuy udc, ta khong xét cdc bién dai vdi 1ap réng.
8) Cho két qua tuong tr ddi v4i Inf(AB).
¢) Gias{0) #A c R, vaA bichanirén; hiay chimg minh ring A~ ¢4 bién dudi trong
1

Rvi: Inf(A47")= _
Sup(A4)

2) Sirton tai cua cic ¢an bac n
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Cho a € 11; +oof va ne N*; chiing ta s& chiing minh ring tén tai mét phin tr
b thude R, sao cho "= u.

Piat £ = {x € R,; 2" < «); E khong réng (Vi 1 € E), bao ham trong R va bi
chin trén bai «, vi néu x € E thi ¥ < a < 4" Theo tién dé vé bién trén trong
R, E ¢6 mot bién trén b trong R.

eh>21>0vil e E
e Gi4 thiét b" < a; ta s& chimg minh ring t6n tai @ € R sao cho
(b+ o) <a.
Cho a €]0; 1] bét ky; khai trién theo cong thitc nhi thitc Newton:

(b+a) ZC/‘ Bk ok
Véimoik e {1,..n): P <h 'avib21vi0< a < 1. Dodé:

(b+a) -b" < [Zc }b”' =" - 1pm e

T6n tai s6 thuc @ saccho 0 < < Min[xi(i%)s va do dd:
27 —1p"
(b+a)" <b" + (2" - a<b” +(a—b")=

Vay b + ¢ € Eva b + a> b, mau thuin vdi dinh nghia b 14 bién trén cia E
trong R.

o Giasu b'> u ta sé chiing minh rang tén tai B thudc 10; h[ sao cho
(b - ﬁ)" >a.
Cho f € ]0; h[ bat ky; khai trién theo céng thitc nhi thitc Newton:

k=0 k=1
S
Véi moi ke{1,...,;1):(—1)"”};"”‘,3“ =(—l)’”'b"[%] <b” g:b""ﬁ ,Vib21
B $ .
va L-€j0i1{. Dodo: b= (h— )" < > Cr b8 :[2" —1)b"—‘ﬂ .
k=\
. b —a . A
Tén tai mot s6 thuc g sao cho: 0 < < Min| b, " — | va do dé:
=

(h-3Y 2p" —[2” —]\Ib”_'ﬁ >b" —[b” —a]: a
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Viy b — B 12 mét chan trén cia E trong R, diéu d6 mau thuin véi dinh nghia
b 1a bién trén cta £ trong R. Diéu nay ching té b" = a.

Mit khic, (x € R,; ¥ = a} chi c6 nhiéu nhat mét phén tir, vi néu X" =g = y"
n-1 . ’

thi (x —y)ZJc'y"_l_l =0,v8ix>0,y>0,suyrax=y.
=0

Truémg hop O < « < 1 ¢c6 thé quy vé trudmg hop trén bing cdch xét l; cic

a
truong hgp ¢ =0, a = 1 ¢6 thé thdy ngay.
Tém lai:
¢| Ménh dée-Binh nghia Véi moi (a, n) € R, x N", tén tai b € R,

duy nh4t sao cho b" = a; phdn tit b nay duoe ky hiéu 1a Wa, hay a7,
va goi 12 can bac n clia a. V&i n =2 ta ky hieu va thay cho ¥a .

Trong mét chuong sau, chiing ta s& khao st téng quat hon vé X’ véi y € R.

Bat didng thirc Minkowski
Véimoin € N, x,,..X,, yp»y, € R:

Chimg minh: Binh phuong hai v€ clia b4t ding thic ndy, ta quy vé bét ding thic
Cauchy—-Schwarz.

Tam thirc bac hai

Véi (a, b, ¢) € R'xRxR, xéttam thac7: R >R
x> ax? +bx+c

»

va hiét thite A= b*- 4ac.
e Néu A< 0 thi véi moi x € R: aT(x) > 0.

. b .. :
e NéuA=0, T cé6mbtva chi mot khong diém la e va v4i moi
a

x e R: aT(x) > 0.
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e Néu 4 > 0 thi T c6 hai khéng diém thuc 1 x'=ﬂ

1

2a
x":—_b+JZ va: Vxe]—oo;x[u],x‘ ;+u>[, aT(x)>0 (nfu x’ < x™).
2a Vx e 1)5';,\'"[, aT(x) <0
Ta cling ¢6: x'+x"'=——, A'x"=

L
a a
Ta duoc cic két qua trén bing cach viét T(x) duéi dang chinh tdc:
N2
T(x)=q (x+—b—J —A
2a 4a?

Bai tap

¢ 1.2.21 DPon gin:

u) 35\/5"'7'{{5‘-5‘7 b) 3J3+ '9+}—2—5—%)—3+ '9+£-
27 27
0 1.2.22 Giditrong R: JI_x-yx+1 >%.

01.223 GidivongR: 313+ x+{313-1=6.

0 1.2.24 Giéi trong R

2 2
a) x“+xy+y =1 b) x+y+ ,r+y=56‘
(x=yP=x+y x=y+Jxr-y=30

0 1.2.25 Giditrong R ™:

x2+y2+22=49

a) l+l+l=0 ")J;+2Jy-l+3\/z— =%( x+y+z+11 )
X y z
x—y+z=1

0 1.2.26 Giai trong R%:
x<y
a)]E<t by X+yzt=y+zlx =z+IXy=1l+xyz=2.
Ay =tel?

X+y+z+1=0

0 1.2.27 Chingminhring: Vne N, %n < 1+F,
n

17
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0 1.228 Chox|...xq y...y, € R, saocho: Vie [1..4),x,+y=1

Vér moi phép the o € &,, ta ky hitu 7g = xg(y¥a(2)Ya3yVo(s) Chimg minh ring khi o chay
khip cdc tri trong &, thi it nhat c6 md1 trong cdc =g khéng 16m hon 1

01.229 Chon e N {01}, (4,), < i< o2 MOt cip 56 cong vai cdc phin tir thuse R:

(nghia [a: 3r € R, ¥/ € (1....,n—-1} g, = g, + r. Chimg minh ring:

-l 1 _ n-\
;Jakﬂ +\_/ak JZ*JE‘

¢ 1.2,30 Ching minh rang;

n "
aj  ¥neN" V(x;, ..xn)eRLY, Zx, < Z,/;
=1 =\

b) abye k2 o=t =|\[a] - 5]

¢ 1.2.31  Xét day Fibonacei (), o wic dinh boi:
S 1
b=0.¢=1.(9neN, 4 ,,=0,,+4,) Taky hicw: v =5(1+J§).
4) Chimg minh ring: vaeN", 0" 2 <¢, <.
b) Kiémching: vne N, (n24= ndu>(n+0?).

¢)  Kiémchimg: Wne N, (1213=0""2 > n?).

d) Tudé suy ratap cdc n € N saocho ¢, = »’.

n
0 1.2.32 Chon e N*, (a,....4,) € R"; chimg minh ring: Zkaf 2 -—l-[

k=1 2"/;

n n
0 1.2.33 Cho n € N¥, (4;,...a,) € (R))"; chimg minh rﬁngzz Zaj 2

i=l Y j=1

Dé gidi cde bai tip tir 1.2.34 dén 1.2.37, cb thé sir dupg su so sinh giita cdc trung binh cong
va trung binh nhan (xem b6 sung dii §)

¢ 1.2.34 Chimg minh ring vdi moi (x,y,2) € (R,)j'.
a) xp(x+Y)+yz(y+2)+2x(z2+ x) 2 6x7
h) _r1+y‘1 +2 23xvz.
0 1.2.35 Ching minh ring: Vn € N', Y(ay....q,) € (R : Y.

a a a,| a
A 2, 45l s,

a qm an q



1.2 S8thyc

n
0 1.2.36 Xét ddy diéu hoa (H,), _ . xdc dinh b&: Vn e N, H, = Zi— Chimmg minh ring

k=1
! L
VneN-[01}, n(n+1)" -n<H,<n-(n-hn "
¢ 1.2.37 Chiing minh rang, véi moi n e NI":
aj (n+1)"22"n by (n+1Y'2n+1)" 2 6" ().

3) Tinh chat Archiméde, phian nguyén cia mot s6 thuc
¢| Dinhly R 1a mot thé Archimede, nghia 12 mét thé thoa min tinh
ch4t Archimeéde:

Vee R;,VAeR:,3Ine N, ne> A

Chimg minh: Cho Ve e Ry, VA € R, ta 1ap luan phan chiing, nghia 13 gid thi€t
Vn € N* ng <A. Khidé, tdp hop £ = [ne: n € N} 1a mot bo phan cda R khong
rdng vh bi chan, vdy c6 bién tren b trong R ( Tién dé vé bién trén trong R ).
Vib - £< b nén b—ckhong phai 12 mét chan trén cda E trong R. Do dé tdn taj
mét n € N sao cho ng > b — g vay (n + 1) > b, didu nay trdi véi dinh nghia cla b.
Vé&i moi x € R, dp dung dinh 1y trén véi £= [, ta thdy ring (7 € Z: n < x} 1a mé1 bo
phan khong réng va bi chan trén ciia Z nén c6 phén tr (6n nhat. Tir d6 ta thu duge:
¢| .Ménh dé - Pinh nghia Véi moi x € R, t6n tai n € Z duy nhat
sao cho n £ x < n + 1; n duge goi 1a phin nguyén cua x, ky hiéu la
E(x), hay Ent(x), hay [x], hay LYJ

Bai tap
0 1.2.38 Ching minh ring:
) Y(x.v) e R? (x<y= E(Y) < E(y)).
b) VYxeR-7, E(=x)=—E(v)- |
) V) e RY E(x+y)—E(x)-E() € {011
d) VveR, VaeZ, E(x+a)=Ex) + a.

0 1.2.39 «) Ching minh ring: Vn e N', (J,,+1 _J;)< # < (J;-Jn—ll.
n

110000
b) T dé suy ra gia tri cda E] — —|.
2 E Jk
. Cps . n n+2 n+4 n n+3
0 1.2.40 Chngmmhrang:Vne/‘.Eg +E n +E 5 :EE +E 5 )

0 1.2.41 Xicdinh Inf [E(x)+E[-‘-D.
x

.
xeR

3-GTT-T

19
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Chuong 1 S8 thuc

n
0 1.2.42 Ching minh ring: VneN, { 3] ] [ ] ! .
2 2n+l

0 1.2.43 Véimoine N'. tinh: S, —ZE["”"/_]

0 1.2.44 Véimoin e N, hiy n‘nhiE[ﬁ].

: E[(I+J§)2"]+

n-1
0 1.246 Ching (6rang: Vo e R,V & N, ZE[0+ k ) = E(a) .
4=0 "

0 1.2.45* Chimg tb riing: Vn € N, 2™

4) Tinh tri mat
¢+ Dinh nghfa Mot bo phan D cia R duge néi 13 trit mat trong R khi
va chi khi: V(x,y) e R* (v <y = (3d € D, v < d < y)).

Cho D 1a moét bo phan cua R trd mat trong R va (x, y)e R3 s40 cho x < v. The thi t8n
tai mol day (d,),,e-. nhimg phin tr cda D khic nhau timg d6i mot, sao cho:

Yne N, v<d,<y.
That vay:

¢ T8n tai dy e D sao chox <dp< y.

o Néu tén tai d, e D sao cho v < d, <y, thy tdn tai d,,, € D saocho d,<d, <y
Cic phén oy d,, xdc dinh nhu vay khdc nhau timg d61 mot. boi vi day (d,), ey 12 day

tang nghiém ngat. Didu ndy chimg 16 rang 1ap hop | v; y | » D 12 vo han.

¢ Dinhly
Q trd mat trong R
Chimg minh: Cho {x, y) € R’ sao cho v < yvie =y—x>0 ViR b tinh

Archim&de nén 16n tai n € N sao cho ne> 1. nahia la l<z, bat m=E(ny + 1
n

va r=ﬁ‘ta duge: m — 1 < ny < m, tr 46 suy ra _x<Ln—Sx+—]—<x+L':y.
n n n
\
Bai tap
0 1.2.47 Kyhieu E = (g% g € Q) vd D = E U (—E); ching minh ring D rh mit trong R.

0 1.2.48 Cho D, E )i hai bo phan cua R sao cho: D el mac trong R vi D < E; chiing minh
rang £ trd mat rong R.

0 1.2.49 Ngudi ta goi moi 6 hiu ty c6 dang "—; m e Z.n e N6 dyadic: ching
2

minh ring (dp hgp cac s6 dyadic 1rd mat trong R.



1.2 S6thye

0 1.2.580 Cho D Ia mot bo phin clia R v trd mat trong R, v F 13 mot bé phan hite han cia
D; chimg minh rang D — F trit mat trong R.

5) Sovoty

Mot s6 thue duoc goi vo ty khi va chi khi né khéng phai 12 s6 hiru ty; vay tap
cicsdvotylaR-Q.

Tap hgp nay khong dn dinh d6i vdi phép cong (V2eR-Q, -2 eR-Q,
\/5+(—\[2_)ER—Q) va vdi phép nhan (V2 e R-Q, v2-/2 ¢ R- Q).
Tuy vay tachi y rang:

Vie R-Q. Vye Q, x+yeR-Q.
vxe R-Q, vye Q xy€ R -Q.

vxe R-Q, L eR-Q
X
¢| Ménh dé
R -~ Qtru mat wong R

R
Chutmg minh: Gié st (v, y)e R sao cho v < y. Tén tai ¢ € Q sao cho 2 < g < X

V2 W2
y

néu ¢ = O thi 1on tai ¢’ € Q sao cho ¢ < ¢' < ~= . Ditu d6 chimg to Q2 -{0} trid

V2

mat trong R (& day Q2 = {qﬁ;q e Q})); iR —Qchﬂa0ﬁ~{0} nenR -Q
1 mét irong R.

Bai tap
0 1.251 Ching minh: a) Y2 +V3+V6¢Q mi-ea
0 1282 Chove R (aoh ¢c,d) e Q4 sa0 cho v € Q vit ud - bhc # 0. Chiing
minh: ax+ b e Q.
cx+d
0 1.2.83 Ching minh réng véi moi v e R, 2 +25 gin vai VS hom 1a ¢
X+
2x+5
[ngmala: s s.x—ﬁl}
x+2

o 1.2.54* Cho (¢.h) € N sa0 cho ﬁ ~ % >0, ching minh: ﬁ _ay R .

21



Chuong 1 S& thyc

6) bDac trung cia ciac khoang ciia X :
¢| Ménh dé Mot bo phan 7 cha R [a mot khoang khi va chi khi:
Yx,v) e ]2, sy {gylah

Chirng minh: (i) N&€u J 12 mot khoang clia Rva v, v € fsao chox <y, thi[x, y| </,

ta thay 15 didu nay bang cich nhan xé1 timg truang hop tiy theo loai khoing cua /
{c6 9 truong hop)

(it) Nguge fa1, gid sir/ 13 mot bo phan ctia R sao cho:
vy el (r € yluyleh.

Vi & 1a mot khoang, nén ta ¢6 thé gid sir J # B, Xét mdt phan tlr ¢8 dinh ¢ cia 7 va
dinG,=lvellxsa)=l~o alnlvaD={velx2ul=lu+x| N[

o Néu D, khdng bi chin trén, tht véi moi b € |u; +»| tén tai ¢ € D, sao cho
h < rdésuyrahelvia<h<c Vay D, =|a,; +ool.

o N&u D, bi chan trén thi D, ¢6 mdt bién trén Strong R v D, C |a: h|. Vi
moi b € {a; B, 10n tal ¢ € D, sao cho b £ ¢ (theo dinh nghia cia B); vy h € 1 vi
a<bh<e Tudé: o flcD,cla, flvadodd D= [u; fihay D, = a; B1.
Do vay D, 1a mgt trong ba khoang [u: +¢ |, la; S, ¢ f1. Ta thu duge két qua
trong (v d6i v6i G0 G, lamot trong cde khoang |-o0; o], fa: 4l | & «] trong d6
a = Inf(G,) néu G, bi chin dudi.

Vil =G, D, nén ta thy ngay / 12 mot khodng trong R.

Bai tap

0 1.2.88 Cho hai khodng 1. J trong R. khong réng vi khong thu vé mot diém; chifng 16
ring t8n tai mot song dnh tir ! 12n J.

1.3 Duong thing sé mé rong R
Ta thém vao R hai phén ur riéng biét vi khong thuoe R, ky hiéu 13 —o vis +c, vi mo
rong céc ludt hop thanh trong +, - viquan hé thdtw <ra R=R U {» oo;+oo} nhy
Nau:

X + (+00) = (+00) + X = +o©
vrxeR, {

X+ (—0)=(—®) + x = —00

(4+00) + (4+20) = 40, (—©) + (—) = -0
{Vxe R:_ ,  X(+0) = (F0)x = +w0, X(~0) = (—0)x = —0

vxeR®, X(+00) = (+00)x = —~0, X(~00) = (~®0)x = +00

(+00)(+0) = (—w)(—w0) = +00, (+a0)(—0) = (—0)(+w0) = —o0
|VxeR. ~a0<x <+, —00 < —00, + 0 < +0

R duoc goi ta duong thing s6 mé rong.
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Chi y ring cAc luat +, - trong R chua dugc dinh nghia cho tdt ci cic phin
Ul (+0) + (—90), (—0) + (+), 0(+00), (+20)0, O(—0), (~0)0. Trong gidi tich,
ching dng v6i cic dang v6 dinh.

oY - - = = - =2
Trong R chi c6 4 loai khoing [@:b1,[; b[,1a: 5}, 1a;b[. véi (a.b] €[R)

saocho a<b

¢| Ménh dé Moi bo phan khong rdng cla R déu c6 mot bién trén va
mot bién dudi trong R.

VI DU: Supg (R) =40, Infz (R) = —eo, Supg; ([~o; Of) = 0 = Supg (1 -2 0f).

2
Bo sung

0 € 1.1 So sénh trung binh cong va trung binh nhan: phép chimg minh cia Cauchy
Véi neN" va (aq,...a,)e(R,)", ta dinh nghia:
( n
Trung binh cong ciia @), ... @, la: 124-
0 né
=

N

n
Trung binh nhan cia 4, .. a, la: [HqJn

=l

ma 1a ky hién in luot |3 _4(ay...., a,) vd {(ay...., a,)
1) Chiing minh bang quy nap theo m:
VmeN, V(al,....az.,)e (’R+)l' J(al.m‘az. )2 G(ay,...a 4 )

2) ChoneN, (@n.a) € RY" Tén tai m € N sao cho 2" < n < 2™1,
bat a= _4(ay....a,) vavdimoi i € {n-t-l,...,2m+[ Jg;=a. Apdl_mg két qui g 1) déi
vai ho (ay....,d yea ). chiing minh: _4(ay,...a,) 2 G(ay,....ay,)-

Nhur vay ta d3 chiing minh duoc bt dng thite so sdnk gilta rung binh céng va trung binh nhan:
I

Vn e N, Y(a,....a,) € R,)", %Za, 2 [Ha,-] .

i=1 i=1

¢ C 1.2 Tinh khéng dém duge ciia R
Mar tap hop E duoc goi | dém diroe khi va chi khi 16n tai mot song dnh tir N lén E.
A 1) a) Ching minh rang moi bd phan va han cia mét tap hop dém duoc 13 dém duge.
b) Chimg minh ring néu hai tap hgp déu dém droc thi hop ciia chiing cling dém duoe.

2) Chiing to ring 4nh xa  NxN—o N* [ mot song 4nh
(m, n) k> (2or+1)2"

3) Suy ra ring N?, Z2, Q déu dém durge.
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Chuong 1 Sé thue

B 1) Ngudi ta biét rang m&i s& thuc déu ¢6 mot bidu dién thap phan duy nhét
{(xem 3.2.2, 2)).
Gid sir t6n tai mét song &nh 8 : N'{0; 1(; v6i mBi neN' 1a goi 6(#) =0, a,,14, 5.4, - 2 bidu
dién thap phan rieng ciia 6(n). Véi méi neN’, xé& mét 86 nguyén b, saocho 0 < b, < 8 va
b,# a, . Chiing minh ring 8(n) nhd hon s6 thue x = 0,5, byby... v6i moi neN*.
2) Két luin: R khéng dém duoc.

0 C 1.3 Md dan vé glai tich cie khoang
Ky hieu $ 12 tip hop cdc doan cia R nghia 13 tap hop cic khoing déng bi chan [a; a,] clia R
khi (a;: ay) chay khap R’ va ay < a,. V6i hai phin t A va B cia £ 1a ky hieu:
‘A+B={xe]R: Ha,b)e AxB, x=a+b}
{AB={XER230;b)E AxB, x=ab}

A 1)Dbat A=la; a,), B= [by, b,). Ching minh ring:
A+B=[a+b;ay+b)e S
AB = [Min(a by, a by, ayby, azby); Max(ayb,, ajby, ayby, ayby)) € S
2) Kiém ching lai rdng v&i mot A, B, C thuge S*
a) A+B=B+A
b) A+BY+C=A+(B+0)
c¢) AB=BA
d) (AB)C = A(BC)
e) A+[0;0]=4
H AllL1]=A
g) AB=[0,0) = (A=[0; 0] hay B=[0; O])

h) A c6 mdt phdn n¥ d6i xitng A6i v8i phép + (twong ung: -) khi va chi khi A 1a don wr
(tuong ung: don ux khic [0; O]).

i) A(B+ C)g (AB) + (AC) va cho vi du khi bao ham thifc ndy 1a nghiém ngat.
J) AB+C)=(AB)+ (AC) <= (Y(b,c) e Bx C, bc20).
B Gidi cdc phuong trinh sau, véidn 2 X € S:

1)12; 31X=(-1; 2] 2)[1; 21X =(2; 4] 3) [1;4)X=(1.2]
4)[-3; 11X=(1: 2] 3)1-L 21X =[-2; 4].
Nhan xét
A e '“ll < [azl
Vi moi A =[ay;a,] € .S khdc [0:0], ta ky hieu 7 (A)=1{ 2
;ﬁl néu |g| > ||

v6i A, B € S cho tusc v xét phuong trinh (1) AX= B, in 12 X € S ta c6 thé chning minh
rang:

o (1) ¢6 ft nhat mét nghiem khi va chi khi: y(A) 2 y(B)

e (1) ¢6 it nh4t hai nghiém phan biét khi va chi khi: y(A) = x(B) 0.
Tham khdo: G.Alefeld va J.Herzberger, Introduction to Interval Computations, Academic
Press, London, 1983,



Chuong 2
Sé6 phirc

2.1 Mo dau

Chiing ta da thay (1.2.3, 2)) ring cdc tam thic thuc aX> + bX + ¢ ¢6 biét thiic
A=hb" - duc < 0 khong c6 khong diém thue. Tuy nhién s& rét tién 1oi néu c6
the thira s6 hod cdc tam thie nhu viy thanh dang ¢(X — a)(X — f), trong dé
a va Bla nhimg s8 khong thuc (“a0™) va thuc hién nhimg phép tinh tuong tur
nhu céc phép tinh d3 dugce st dung khi a va Sla sé thuc.

Nham muc dich 4y, ta thém vao R mét phan tr méi, ky hiéu 14 i (chi ddu cia
tit “imaginaire” (30)) va két hopi vdi cic s8 thyc x, y dé cé cic s6 phic
X+ 1y.

2.2 Thé sé phiic

2.2.1 Dinh nghia
Ta trang bi cho R” hai Iuat hop thanh trong, ky hiéu 1a + va - (hay khang viét
ddu déi vai truong hop thit hai) xdc dinh bai:
L)+ y)y=((x+x',y+y'
V(.\“y)ERz, {( y) r( 'y) (0 1 yo yn)
(5, YU ¥ = (ex'=yy', xy'+yx').

Ta kiém ching d& ding ring (R%, +, -) la mét thé giao hoan, nghia la:
+ ¢4 tinh giao hodn, k&t hgp, ¢6 phan tir trung 14p (0, 0) va moi phan tir (x, y)

thuoc R déu co phén tit d6i xing (—x, —y) d6i véi phép +.

6 tinh giao hodn, két hop, phan phéi d6i véi phép +, ¢6 phan tir trung [4p

(1. 0) va moi phén tif (x, y) thusc R? - {(0, 0)} déu c6 phin tir déi xiing
(

2

5 3 ) 3 dsi v phép -
(AT H YT x4y
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Anh xa @ : R > R? 12 don 4nh vi 12 mot déng cfu thé. Vay 1a c6 thé
x - (x,0)

déng nhi (x, 0) v6i x, thé con R x (0} ciia R? véi R.

Ta ky hiéu tap hop R? 12 C va trang bi cho né hai luat hop thanh trong +, - da
dinh nghia trén day; cdc phin tir clia C dugc goi 14 cic sé phirc. Vay:

|C 12 mot thé giao hodn |

Ky hiéu i = (0, 1); i tho man i> = —1. Ta c6:
Vi y) € R%, (v, y) = (x, 0)(1, 0) + (3, 0)(0, 1) = x1 + yi = x + iy.

Cich viét z = x + iy, (x, ) € R* goi 12 dang chinh téc (hay dang dal s6) clia
s6 phic z.

R3 rang C 12 mot C —khong gian vectd 1 chiéu ¢6 mot co s& 1a (1), va 13 mot

R-khong gian vecto 2 chidu ma mot co s& 1a (1, i). Anh xa R2 > C B
(x,y) B x+iy
mot ding c4u R—khéng gian vecto.

Ta ky hiéu C "= C -{0}.
x=x

Chd y ring v6i moi (x, y, x’,y’)eR4 tach: x+iy=x"+iy’ < { -
y=y

Bai tap
0 2.2.1 Xay dung C bing ma tran

1 0 0 -t
thigul:[o l]' J=[1 0],E={xl+y]: (x. y)ERl}. Kiém cht'mgrénglz=—l

va ching minh riing énh xa 8 : C - E, cho uing s6 phitc x + iy, (x, y) € R, vai 1l + yJ, la
mét ding ciu thé. Néi céch khic J déng vai trd cia i trang C.

0 222 Xaydung C bang da thic
a) Chiing minh ring X2+ 11 bat khd quy trong R[X).
b) Xétidean I cda R[X] cAm sinh bdi X~ + 1, nghia La:
I =0+ HRIX) = {C+ 1)Q: Q € RIX)),
va vanh~thuong C = R[X)/X. & day quan hé niong duong duge xdc dinh bdi:

VP.Q € RiX). (PROQ=X>+1 |0-P)
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Lap, theo modulo R coa mot phdn tir P ciia R[X] dirge ky hiéu la P; cic luat hop thanh
trong cia C la +, *, dugc xdc dinh bdi:

P+0=P+
vp.Qerix], |- 2=Fr0
p:
Hay chung minh rang (C. +, * ) 12 mot thé giac hodn, va 4nh xa 0 : C — C, choimg mbi s6

phic x + iy, (x, y) € Rz, véi x + yX 1a moét dang cdu thé. Néi khic di, trong C, X c6 vai trd
rthu i trong C

0 2.2.3 Hay tim tal ci cdc 4nh xa f: C— C sao cho:
VzelC ) +zfl-2)=1+2

0 2.2.4* Véimoi (m, n) € N*va moi (x, y) € C 2540 cho x + y =1, chimg minh rang:
n m
)m#’l Z)’kc;‘nﬂ' + yn+1 leci’” =1
k=0 1=0

0 2.25 ChoF, F,G. H la nhing bo phan cba R, xic dinh bdi cdc he thie sau:

E: 12—y2= 2x 7 F:  2xy+ 2)' 2=3.
x+y x +y
G: 13—3xy2+3y=1‘ H: 3x2y—31~y3=0.

Ching minh: E~AF=GnnH.
0 2.26 Céréntaihaykhbng(.r.y)eCzsaocho:x‘ry:1.x2+y1=2.13+y3=3?
0 227 TimtAtcidcic(x,y, 2) € € sao cho:

X,y Z khidc nhau nmg doi
xx=1)+2yz=Wy—1)+2zx=2(z—1)+ 2xy.

0 2.2.8 Gidi hé phuong trinh véi in (x. y, 2) € C:

Y=z yz1=x, 2xr=Yy.

2.2.2 Sé phiic lién hgp, phan thuce, phan o

¢ Dinh nghia 1 Véi moi z = x + iy, (v, y) € R, 1a dinh nghia (sd) lién
hop Z clia z boi: Z=x-1y.

Ta ¢6 cdc tinh chit sau:
1) Vz e C, Z=:

2)V(z,2)eC? 742=7+7



Chuong 2 S8 phite
3) V) eCl =17,
nén ta thay ring 4nh xa “chuyén sang s6 lién hop

Hon nia, vi 1=1,
y: C—C 12 mét ty déng cu d6i hop ciia thé C ; ¥1a R-tuyén tinh, nhimg

2>z

khong la C—tuyén tinh.

4 Vn e N, Y(z,,.z,) € C", [i i H :ﬁz :
k=1 k=i k=1 k=1

Tinh ch4t nay suy ra tir c4c tinh chat 2), 3) bing mot phép quy nap don gian

Il
N[y

5) VzeC,Vz' e CT, [i.]
z

= 1. (1) 1
Thye vay, [l’] '=—2'=1,suyra [lJ;tO va [—' =
z z z ha
z—z<:>zeR

6) Vze C,
-z zeiR
Cic phén tlr cia tap hop iR = {iy; y € R} duoc goi 1a cic s6 4o thuan tuy

hoic thudn ao.
Ta c6 thé ding s6 lién hop d€ “bién d8i” miu s6 thanh s& thuc
i xX—iy 2 s e
— = 5 » Vi moi (x, y) € R”—{(0, 0)};hoac lavdimoi z € C
X +1y ',\ +y
1

[}

: P

¢ Dinhnghla2 V&imoiz=x+1y, (x,y) € R, ta dinh nghia
phan thuccua z1a: Re(z)=x
phdndociazla: Im(z)=y

Thay ngay cdc tinh chat sau
i
z=Re(z) +ilm(z) Re(2)=>(2 +2)

1)VvzeC, {_ .
z=Re(z) - i Im(2) [m(z) = —(z - 2)
2i



2.2 Th&sé phic

Re(z + z') = Re(z) + Re(z")

, 2
2) V(z, ) e C7, {hn(zﬂ‘):Im(z)Hm(Z')‘

Re(Az) = LRe(z2)

3)VzeC, VrheR, {Im(lz) - Amz)

Nhung, ndi chung, Re(zz’) # Re(z)Re(z") va Im(2z") #'Im(z)Im(z’). Cdc 4nh
xa Re:C>R vi Im:C-> R 12 R-tuyén tinh, nhung khong
z - Re(z) 2 = Im(2)

la C ~—tuyén tinh.

Bai tap
0 2.2.9 Chodnhxa f: C— C sao cha:

VxeR flx)=x
J@+2)=f(D)+ f(2)
faY=F1@)f(z)

Ching minh: (V2 e C,Rz)=2)hoac (Vze C,fiz)= Z).

Y(z,z")e C?, {

0 2,210 Gidiphuongtrinh: 2z+ 6Z =3+2i,dnlaize C
0 2.2,11 X4c dinhtap cdc 2z € Csao cho (2, Z ) 1a R—phu thudc tuyén tinh.

0 2.2.12 Véi(a, b, c) & C*saocho a7 =bb = ¢ =1 Vaa+ b + ¢ = 0. Ching minh ring
3 3 3
a=b=c.

2.2.3 Mébdun

¢ Binhnghta Véimoiz=x+iyeC,(x,y) e Rz, ta dinh ﬁghia méodun

ciia z, ky hieu ||, béi: |z| = Jr? .

Anh xa médun | |: C - R 1a thac trién cha 4nh xa trj tuyét d6i: |-{: R — R;
25| x>
diéu d6 ly gidi cich chon ky hiéu trén day.

¢ | Cac tinh chat
1) VzeC, | eR.
2)vVzeC,(ld = 0e2=0).

3) VzeC, |z|2=zz‘.

L3
Pac biet, véimoize C: ld =1 & z=

N)»—A
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4) VzeC.|E|=|z|.

5) ¥z, ) e C? |2z] = |2||z| va bang mot phép quy nap don gian:

H-k —H|’ki

k=1

Vne N, ¥(z..,2)eC"

z

6) ¥(z,2)e CxC",

|

P4
z

—

7) Y(z, ) e CL |:

=

B4t ding thirc nay dugc goi 12 bat ding thite tam giac, d6 chinh la
bat ding thitc Minkowski trong R” (xem 1.2.3. 2)). Tir d6 bang quy
nap don gidn ta suy ra:

Vn e N* V(z,,...7,) € C",

Zl e

k=1

8) V(z.z) e CL Y| < [4-Ie1.
That vay: ’z,:I(:—:')+z1 < [:-_—1+]z1.n‘rdé:
V(z, 2") e Cz, |z|—|z1 S|z—:’| s

sau d6 hodn vi vai trd clia z va 2°,
z=0
9) ¥(z,2") € C 2, [z+z'|=|z‘+|z'|@ hodc
daeR, . z2=az
Néu z = 0, dit -z—‘=x+iy,(.\" y) € R2, ta cé:
z
lz+2]=|2+lz] & N+x+iy=1+[x+1y

2

S+x)t +yi=1+x? 1?2 +2x + ] e x=|x+ 1y

x>0 o'
=X o —eR,.
y20 z

Bai tap
0 2.213 Hing ding thirc hinh binh hanh.

Ching minh: ¥(z,2’) € C %, |z 4 o 4|z of* = ojof” 1=t



2.2 Thé s§ phttc

¢ 2.2.14 Chung minh rang vai moi (2, 2') € C 2,

Pz"-b lr +|z —7.12 =(l +|z[2](1 +lz12)

|; —1]2 -Iz —212 =[l —Izlz][l -Hz] .

0 2.2.15 Biéu dién zz' bang cic binh phireng cdc modun
{ 2 2 2 2
Kiém chimg ring, véi moi (z, 2’) € C; 2z'= z[lz +;1 —'z—;l + i|z +;‘ —iIz— i;{ } .

0 2.2.16 Xiém ching ring moi s6 phic c6 médun bing 1 déu cé thé vigt duac dudi dang:

—\ xeR
x-i

0 2.2.17" Khao sit truomg hgp ding thic trong bét dang thitc tam gidc v6i n 56 hang.
Cho n € N, (24,...2,) € C”; ching minh:

”
)N
k=1

= lef] = (Elu € C,3@,...a,)e(R,)  Vkell,. .., n)z =aku] .
k=l

0 228 Ching mint: ¥(a. b) & C'\Ja+ 6 s (1+]af’ ] (1+[6f"]. va xé trimg hop

dang thitc.

0 2.2.19 Clumg minh ring: Vz € C, ['z‘ <-;— = I(l-n)z’ +iz‘ < %)
0 2220 Ching minhrang: Vz e C, [|1+z| 2 % hay ’]+22) > ]].
0 2221 Ching minhrang: V(a. 5) € C*, 2a|[bla—4 = (lal+Ib])|ajt|-bla|.

4
0 2222 Chingminh: ¥(zy. 73,25, 2) € €Y D Jz| € D |z + 25,
k=1 I<i< j<4

)
0 2223 ChoneN,(z,..2,)eC " ZeC saocho 2% = sz , chitng minh:
k=1

|Re(2)| < g] Re(z, )] -

0 2.2.24 Choz e C sao cholzl #1,van e N, ching minh:

1= (n+1)z" + nzn+ | o l=(n+ 12" + n|z|"+l

a-22 17 ey
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0 2.2.25 ) Hang ding thic Hlawka
Chiing minh, vdi moi (a, b, ¢) € C3:
(lo] + (8] + e| = |6+ c| = |e + a| ~|a+ b] +|a+ b + | }{[a] + B[ + |¢] + | + b +¢])
= (jp|+]c| - b+ ¢| )]a| -5+ | + |a+ B +¢])
+(c| +]a]~lc + | ) (||~ [c + a| +|a + B+ |)
+(|a] +|8] - |a + &) Y{le| ~|a + B +]a + b +¢|).

b)Suyra:V(a.b.c)eC3.|a+b|+|b+c|+|c+a|£|a|-r|b|+|c|+|a+b+c .

2.2.4 Acgumen
Ching ta coi nhu da biét cdc dinh nghia va cic tinh chit so ¢ap clia cdc haim
s8 thure sin, cos, tan.

o Pinhnghia V6i moi s6 phic khic khéng 2 = x + iy, (x, y) € R, tap

X va sine=—2— | 1a mot Iép
}XZ + y2 ’x2 "‘)’2 )
twrong duong modulo 2x, goi 1 Acgumen cla z, ky hiéu Arg(z). Do lam

dung tir ngit, 1a ciing goi bt c phdn tir nao cla 16p tuvong duong
modulo 27 nay la Arg(2).

hop <6 € R, cosb =

Nhuviytac6Vze C', z= !z| (cos{Arg(z)) + i sin(Arg(2))), biéu thic ndy
duge goi 1a dang lugng gidc cla z.

Ta khong thé dinh nghia mot c4ch théa ddng Acgumen ciia O.
¢ | Cac tinh chat
Arg(z) =0 [27!] e ze [R:
I) VzeC', JArg(2)=0 [2] & zeR'
Arg(2) = g [r] & :ze iR"

2) VzeC, Arg(Z)=-Arg(z) [2x].
3) Y(z,2') € C 2, Arg(z.2’) = Arg() + Arg(z’) [2]
Tu d6 suy ra bing quy nap:

n H
Vn e N, V(z,..,2,) € C*", Arg [H zk]= ZArg(zk) (2n];
k=1 k=1

trudng hop rieng: Vne N, Vz e C*, Arg(z") = nArg(z) [2n].



Bai tap
0 2226 Ching minh cing: vz € C7. |:—1| < |- 1|+

4) Vze C", Arg [l]
z

2.3 Biéu dién hinh hoc cac s6 phirc

Arg(z) [2m).

Suyra: Vn e Z,Vz e C*, Arg(z") =nArg(z) |2n].

(& day Arg(c) € |-=. m]).

5) YY) e C, Arg(il] = Arg(z) - Arg(z'} |2n]
z

6) Uz,2)e C* lz+22 | =lz1+ |22] = Arg(2) = Arg(z’) [2m]

2 Argca)|

0 2227 Choa. bh.ceC saocho lul=|blzlcl=1.4 = ¢, b # ¢; chimg minh:

=—Arg— [ml.

2.3 Biéu dién hinh hoc cac so phire
2.3.1 Mat phang phuc

A

3

y
y M(z)
I
Arg (z)
o

Mit phing afin thuc P duge quy vé mot
hé quy chiéu true chudn thuan
R=(0:1, J). Anh xa ¢ C - P, dat

mbi s6 phiic z = v + iy, (v, y) € R? ing
véi mot diém M thube P 6 toa d6 (v, y)
trong hé quy chiéu R, 1a moét song dnh.
biéu d6 cho phép déng nhdt C vai P.
Mat phang P dugc goi (mét cich lam
dung) 12 mat phing phie.

Véi moi z € C , ¢(z) duoc goi la anh cba z trong P; véi moi M € P, ¢ (M)
duoc goi 12 toa vi cia M. Ta ky hiéu M(z) d€ chi M 1a mot diém ciia P cé toa

vi z.

Ta cé: NO—M“=1/.\'2 + y2 =}z‘ vanéuzz0, Z (T,W}z Arg(z) [27].

Ky hiéu phuong cua P 13 P (tic la mat phang vecto lién két véi P) dugc trang

bi co sd truc chudn B = (;]) dnh xa §:C — P dit mdi s6 phuc z = v + iy,

(x.y) € R?, ting véi médt vecto xi + ) , 1a mot song 4nh.

33
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Véiméi V eP, (p‘l (V) ciing got 1a toa vi clia V . Nhu vay:
v(z,2)e Cc?, 3(2~2)= o(z)o(z
v(M,M)er?, ! [MM’]z o (M) -7 (M)

Véimoi (M M’) e P’ ta c6 cic ménh dé tuong duong sau day:

M va M’ d6i xing d&i vdi O khi va chi khiz’'=—z
M va M' déi xting d6i v6i (') khivachikhiz' =z
M va M* d6i xing d6i véi (y'y) khivachikhiz'= -2

Chiing ta ciing chi y ring néu A(a), B(h), C(¢), D(d) 12 b6n diém cla P sao
cho A # BvaC = D thi:

AaB,cD)= Ai.cD)- £f.48) 12m)
= Arg(d — ) - Arg(h - a) [27]

= Arg d-c [271']

h—u
DPac biet 1a: (AB)/(CD) = Ag® <=0 [nf
y—aQ
(4B) L (CD) & Argl"C = X (ay.
h—a 2
2.3.2 Biéu dién hinh hoc cia phép cong trong C

Y4 $+2)  ho (22) € C 2 Mz). M),

S(z+2'), D(z -2); taco:

08 = OM + OM'
OD =OM' — OM = MM’

- Pic biét, ta cé: HW“ =|z'-2.

d-a  d-b
vd
- b-a

0 23.4 Chaa. b c.d e C khic nhav timg dadi mét sao cho 12 nhimg 6

thudn d0; chdng minh ring

< ciing thuin #o. Bicu dién hinh hoc.
a -—
0 2.3.2 Xac dinh tap hop cdc diém M cé ton vi £ thoa min didu kién sau:
2
. 2
a) ‘:|=2|:~||, B) -
zZ+1

ceiR.




2.3 Bi€u dién hinh hoc cac s6 phitc

2.3.3 Biéu dién hinh hoc phép nhan trong C

Cho(z,2) e C p= ], p = ||, 6= Arg(z) [2n, @ = Arg(z’) [2l,
M(z), M'(2*), P(z 2°).

221l |l =

Vi <Arg(zz') = Arg(z) + Arg(z').
=6+0 [27]

P

nén ta chuyén tir M’ dén P bdi phép dbng

dang thuin ¢6 tam O, ty s6 | va géc

Arg(7), va ta chuyén tir M dén P b3i phép

x  dong dang thuan tam O, ty s |2] va gdc
Arg(z").

Ky hiéu A 12 diém cé toa vi 1:

¢ Ta chuyén tir M’ dén P bdi phép déng dang thuan tam O, phép bién déi
nay bién d6i A thanh M.

s Ta chuyén tir M dén P bdi phép déng dang thuan tam O, phép bién déi
nay bi€n A thanh M'.

234 Cacanhxa :az+5

1) Gia sit (g, b) € C 2,fa.b: C-C va T,,: PP
. i az+b M (2)> M'(az+b)
nghia1a T,), = @afype @ -
Néu a = 0thi T, ), 12 4nh xa hiang.
Néu a=1thiT,, la phép tinh ti€n theo vecto ¢6 toa vi b,
Gia thiet a# 0 va a = 1; T, c6 mot diém bt dong duy nhit €2, c6 toa vi 1a

o=

. Vay ta cé:
—a

V(iz,z2Y e C 2, (2 =f (D=7 - w=a(z - w)).

Vay T, 1a phép déng dang thuan cé tam Q, ty s6 |a| va géc Arg(a).

2) Nguoc lai, giast Qe P, wlatoavicia O, peR,, 6e R Sla
phép dong dang thuln cé tam Q, ty s6 p va géc 6. VSi moi M(z) € P, ky hiéu
2’ 1a toa vi clia S(M), ta cé: 2 — w = u(z — w), & day a € C 1a s6 phic ¢6
moédun p va Acgumen 6.

A_CTTY T4
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Tém lai:

Véi maoi (a, b) € C 2 sa0 cho a #0,a# 1, 4anh xa C>C - | trong cich
Z+> az+h

biéu dién hinh hoc img vSi phép déng dang thuin cé6 tam 2

. b
toa vi la w=
[ 1-a

] ,céty s8 |a| va géc Arg(a).
Bai tap
0 2.3.3 ChoA(a), B(b), C(¢) 12 ba diém clia mat phing phic; chimg 0 ring tam gidc ABC

li tam gidc déu thusn khi va chikhi: a+ jb + jzc =( trong dd:

13 2t .21
j=——+i— =cos—+isin—.
2 2 3

2.3.5 Dién kién can va di dé ba diém trén mat phang phic thing
hang

Cho M (z,), k € (1,2,3) laba diém cha P khic nhau timg d6i. Dé M, M,

M, thing hang, diéu kién cin va di 12 MM, va M| M3 R-cong tuyén,

nghial: 3u € R, z3 - 2; = alzy le).

3 — 2y

e R

Vay: M,, M,, M, thing hang khi va chi khi
2.0
2.3.6 Diéu kién cin va di dé bon diém trén mat phing phic dong
chu hoic thing hang
Gia sit M(z,), ke{1,2,3.4} la bon diém cla
P khic nhau timg doi. Ta da biét rang dé M|,

M M,, M4, M4 nédm trén mot dudng tron hoac trén
? mot dudng thing thi diéu kién cdn va du la:

A(MIMCH M1M4)= A(MzMJ»MzMA) [’t]

M My diéu nay c6 nghia la:

Z, -2 2,— 2,
Arg "L = Arg [x]-
Zy =z 23— 2y



2.4 Luythita va can s§

Nhu vay M|, M,, M4, M, déng chu (nim trén mét dudng tron) hoic thang
hang ( trén mot dudmg thing) khi va chi khi:

2472 5375 ¢ R
Iy — 4 2'3-.-'2

Biéu thuc trén day duoc goi 1a ty sé kép cla zy, 2,, 24, 24.

2.4 Luy thira va can s6

2.4.1 Ham mi bién so6 thuan ao

Véimoi @ € R, taky hieu e = cosf +isiné.
Ta ¢6 cac tinh chat sau (suy ra tir cic tinh chat so cdp cia cdc ham s§ sin va
cos).
1) Y(9.8) € R?, e/0+8) =i,
iXﬁk n
tir d6 bang quy nap tacé: YneN", V4,...6, e R, e *! =1__[e'0" ,
k=l
vi dac biet: vne N, V8 e R, (/%" =™’
2)v8 e R, (emvtOvé L——-.«:‘ie ).vay Vh e Z , V8 e R, (eie)" = el

eiB

3)V0 eR, (€°=1< fe 212).
4)v0 e R, elf =10
Tré lai véi cdc ham lugng gidc, ta ¢6 cong thisc Moivre:

VneZ V6 € R, (cos8 +isind)" = cosnb +isinnh.
TakyhituU=]ze C;|zl=1}={ei0;9 eR)=]zeC,; 2z=1}.

Bai tap
6 2.441 Tinh Sup ‘23—z+2’A

2eU
0 2.42 Vd&iace R, gidi hé phuong trinh:

cosag+cos(a+ x)+cos(a+ y)=0
sing+sin(a+ x) +sin(a+ y) =0

vai An la (x, ¥) € R
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2.4.2 Can bac n ciia mét sé phite khac khong

Chon e N° zeC"',—=|zl‘ ¢ = Arg(z) [2“]
"1ZeC" R=|Z, &=A2) [21]
Ta c6:
1
Z=Z"<=> R=rn = ran
¢:ngo [21‘] q).—_g [2—1::'
n n

1 {G 214:]
Nhu vay Z c6 ding n can bac n, d6 1a cic s6 phife Rre ",
ke{0,1,...,n-1).

Véi moi n eN ykyhituU,={ze C, =1} 12 t4p cdc can bac ncha 1.
ChoZeC , 2o 12 MOt can bac n cla Z wong C, khi dé:
n
VzeC,(Z=1" o {i] =1 < (3weU,,z=wzp)).
20

Vay: Ta c6 céc cin bac n cda Z bing cich chon mot trong cdc can d6, r6i
nhén cin vira chon v6i mdi ¢an bac n clia 1.
Phép tinh dai sd cdc cin bac hai cla sé phitc khdc khéng
ChoZ=X+i¥eC,XNeR>, z=x+iyeC, (xy) R,

22
Tacé: Z=2 o X+i¥ =(x+iy)f o * ¥ = X

2xy=Y
C6 thé thém vao hé phuong trinh cudi két qua thu dugc khi xét cic modun:

x2+y 2P < z|= VX2 +7v2.

X+ X2+Y2j

1 =

21
2
Suy ra: Z =P e %

/——\/‘—\II

X+ X2+Y2)

2xy =Y
trong dS phuong trinh thit 3 dung dé xdc dinh cdc dfu.

Hai can bac hai thu duoc 13 cdc s6 d6i cia nhau.




2.4 Luy thia va can s6

VI DU: Tim cc cin bic hai phdc cia 1 + 3i.
Véi moi (x, y) € R%:

x2_y2I=1 2
Gtipt=1+3i o {2xy=3 N y2=%(ﬁ5-1)
x2+y2=‘ﬁ6 2xy=3

Vay cic can bac hai cla 1 + 3i I J%(«fl—[) 1)+ lJ% (V15 -1) va 56 déi cira no.

Phép giai dai s6 phuong trinh bac hai trong C

Cho (a, h, ) € C' xC x C; xét phuong trinh art +hz 4 ¢ = 0, 4n s6 la
z € C. Ta slr dung dang chinh tic cua tam thdc:

2 b\ b2
az"+bz+c=ua {z+—-] + _C..__
’ 2a a 4q°

Ki hiéu 4 = b* - 4ac 12 biét thikc cia tam thirc, ta c6:
o Néu A= 0, phuong trinh cd hai nghiém phan biét z; va z,:

7= 272, 2,2 %2 [irong d6 & 13 mot can bac hai phitc clia 4.
1 2a 2 2a

¢ Né&u 4 =0, phuong trinh ¢6 mét nghieém duy nhat, goi [2 nghiém kép:
b

Z]=22=——

2a
Cic nghiém z,, 7,, dit khic nhan hay khéng, déu thoa man:

4
Zl +22=—‘—, 2122= -a—

Khi b chita thira s& 2, thi s& thuan tién hon néu ta dung biét thitc rut gon

-b'-5' ~b'+4"
. 22 =

A':b‘z—acvaibe%,vakhia'yz,= L5d6 5 Tamot
can bac hai phic cha A4’.
 Tachi ¢ ring, néu (¢, b, ) € R" xR x R va z € C langhiém cita

az’ + bz +c=0,thi = ciing [ nghiém.
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VI DU: Gidi phuong trinh (3 + i)z2 — (8 + 6i)z + (25 + 5i) = 0, dn 6 1a z « C. O day
B =—(4+30), A=ht-uc=@+3) -G +i)25+5)=-63-161; 8 =x+iy

(,y) e Rz\ va:
2
x2-yt=-63 x” =1
52=4 & {2xy=-16 e 1yt =64,
x2+y2:\l632+162=65 Xy =-8

ching han, ta c6 & = | - 8i. Cdc nghiém la:
_—b=8 3+l (3+1)(3-0) _

2 . 2+31,va
a 3+1 .10
o -b'+8' 5-51 (5-51)3-1) Py
2T a3+ 10 '
Zy+25 =S

Giasa(S.P)e C 2, d€ hai s6 phic z{, z; thod man: { . diéu kién cfn va

Z|129 =pP

du la zy, z, 1a cdc nghiém cida phuang trinh 2 -Sz+P=0,v614n z€C.

Bai tap

0 24.3 Giaicéc phuong trinh sau, véi dnsglaz e C: -
a) 2% - 2zc050 +1=0,8 e R
by 2+ (1~20)2"+ (1 — i)z - 2i = 0, biét rAng c6 mot nghiém thudn do.

c) z4 +4i7? + 12(1 +1i)z— 45 =0, bidt ring c6 mét nghiem thuc vi mé1 nghitm
thudn ao.
2in
d) 2*-z+7%+2=0bittringj=e 3 Ili mdtnghiém: tir d6 hiy phan tich
X ‘_ X 3 +X 2 + 2 1hanh cfic nhan L nguyén t§ trong R{X).

e) (:2 -4z 4+ 5)2 +(z+ 1= 0; tlr d6 hay phan tich (X 2_ax +5)°+ (X + 1)2 thanh
cic nhin tr nguyén 16 wong R|X}.

(2 -8t 440" —82) +375=0.
g C+)+@ -t =0
By (622 +3z2- 1) (62" + 3= )32+ 624 1)+ (B + 62+ 1)° = 0.
0 2.44 Chou e R, hiy tinh cic cn bac 4 trong C cda s6 phic Z xédc dinh boi:
Z=8a* ~(1+a?)? +4a(l —-a®)i.

0 2.4.5 Giai cic phuong trinh sau day, dn 5613 z € C:

. 1
@) 28 =2+73, b)z7=—3.
z



2.4 Luy thita va cin 88

0 2.4.6 Gidicic hé phuong trinh san, n 12 (x, y) € 2 hodc (x, y. 2) € c
2

xX=y
. (x+y> 3—y3 =819 2
a) . h)sy=2°.
(x= x> +y*]=399
24.3 Caccanbiacncual
Véi n € N, c6 ding n cin s6 bac n cla
wp=e "  k={0,.,n—1}.

—2n 1k
e Vke(0,..,n-1}, wp=e "

I, d6 1a cdc s& phiic

=®,_;; cdc can bac n cda 1 lién hop véi
nhau timg déi (1 la lién hgp cia chinh nd, —1 cling vay néu n chan).
o Vke{0.,n-1, wp=e " =of.

Téng quét hon, véi moi (k, 1) € Z %

kN 2ien [ 2im

n—1 n=1 t -’
e Neunz 2: Zwk=2a)1k: I 0.
k=0 k=0 I-o

Véimoi n € N~ (0,1}, tdng céc cin bic n cia | bang 0.

e Cic phén tir ciia U, = {z € C ; 7" = 1} duoc biéu dién trén mat phing
phitc bdi cic dinh cia mot da gidc déu n canh noi ti€p trong dudng tron
luong gidc, va mét trong cic dinh 12 diém c6 toa vi 12 1.

Pa gidc nay d6i xuing qua (x’x).
2in

S 3
Khi n=3,taky hiéu j=¢ 3 =—l+i-£;

2" 2
1 .3 R
tir d6 j2=—5—i7=c 32j vatl+j+ji=0.
y
j
N
0 X
j2

41



Thuang 2 S§ phite

Bai tap
0 247 Chone N, (a,,...‘awbI \...‘b,,)e 7. Chimg minh réng tén 11 (AB) € 7.2 ss0
cho:

n
A+ 4B+ B = [af +ayby +b,3).
k=|

O 248 Chone N va w)i modtcan bac n cia 1; tinh:

n n-|
a) kak_l b) Za)k”, pez.
k=1 k=0
n-i 2in
¢) ZCﬁm* vé w=¢e" .
k=0
piL

¢ 2.49 ChoneN—lO.l}.a):e_"—,(a,b)e(‘,l;chl.’mgminh;

) n=1
ol +}el< =3
k=0

a+a>"b‘;

0 2.4.10 Ching minh ring phuong trinh =* +5:% +5=0véi 4n 1a 2 € C 6 cdc nghiem
ik
13 w, -mf (dday k € {0.1,2,3), @, =¢ 5 ). Hay biéu dién cdc nghiém nay theo
2in

w=w =€’ .

244 Nhom ciac can bacrncual
l) U={zeC: |z|=1 } 12 mot nhém d6i véi phép nhan, ding cau véi

nhém (R2nZ , +) bsi phép ding cdu 6 elf trong dé 6 I 16p
modulo 27 coa 6.

2) Véimoin EN',U,,= [ze C;Z"=1) 1a mé6t nhém con cita (U, -)

3) Véimoine N, (U,, ) ding cdu vé6i nhdm (Z/nZ , +) bdi phép ding
2k
cdu krse " ,vé1 k 14 18p modulo » cha k.
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2.5 Ap dung so phiic vao luong giac
2.5.1 Khai trién cosn®é , sinn®’, tannd

Cho 6 € R, n € N'. Ap dung céng thic Moivre va céng thiic nhi thitc
Newton:

- n
cosn@ +isinnB =(cosd + isin 8)" :ZCf‘, cos"*8i* sin®o |
k=0

tich phén thuc va phén o, ta suy ra:

)
cosnf = Z(—l)kC%k cos" 2 gsinZkg
k=0

=cos"6—C% cos”20sin%h + ...,

S

2
sinnd =Y (=12 cos" 2 gsin 29
k=0
=C! cos”! §sind - CJ cos"Gsin3G + ...

Nhan xét: Thay sin>8 bai 1-cos” 6, ta c6:

s cosnd duoc bi€u dién thanh mét da thic cla cosd, goi 12 da tinfe Tchebychev
loai 1.

e sinn@bing tich cla sin@ vai mot da thirc cla cosé, goi 1a da thic Tchebychev
loal 2.

VIiDU: cos26 = 2cos2¢9—1, c0s36 = 4cos>H— 3cosd, sin2 0 = 2sinfcos b,

sin38 = 3sinéf- 4sin’0.

Gia st diéu kién tén tai dugc thoa man thi:

sinnf

_sinné _ cos"6 _ !, tand - C3 tan®6 + ...

cosnd c0sn6  |_c2un2g+Chanto- ..
cos”d




Chuong 2 86 phdec

Vi DU: tan20=ﬂ, tan 36 = M

1—tan20 1-3tan?6

2.5.2 Tuyén tinh hoa cos’@, sin” 8, cos’9'sin’ 6

_ |
. 2co88=z+2=z2+—
ChoPeR,pe N, z=¢'?= cosH+ isinf. Ta cé 21 ,
2isinf=z-z2=z——
z

1Y? 1)?
vay 2pcosp0=[z+—J va (2i)? sinp9=(z——] .
z z

Ta khai trién bang c4ch sir dung cong thic nhi thifc Newton, sau dé nhém lai
céc phin tr bat ddu tir cdc phin tr & ngoai cung Ta phan biét hai tnrong hop
tuy theo p chin hay p 1é.

Trudmg hgp 1: p chidn, p=2m, m e N'.

s 2 CcOSs 0—( +22—]+C2m[2 +Z_ZIE]+”'

+c'2",;‘[22 +L]+cg',,,_
22
=2c0s2m@ +2Ch,, cos(2(m — 1)) + ...+ 2C'2"';l cos26 +CY5 .

i

m—1
Vay cos2"g = 2—(2m—1)[5C'2"m + chm cos(2(m - k)é)].
k=0

1 1 Im-2 1
o 2y sin?"o= ( 2"’+——2m]—C2m[2 " +——2m_2]+
z Z
+ (- ey 1[2 +——] +(-1y"c%,

=2cos2mb - 2C12m cos(2(m —1)8)+

+2(-H"'eiTcos 260 + (-1Y™CE, -



2.5 Ap dung s6 phic vao Iugng giac

Vay sin?™g = 3~ 7= 1 _1ym (L) AP =
Ay sin =2 =D TC2m+ Z(—l) C3,, cos(2(m - k)B) | .
k=0

Truomg hop 2: p 1€, p =2m+1,m e’ N

1 _ 1
° 22m+1cos2m+16= 22m+1 + +C12m+l z2m l+ +
2m+1 2m+1
z V4
m 1
+C2m+| 2+ —)
¥4

= 2cos((2m + 1))+ 2CL,, . | cos((2m - 1)8)+ ...

+2C7, 41 €OSH .

Vay cos?"tlg=272m ZC
k=0

2m+1 2m+1 2m+1 1 al 2m-1 _ ]
S NI R R

m m 1
+(=D C2m+1[z *‘)

z

| cos((2m + 1 - 2k)0).

2m+

= 2isin(2m +1)8 = 2iC} ., sin(2m - 1)@ + ...

+2i(-)"C? 1 Sind .

2m+

m
Vay: sin?"g =272 ()™ Y (-nkck | sin((2m+1-24)8).
k=0

Vi DU: cos® ——(c0569+6cos46+15c0529+10)
sin?g = ;(cos 40 —4c0s20+3)
cos’8 =%(eos$9+5cos30+10cos6’)

sin>@ =%(sin 56 — 55in 30 + 10sin 8)
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Mu6n tuyén tinh hod cos”8sin?8, ta c6 thé tuyén tinh hoa cos” 8 va sin’6, réi
thuc hién phép nhan, r8i tuyén tinh hoa cic phén ti thu duoc.

Khi (p, q) € {0, 1, 2. 3, 4}°, ngudi ta thudng hay sir dung céc céong thic
luong gidc so cap:

e cos?f= % (1+ cos26), sin 26 = % (1 - cos28), sinfcosd = % sin28
1 . . .
¢ cos’h= Z(cos30 +3cosb), sin’6 = %(3 sind —sin38)

cos2@sind = % cosfsin28 = %(sinw +sind)

cosfsin’g = % sind'sin 26 = — (cosd — cos 36)

1
4
1 2 1
. cos“«9=[5(l+cos20)] =Z(l+2cos26+5(l+cos40)]
=§+l(:0$20+lcos4:9.
8 2 8

cos2fsin%@ = %sin 2y = %(l - c0546),...

Bai tap
0 2.51 Cho(n a, b) e N xR xR; tinh céc dng:

n n
C,= Zcos(a+ kb) va §, = Zsin(a+kb),
k=0 k=0

n
0 2.5.2 Cho(n,x)e N xR;tinh Zc:c»s3 kx . (SIr dung bai 1ap 2.5.1).
k=0

n
0 2.5.3 Ching minh: ¥n e N*, 2|sink|2n—+—]— I

et 2 2sind

. (S{r dung bai tap 2.5.1).

0 2.54 V&i(n x, 8 e NxR xR, tinh céc18ng Zxk cosk@ va Zxk sinkd .
k=0 k=0

0 255 Vai(nx) e Nx (R -2n7).tinh cic tdng:

A, 0= Y™ vi B(0)= D 4.
k=-n k=0



B8 sung

Ba sung
O €21 Anhxa:Paz+b
Vé1 moi (a. b) € C 2._ taky hicu g,,; C>C vdT,,. P — P la dnh xa tir mat phang
I az+h
phic vio chinh né, sao cho diém cé toa vi = ing véi diém c6 toa vi aZ+5 .
1} a) Chimg minh ring, néu |a|#1 vA a # 0 thi T, 1a phép déng dang nghich m 2c6

ab +'f , Ly s6 [a1 . tryc Ja dudmg thing (D) di qua 2 véi gée cuc 1a %Arg(a) (7).
a

toa vi

nghia 12 hop giao hodn cta phép vi Wr tAm Qva ty s6 ]a] véi phép d6i ximg truc giao qua
(D).

b) Chitng minh rang, néu |a| =1, thi T,, [ hop guao hodn clia phép dbi xing S, qua
dudng thing (D) ¢é géc cuc la %Arg(a)vi{ di qua &1ém cé loa vi % vai phép tinh tién
theo vecto —;—(ag +b) (déi xitng trugn).

2) a) Cho 2 € P, (D) 1a mét dudng thing cha P, p € R: - {1}. Chitng minh ré‘m‘g phép

déng dang nghich, tam (2, ty $6 p. truc (D). ing véi 4nh xa g, 0dé a = pe2i‘9(0 la péc

, . ’ , b +b
cuc cua (D) va b 12 86 phifc duy nhdl thod man o = a 3

1—a|'

(w i loa vi cua £2) hodc b la

toa vj cog anh clia O trong phép déng dang nghich.

b) Cho (D) la mét dudng thing ciia P, & I3 mét vecto clia P . Chimg minh ring hop
clia phép d6i ximg truc giso qua (D) vdi phép tinh tién theo vecto u \ing vdi dnh xa g, &

g

d6 a=¢"" (G2 gbc cuc clia (D)) va b li dnh cua O trong phép dai ximg truot.

C 2.2 Phép nghich dao, phan tich mot dnh xa phan tuyén tinh

Cho 2 € P, k € R phép nghich dio vé cuc 2 va ty s6 k 12 anh
M, M' thing hing

xd gy 1P — {63 > P— [ cho diém M img véi diém M’ sao cho: § — —
QM -QM' =k

1) a) V6i moi M e P-{0}, hiy bidu dién cdc toa dd (x'.y') cua /(M) theo cic toa b
(x,v) cua M.

h) Chiing minh rang dnh x4 -+ l: g vai phép nghich dio cuc O va ty s6 1.

¢) Anh cia mot dudng trdn, cita mét dudng thing qua phép bién d8i 7, 1a gi?



48 Chuong 2 S8 phuc

2)Cho (u, b, c,d) e C 4. sao cho ¢ # (0 va ad — he # 0, H 13 4nh xa cho didm M ¢6 toa vi

d D L az+b
z, z # —— , \ing véi diém c6 toa vi o .
c cz+d

a) Ching minh ring H = T, o08imy._,, oSeolp 2Ty, trong 46 T, (twong

¢ o2 ¢ c

ing Ti ) chi phép tinh ti&n theo vecta ¢6 toa vi % (tuong ing i), Sim j,._ 4 |2 phép déng
< c o2
vi géc Arg(bc __‘ad] « Sy |2 phép d6i xamg true grao
I

|bc—ad
| ¢?

dang thudn, tam O, 1y s6

qua (x'x).

b) Suy ra ring anh cla dudng tron hoic dudmg thing qua 4nh xa M 4 dudmg trdn hoac
Audng thing.



Chuong 3
Day sé

Mot day (s6) 1a mét 4nh xa tit N vao K (K = R hoic C ); thay cho ky hiéu
u: N - K | ta thudng ky hiéu (), & N hay (1), 50 hay (1),

> ()
M6t day thuce (tuong tmg : phitc) 12 mot day (s6) sao cho:
Vn e N, u, € R (tuong img: C ).
Vi méi n € N, u,, duge goi 12 s6 hang thit n cia day.
Mabi dnh xa tir (n € N; n 2> ny ) vao K véi ny € K c6 dinh ciing goi 12 mét

day (s6); phén 16n cdc khai niem duge khao sét chi d€ cap dén cdc u,, «tir mot
thi ty nao 46 trd di».

3.1 Hoi tu, phan ky

3.1.1 Dinh nghia
¢+ Dinh nghia 1
1) Tanéi day s6 (u,), < ny hoi tu @én 7 € K khi va chi khi:
Ve>0,INeN, VneN, (n=2N> )u,, -l‘ <eg).
2) Tanéi day s6 (u,), < ny hOi tu khi va chi khi t6n tai / € K sao cho
(u,), e N hoi tu dén /, nghia la:
FeK,Ve>0,INeN,Vne N, (n2 N> |u,,—1|$£).
3) Tand diy s6 (“;)nEN phan ky khi va chi khi né khéng héi tu
nghia la:
VIieK, 3650 VNeN,IneN,(n>Nva iun—1j>£).

Chi ¥ rang (u,),en hoi tu dén [ khi va chi khi day (u,, — 1),,ep hoi tu dén 0.

¢| Ménhdé1 (« Tinh duy nhat ciia giéi han » néu né ton tai )
N mot day s6 (u,), hoi ty dén {; va hoi tu dén I, thi 1= 1, .
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Chimg minh : Gia st (u,,),, hoi tu d&n /) va hoi tu dén ly valy # I,

1
b =~ =4 .
At & 3|2 1|

Vi (u,),, hoi tu dén 1y va hoi ws dén /5 nén t6n tai Ny, N5 € N sao cho:
n>2M =~} <e
vrnelN, l |u,, ]‘ .
n2 N = |y, -k <¢

g 1| <e
bDat N = Max(N,, Ny), tact: s
luhr—/ﬂ SE
suy ra |12 - 111 <, - uN| + |uN - 1]| < 2 = % |12 - Ill,mauthuén. .

Meénh dé trén chi ra rang ta cé thé ding mot ky hiéu kiéu bam : néu (u,), héi tu dén
[, 1a nSi rang ! )a gidi han cha (u,), va ki hiéu :

I= 1’1’21 u,,(ho@cl:nl_l}ri\&u,,) hodc u,,T—){ (hoic u, —"Kﬂ ).

viDU:
/) Moi day dimg (nghia I3 bing hing s& tr mét thiy tu nao dé try di) déu hoi .

2) Dﬁy[—l—] hoi tu dén 0, bai vi
n)peNt

Ve>O, INeN, VreN, n2N> l55),
n
khi chon N = E[-!—JH.
£

Nhgn xét : Néu hai day s& tring nhau ké tix mét thi ty nao dé tnd di thi ching cé
ban chét nhu nhau, nghia 12 su héi tu clia diy nay kéo theo sy hoi tu ciia day kia. Néi
cédch khéc ta khéng 1dm thay d8i ban chdt cia mot ddy s6 (hoi i, phan ky) khi ta
thay ddi cdc phén tlr cia né d&€n mot thir t cho trudc.

¢ Dinh nghia 2

1) o Tanéi mot s8 thuc A 1a mét chan trén cia mot day thuc (v,),en
khivachikhi: Vne N,u,<A.
e Ta ndi mot s6 thue A 1a mét chan duéi cia mot day thue (u,), e N
khi vachikhi: Vne N, u,2 A.
2) Mot day thue (u,), ¢ N duge goi bi chan trén (tuong tmg bi chan
duéi) khi va chi khi t6n tai m6t s6 thuc A sao cho A 1a mot chan trén
(twong ting : chan dudi) cua (i), ¢ n-



3.1 Héitu, phanky .

3) Mot diy phifc (u,), ¢ y duoc néila bj chan n€u va chi néu t6n tai
MeR,saocho:VneN, u|< M.

Nhgn xét : mot diy thuc bi chin khi v chi khi n6 bi chin tréa va chan dudi.

¢ Binhnghia3 Cho (4,), 12 mét day thue.

1) Tanéi (u,), tién t6i +oo (hoic : nhan +o lam gi6i han) khi va chi
khi :

VA>0,3NeN,VneN, (n>N = u, > A).

Khi d6 ta ky hiéu : 4,——+oo hay limu, =+oo.
nwo no

2) Tané6i (u,), tién t61 —o (hodc: nhan — co lam gi6i han) khi va chi
khi :

VYB<0,INeN,VneN, (»2N = u, <B).

Khi d6 ta ky hiéu : y,————o hay limy, = - .
nw n o

Nhdn xét:

—m —
]) UHT (=4 u,,TH’m

2) TAt ci cdc day thue c6 gidi han + oo hodc —o déu phan ky.

¢ | Ménh dé 2
1) Moi diy phirtc hoi tu déu bj chan.
~2) Moi day thuc tién tdi +oo déu bj chin dudi.
3) Moi diy thuc ti&n t6i —o déu bj chin trén.
Chung minh:
1} Giast unTl;lénu;.iNeNsaocho:
VneN, (n2N=> |u, —l|<1).
Vi vay v6i moi n € N sao cho #> N:
|n| < 1y —I|+|1]sl+|1|;
biat M = Max(jugl,.-... , Juyl, 1 + [}, ta suyravn e N, Ju,| < M.
2) Gidst Up—— >+ t8n tai N € N sao cho:
VreN,(nzN=u,>1).
Dat m = Inf (ug......, uy, 1), tasuyra: Vn e N, u, 2 m.
3) Quy vé 2) bing cdch XEt (—xp),. u

5-GTT-T1
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Nhdn xét:

1) Tbn tai cdc ddy bi chan nbung khong hoi tu; vidu ((-1)"),cn -

2) Néu mét diy thuc tién t6i +eo, thi né khéng bi chan trén, nhung diéu nguge
lai khong diing, ching han & vi du ((-1)"), « .

3) Maoi day khong bj chan thi phan ky.

3.1.2  Tinh chit vé thi tu caa cdc day thuc héi tu

¢ | Ménhdé1 Cho(u,), 12 mét diy thuc hoi tu cé gidi han 1a 7,
(a,b)6R2.
1) Néuac<! thiténtai Ny € Nsaocho:

YneN, (nzN|,=>a<u,).
2) Néul<b thitbntai N, € Nsaocho:

VrneN, (n2Ny,=>u, <h).
3) Néua<!<bh thitbntai N e Nsaocho:

' VneN, m2N=>a<u,<bh).

Chimg minh :

1) Ap dung dinh nghia vé sy hoi ty clia (u,,), « y 480 [, ta thdy n tai Ny e N
sao cho :

VaeN,(nz2N > lu,,—ll < -;—(I—a) < f-a)

Nhung |u,~!| <l~a = u,~I>-((-a)=>u,>a.

2) Tuong ty nhu 1).

3) Ldy N = Max(N,, Ny). n
¢ | Ménh dé2 (« Chuyén qua gi6i han trong bit ding thirc »)
Cho (u,), 12 mot day thuc hoi tu, /12 giéi han cia n6, (a. b) € R
1) Néuténtai Ny € Nsaocho(Vne N,(n2 Ny = u,2a)),thilza
2) Néutén tai N, € Nsaocho (Vn e N,(n2N,; = u,<h)), thil < h.

3) Néu tén tai N € N sao cho (Vh e N, (n2 N = a < u, < bh),
thha<I<bh.

Chiing minh : suy ra tir ménh dé 1 bang I4p luan phan ching. [ ]
¢ | Ménh dé 3 (« Dinhly kep »)
Cho (4,)p » (V,), » (W,),, 12 ba ddy thue sao cho :

ANeN, VneN,(n2N > u, <v, <w,)
(4y), VA (w,), hoi tu d&n cung mét gidi han /

Thé thi (v,), cling héi tu dén 1.




3.1 Hai tu, phan ky

Chimg minh:
Cho £> 0; Vi (u,), v (w,,},, hoi tu dén / nén t6n tai Ny, N, € N sao cho :
VneNN, (n 2N = |y, -] < 5]
{‘v‘neN, (h2 Ny = w1 < &)
bat Ny = Max(N, Ny, Ny), ta cé v6i moin € N:
‘u,, v, <w,
n>Ny=ilu, kL >-£Su,—1<v, -l<w, -I<e>v, <.
|wn—l|<e
Viay (v,), hoi tu dén 1. |
Nhdn xér

1) Tréi v&i chc ménh dé 1 va 2, dinh Iy kep cho phép ké&t tuin vé sy tdn tai clia mét
gi6i han, va nhu vay rat c6 fch.
2) Tacé thé luge 86 hod dinh ly kep dudi dang :

U, SV, S W,

noo hoo = V"T)I
!
VfDU:Vc’n'neN".u,,:Z n ,tacé
2
TR +k
n 2
”ngz n__.n
v Nt k=) n2+l n2+1
ne . = ) .
Y, = =
" Enz.'.n n+1
n2
Vi: —> 1] va — 1, takét luan :u,—1.
n2+1 no n+l no no

Nhdn xét : 48 chéing minh riing mét ddy (u,,), 5y h6i v d&n mot phén tr ! thude K,
mot céch lam thuan tien 12 1am xudt hien mot ddy (u,), ey €6 gi61 han O sao
cho: VneN, |u,~ 1] < ¢,
¢ | Ménh dé 4 Cho hai day thuc (u,), VA (v,),,-
ANeN, VneN, (n2N=u,<v,
Néu

, thi v,——+tm.
un—)+oo reo
o

Chimg minh .

Cha A € R', cé dinh; wi Uy — >0 nén t6n tai Ny € N saocho:

Vne N, (n2N| = u,2A).
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Pat N,=Max(N, N|)tacé:

( u, 2 A

VnZN,Ln2N2:> v, Al
u, <

Vay: .

dy: vV, T-!—CO ‘
Nhan xét: Bing cdch chuyén qua céc phin nr d6i, ta thu dugc ménh dé sau ;
>
Néu :{ENEN,VneN,(nZNﬁun >v,

unT_w 1‘ th‘!:vnT——oo.
3.1.3 Cic tinh chat dai s6 ciia ddy s6 hai tu

¢ | Ménh dé1 Giasir A € K (), va (v,), 1 hai ddy s6, (I, I') € K2,
Tacé:
2) U, ——'m—>0 o luni_'m—)o
Uy — > l .
3) P Uy TV, ——mo-—>1 +1

v, —!
o0

4) u,——! = Au,— Al
no oo

u, ——0
5) e = u,v, —0

(v,),,bi chin neo

un o 1 ]
6) oD u,v, ——1!

B rad e

v ! L duoe xde dinh tir mot thi tu nao dé
7) "' neo vln |

I #0 —_— —

Vn nee )

Up— 1 %1 duge xéc dinh tix mot thi tr n2o db.

8 v,——l} = {'n
7o Uy, l

1I¢0 i nao o




3.1 Hgity, phan ky

Chimg minh:
1) Choe>0.Viu, Tl nén tén tai N € N sao cho:

YneN, (n2N:>|u,, ~l<¢)

Vi: VneN, “u,,l—ll“ < |u, -1,

nén suy ra Vn € N, (n.>.N=>||u,,|—|1|| < e,vay]uan)ll'

Tinh chat 2) thédy agay, vi véi mgi n € N:
”unl - Ol = Iunl = Iun - OI

3} Choe>0.Viu, T)lv& v,,T)I‘,nén 8o tai N, N* € N sao cho

2)

VneN,[nZN = |u,,—1|5§]
VneN,[nzN‘ = |u, —Ills %]
dit Ny = Max(N, N'),tacé:
vneN, (n2 N, :[(u,,+v) l+1)] [ = 1)+ (v, = 17|

<|u, =1 +|v, - < +5—£)

Vay :u, +v, "m—yhl

4) Choe>0.Viu, ,/ nén tén tai N e N sao cho:

vneN, {nZN:lu,, ] < M*l}

A
dodé:VneN,[nzN:[;Lu,,-,U]=M||u,,—1|s|lll|€l SE],
+

va dO Vay AU"T}.I .
5) TheogidthiéttdntaiM € R, saochovn e N, |v,| s M

Cho £> 0. Vi u, ——0 nén t6n tai N € N sao cho

VneN,(nZN:lunis £ }
M+1

do d6: VneN,(nzN:{unvn|=1u,,]-|v,,lSM+IS£].

Vay u,v, —"m—-)O.

6) Vémoine N, ddta,=u,~ /. Tacé:

VneN, uyv,=0 +a,) v,=1v,+ a,v,
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Theo 4) Iv,,——m—)ll'. Mat khic a, T»O ( xem 3) va 4)) va (v,), bi chan vi hoi
tu; vay (theo 5)) a:,,v,,—’m—b{) va cudi cing (xem 3)), u,,v,,—’m—)ll',
7) Vi v,,Tl' nén Iv,,lT)m (xem 1)).

Do |/'| >0 nén theo 3.1.2, ménh dé 1, t6n tai N € N sao cho:

Yne N, [nz M |v,,] 21{21-} .

Dic biet: Yn € N, (n2 Ny, v,# 0), va diy [L

Vn

] duoc xdc dinh. Vi moin e N
n2N,

saochon> Ny, tacé: 0<

LA <2 v, -1

Do v, —.ta suy ra — v =1 ——0 18i (xem 3.1 2) Ménh dé 3),

mo
v, !

n

8) Chi cén dp dung 6) va 7) va chd y rang In
\Y

L n
n v

e| Ménh dé2 Cho (x), va (v, Ia hai day thyc, (I, I) € R %,
2,=x, +iy,véimoine N,L=1+il", Tacé:
znTLc:;{

Ching minh:
1) Néu z,,—’m->L thivéimoine N :

{ =1 S|z, - L oy r,,-—»m !

ya~lig|z, - L Yn >l
T b e d AR
2) Nguoc lai, néu y oo thi véi morn e N:

n 1‘
no

lz,— L| < |x,= | + Iy~
vasuyTa 2z, —T)Ll |
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Ménh dé 3 Cho(u,),, (v,), 12 hai day thuc .
1) Néu u, —— >+ va (v,), bi chan duéi thi Uy + Vg ————>+0 dac
biat:

u, T)+CO

Yy s 4o0 = Uy + vy > ¥

u,,—TH—oo
L v, — 'eR :>un+VnT|-CD.
2) Néw 14, —stecva nén (3CeR}, INEN VneN, (12N =>v,20)),
thi u,v, —— +00 dac biét :

naa

unT)+co
L] = —>+0
Y e+ v

-

Uy, ———+0
e = wy,——>+w.
Vn Tl’ € R+ o

3) Uy, ——>+0 D — 0.
no un noo

4) Néu u,——0 vinéu GNeN,VneN,(n>N = u, >0)),

.1
thi — ———> +o0.

neo
un

Chitng minh:
1) Theo gia thi&t, 8n tai m € R sao cho: (Vn € N, v, 2 m). Cho A > 0; vi

Uy — nén tén tai N € N sao cho:
YneN,(n2 N=>u,2A-m).

Trdbracé: Vne N, (n2N > u,+v,2(A-m)+m=A).
Vay u, +v, — .

*
2) ChoAeR ;viu, —>+© néo tén tai N| € N sao cho:

vnelN, [nZN] = un_g]

biat Ny = Max(N, N) ta cé:
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A
>—

VneN | n2N, = o C = uy, 24|,
v, 2C

vay upv, —nT>+oo.

3) Choe>0w “nTH“’O nén én tai N € N sao cho:

Tirdétacé: VnelN, [nZN:>

Vne NN, [nZN:u,, Zl]
1

£
1 1
=—=c<£].
4

4) ChoA>0;viu, T)O nén tén tai N; € N sao cho:

YneN, [nle = |u,) sﬂ. Dat Ny = Max(N, Ny) ta cé:

1
u,| <—
YnelN | n2N, = g A= —24]|,
u’l
U, >0
1
vly — —— 40 u
u,
Ddi véi cde day thuc ta thu duge céc bang sau day :
a) Gi6i han va téng
u"
! +00 —00 KG
V’l
r I+ ! +00 -0 KG
+00 +00 ? ) ?
- -0 ?
KG |2

4
Bang u,+v,

o KG: Cé nghia Ia dily s& ta dang quan st khéng c6 giGi han, k€ ca hitu han hoac
vd han (v6 cling).



3.1 Hdity, phan ky

s 7. c6 nghia 12 cdc gia thi&t d6i véi (u,), va (v,), chua 40 dé két luan; trong
trudng hop nay ta c6 moét dang vo dinh .

N u, KG . p P
o Trudng hop {v: — 7 -Ta 13p ludn bang phén ching : Néu (u, + v,), c6 gidi
han hiw han L thi: u,=(g, +vn)—vnTL—I’, mau thudn. Néu
(u,, +v, )—m—)+oo (twong ing: ~0), thi
Uy, = (u,, +v, )- Vg — > + (tuong Uing: —o0), mau thufn.
Vi vy (u, + v,), khong c6 gidi han k& ca hitu han va v4 han .
o Cé6 thé bd sung phin bang nm hian duéi dudng chéo bing d6i xing
(U + v, = v, + uy,).
s Vii vi du don gidn vé dang vé dinh :

2
U, =n" ———>+0
1) {" non u,,+v,,=n2—n=n(n—l)—mr)+ao.

vV, =—h——>—0’
no

U, =n+l—>+m
2) no un+v,,=(n+l)—n=lTb|.

vy, =—-h—— o °’
no

= n+(—l)" —+® o o ~
3) {:’: o ™ , thy +v, =(~1)" khong cé gi6i han him han cling nhu

v6 han.

b) Gidi han va tich:

" 1>0 | 1=0 | I<O +c0 -0 KG

iso| w | o | mw | 4o | o | KG

=0 Lo 0 ? ? 7

<0 n -0 +00 KG
+00 +00 -0 ?
—co ' +00 ?

4
Bang u,,.v,
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3.14 Cic vidu so cap vé day
1) Day céng

Mot day (u,), « N trong K duoc goi 12 day cong (hoic: cap s6 cong ) khi va
chi khi tén tai » € K sao cho:
Vne N u,, =u,+r.
Phén tir r (duge x4c dinh duy nhat ) duoc goi 1 cong sai clia day codng (u
Khi dé ta cé: Vn e N, u,=ug+ rn.
2) Day nhdn

¢ Binh nghia Mot day (u,), - 5 trong K duge goi 12 ddy nhan
(hodc c4p s6 nhan) néu va chi néu tén tai r € K sao cho:

n)n‘

VYne N, u,, =,
Phén tir r (duge x4c dinh duy nhat ), trir khi (Vn € N, u,, = 0) duge goi
13 cong bdi cua diy nhan (u,,),.
Khidétacs: Vn e N, u,= uy".
¢ [ Ménh dé& Chor € K; diy nhan (") , . 5y h6i tu khi v chi khi |r | < 1
hayr=1.

Honnita:e |r| <1 = r"—’m—>0.

or & ]l; +oo[ = rf’—w>+uo.
n ’

Chiing minh:

1) Giastt r € |1; +00].

Tén tai h € R', sao cho r = 1 + h. Véi moi n € N, bing céch sir dyng nhi thic

Newton, ta c6 " =(1+4) = Zc* A 214 nh. RS rang 1o n—— <01 16i Vi h c6
k=0

dinh trong R”, nén ta suy ra 1+ nh——+w va cudi cing " ——>+w0 .
o o
2) Giastt |rj<1va r#0. Tacé:
n
Irl<1 = ’ll>1 = [l J — e =>|r ' —0= r" ———0.
3) Nguoc lai gia sir diy (") , ¢ n DO tu dén moét phin tr / cha K . Vi

(vn € N, »™! = ")) nen bing cich chuyén qua gidi han khi » tién t6i +00, ta c6
l=1Ir. Twdésuyral=0hoacr=1. |
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3) Ddy [%)ne};‘ yae R, codinh

o Giasira> 1;chon e N, 4p dung céng thic nhi thiic Newton:
" _ n( 11} _ C k(n _‘ k
o= = 148 )= St
k=0
zzl:cﬁ[z’/;—l]k= 1+n[%-1)
k=0

Diéu nay chimg té ring YneN", 0 < ¥a-1 < 2=, tix d6 theo dinh I kep:

n

¢ Giastr O0<a< 1;Khidy l>1,vay(xemr.rendAy)V[ITH;nhu‘ng
a a

-1
%z[dIJ ,v@y%—ﬂ.
a noo

o Trudng hop a = 1 khdo sit dé dang.
Cué6i cling: v&i moi « € R”, ¢8 dinh, ¥a — 1.

n

4) Cdc ddy [a_a] ,a € |1;+00[, @ € N ¢d' dinh
neN"

n

1 L
Vigz >1,néntbntaih € R'+ sao cho a@ =1+ h. Ap dung cong thitc nhi
thitc Newton, ta c6 v6i moi n € N — {0, 1§:

n
1
LZ} =ic"h" > tenhe 02 5 2ol 2
k=0 " 2

v

2

n n @
Cuéi clung: a4 _ I:(a ]; = a , tir 46 ta c6 két qua:
n% J
an
véi moi (a, a) € 11; +of x N ¢6 dinh, — ———+w.
na no
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Chung ta s& thdy (Tap 2, 7.5, Ménh dé 4) 1a két qua trén vin diing véi o € R.
Ngudi ta néi ring ham ma (") troi hom ham Iuy thira (n” ).

n

5) Day|Z| ,aeK c6dinh
n
" /neN

Dat N=E(lal) + 1; véimoi n € N saochon> N, tacé:

R
SEEREN —

5

12 7°N|n no

n
tir d6 ta cé: v6i moi a € K ¢6 dinh, i'——m—)o. Ngudi ta néi ring giai thira
n

(n') tréi hom ham mi (a”).

Bai tap
0 311 Cho(w,),n 12 motday thuc saocho: Vne N, u, e Z.

Chimng minh ring (1), « ny hoi t khi va chi khi (4

JI)M

fa ddy dimg .
0 34.2 Cho(a,b) € R%, (), (v)), )a hai diy thyc sao cho:

vneN, u, <a
YneN, u, Sb
u,,+v,,T>a+b

Chiing minh: u,———a VA v,———b.
10 ho
0 3.1.3 Cho(u,),, (v,), 12 hai day thyc hoiw .

Xp = S“P(”n»"n)

Chimng minh ring cdc diy (x,), va (y,), Xdc dinh bdi: Yne N.{ hoi w va
Yn = I“f("w"n)

biéu didn gidi han cla ching theo gidi han cla (u,), va (v,),.
0 3.1.4 Chtmg minh su hoi 1 va x4c dinh gi6i han cla cdc day sau véi 58 hang téng qudt
duac cho trong dé bai:

1

R Z(BJ( +])
a)zkk1+l h)k;.;—-— J¥3+smn .

= 3 (2k+3)

k=0



31 Héity, phan ky

31.5 Day (u,),  y dUoc xdc dinh bdi:

upeC
VneN, uy, = %(3:4,, +24,,)
cé hoi ty hay khong, va néb cé, gidi han 1a gi ?
3.1.6 Cing nhu cAu hoi & bai tap 3.1.5 46i vdi:
Uy € (‘.

Vne N, = ("n +|""D‘

!

2
oo . e B .
3.1.7 Giasupe N [(ap...a,, A 4) E(.R,,)z . Chimg minh :

P
A

|
I 4 n
a)lim i,{ra," = Max g; b)tim Zl,a,'" = Min g, .
1=] ne

noo 1isp =l Isisp
3.1.8 Gidsit(a,h,c) € R, 520 cho b’ = 4ac <0, va (,),, (v,), 14 hai diy thue sa6 cho:
uu,% +buy, + of T)O.

Chiing minh : u, ——0 vA v, —0.
nea 7m0

3.1.9 Gid sir (1), 1A mot ddy c6 phén tir thuoe R”, sao cho Lt —
uﬂ

Chitng minh ring : Yfu,, ——>+o0.
o

3.1.10° Choae R saocho < € 7. . Chitng minh ring su «én tai cha mot trong hai giéi
V4

han lim sin(n.a). )imcos(na) kéo theo sy t8n tai cua gidi han kia, vd rang su tén tai cd
nw 7no
hai gi6i han din d&n mau thudn. Hiy k&t luan.
2 :
3.1.11 St dung (VxeR,, 1-% < In(i+x) € x), ching minh sy t8n tai cia
4 1k
lim H[t +—+ 7] vi tinh giGi han nay .
% =1 "on
}
3.1.12 Véia e R’, c6 dinh, tim Iim(E(a")); néu gi&l han nay 6n tat.
no
3.1.13 Khao sét (su hoi ty, giéi han néu cé) cic day xac dinh bai:
ug € C

1 {
VneN, u,  =—— hu,-——
n+l n+3[ n n+l]

(6 thé xét n(n + 1)(n + 2)u,)
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u =1
b f
) vne N*, upy = u,%+2L"
ugeC
ueC
c) |
Vne N.. Upel = mzui
i=o
u eR}
d) n .
YneN®, u,, = Z“_k

k=lk

¢ 3.1.14 Ching minh su hdi ty vd tim gi6i han cla cdc day s& ma s8 hang 8ng qust duge
cho trong dé bai :

cosn

2
H 1
b) ) ) =
d)%ikE(Ia). xeR e)f[[nf}
k=1

n

n k —
0 3.1.15 a) Chimg minh :Yne N, VzeC, 1‘[[1”2 ]= Y
k=0 1=0

2¥ 1
b) Suy ra ,v6i moiz € C saocho |z| < 1: hmH 1422 |=——.
k=0 l
0 3.1.16" Ching minh ring véimgiq € |-1; 1] :

1

hm l—l

| k=1 l+q

=(1-q)2.

(c6 thé sir dung bai tap 3.1.15 a)).
o 3.1.17
a} Cho (u,), |2 mdt diy phirc bi chin sao cho :211,,+xQ,,T)1 € C; chimg minh:

1
%, 50 )3'

b) Tim mét vi du vé day (»,), khorgbi chan ma (i, + u,,), hdi ty .
c) Tim mo1 vi du vé day (u,), bi chin, phan k¥ ma (x,, + u,,),, héi tu.



3.2 Tinh don diéu

¢ 3.1.18 Day diéu hoa

”n
Véimoine N, dat H, = Z%
k=1

a) Ching minh: Vm € N, HZ"’*] -H_ >

I .
2" =y

h) Suyra:H, 4.

. VneN', u, 21
0 3.1.19° Cho mot day thyc (u,),eN « s20 cho:

vp.geN’, Upig Supuy

]
va (v,),5, 12 dily xéc dinh b : Vne N*, v, ="

Chimmg minh ring (v,), hoi tu vA gidi han clané1a Inf (v, ).
neN*

3.2 Tinh don diéu

3.2.1 Day thuc don diéu
¢ Dinh nghia Cho (u,), « y 1a mét day thyc .

e Tanbi (u,), .\ ting khi va chi khi: Vn e N, u, < u,,,,.
o Tandi(u,),  \ giam khi va chi khi: Vn e N, u,,, < u,.
¢ Tanéi(u,), .\ ting nghiém ngat khi va chi khi: Vn e N, u,<u,,,.
o Tanéi (u,), . \y gidm nghiém ngit khi va chi khi: Vn e N, u,, < u,.

o Tanéi (4,), N don diéu khi va chi khi (#,),, N ting hodc (1,), e N
gtam.
e Tanéi (u,), « Ny don diéu nghiém ngat khi va chi khi (u,), ¢ N ting
nghiém ngat hoic (u,),, . n gidm nghiém ngat.
Nhan xér.
1) Néu (u,), va (v,), déu ting (luong ving gidm) thi (u, + v,), ting (twong
\ng giam ).
2) Néu (u,), va (v,), déu tang (tuong tng giam) va cdc s6 hang thudc R, thi
(u,v,), ting (rong ing gidm ).
3) Mbtday cé thé khéng ting khéng gidm; vi du: ((— 1)" )"EN- .
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" 4 | Dinhly
1) Mot diy thuc ting va bi chan trén thi héi tu.
2) Moi diy thuc gidm va bi chan duéi thi hai tu.

Chimg minh:

1) Gi sit (u,), < n 12 mot ddy thuc tang bj chan tren. Tap {u,; n € NJ 12 mot bo
pbé4n cla R khong réng va bj chan wen. Vy cé mét bién trén, ky hieu 1a /.
Cho £> 0. Theo dinh nghia cia /, tdn tai N € N-sao cho:

l-e<uns L
Vi (u,,), tang nén suy ra:
VneN{n>N:u,,2uN D~y <l<l+e =y -l 55).

Vﬂy u, T[ .

2) Chican dp dung két qua /) d6i v6i diy (~u,), e N-

Véi moi n € N ta c6:

| I 1 1

o R e e =S
T S S 2 ot nelned)

vay (u,}, tang.
Mat khic: WEN., u, < n—li <1\, vay (4,), bi chan trén.
n+

Theo dinh 1§ 7). ta két ludn réng (u,,), hoi w. Trong vi du ndy cé thé im lim u,, bang
na
céch sit dung kh4i niém tdng Riemann (xem 6.2.7).

¢ | Ménh dé
1) Moi diy thuc ting va khéng bi chin trén thi ti€n t6i +00.
2) Moi day thuc giam va khong bi chan duéi thi tién t61 ~00,
Ching minh
1) Cho (u,),en 13 mét ddy thyc tang va khong bi chan trén. Cho A > 0,t6n 1ai N e N

sao cho up> A. Vi (u,), ting va suy ra: vneNF 2 N = u, > uy > A).
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2) Apdung ket qui 1) va day (~u,), . \ ladi.

Nh};n X€t
1) Néu (u,), tang thi chi ¢6 hai khi nang :
s hoic (), héi ty .
s hoic Uy —— >0,

2) Neéu (u,), tang va héi tu dén /, thi! = Sup{u,;n € N} va ddc biét : Yn e N,
u, 1.

3) Néu (u,), tang thi hién nhién né bi chan dudi boi ug.

Bai tap
Yne N, v, >0
0 3.2.1 Cho(¢,), e N+ W)y e N 12 Rai dEy thue sao cho [ﬂg

Vn ) peN

tang *

, . e Uy + e+ U .
Chung minh rang :[—°—~J] ting.
Vo H ety s

0 32.2° Véimoine N, datu, = an\[;f".

a) Chimg minh ting (1,), hoi ty.
SN
b) Dit !=limu,,ching minh: vn e N, Je 8" <u, </.

na

0 323 Cholw,),enN. (v), N A hai ddy thyc sao cho:

Uy —> 0¥y — 2 0

(N ),l e~ Bidm nghiém ngat -
Upog ~ Uy y le R
Vpt =V,

, . u
Chimg minh : —--——— 1.
3 100
"

0 3.24° Cho(e.h) e {R:)z Va (), e N, (¥p)y e v 12 cdc dBy xdc dinh boi:

MD=0,V0=b

, U, +v, ) -
Vne XN, [und = flipVy VAV, = > )

6-GTT-T1

-
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a) Ching minh ring (u,), va (v,), h6i tu dén cdng mét gidi han. Gidi han ! nay khéng
thé biéu di€n «mot cich don gidn» theo a vd b, va dugc goi la trung binh
cong—nhan cia a va b.

b) Véimoin e N chimg t ring:
(Vn_uri)2 < (vn_un)2 )
Ao+ B

M(]_
8vab

0< Vntl ~Upy) =

¢) a Chiraringtén tain,e N sao cho:0<

B Suy tirb) cing:

2770
Vp, — U
Vrne N, n>n0=>05v,,—u,,$8\/ab[ L no]

8Jab

Nhar vay ,cdc day (u,), va (v,),, hoi tu «rat nhanh» dén /.

n)n
0 3.25% Cho(uy),ensWpens (W), en, |2 badiy thuc xdc dinh bai :
O<yg<vy<wp

Vhe N, upy =

3wy, oy T+ Wil ¥y _UntVntWy

» Vi) s Wnai 3
VWpy + Wyliyy + u”vn uy, +v,+ Wy

1
Chimg minh ring ching déu hdi ty dén (uovowo)g.

3.2.2 Diy ké nhau
¢ Dinh nghia Hai day thuc (1,), ¢ N (V) & Ny dUoC goi 12 Ké nhau khi
va chi khi:
("n )HEN tﬁng
(v,, )neN giam
vn - un T)O
¢ | Ménh dé 1 Neéu hai diy thuc (i,),, e N« (V) e v K& nhau thi ching héi

tu va c6 cling mét gidi han. Hon nita néu ki hiéu / 12 gidi han chung thi
tacé:

VneNu, up, <I<v, 1 <v,.

Chiing minh :
& Véimoin e N, dit: w,=v, - u,. Diy (w,), <N g1dm Vi:
Wpp1— Wy = V) = U )) = (V= 1) = (Vpyy = V) = (U —u,) € 0.

Viw, giam vi c6 gidi han O, nén tasvy ra:Vne N, u, <v,,.



3.2 Tinh don didu

o Nhuvdy: Vn e N, u, S up S v,y S v,; do d6 (u,),, < N tang VA bi chan trén
301 vy, nén hdi tu den mot 58 thye /, cdn (v,), ¢ n gidm va bi chan dudi bdi uy nén hoi
ty dén mot s6 thue /.

s Vi (u,, ~"—m—>1,v,, Tll,v,, —u, TO} ta suy ra ] =/ va cudi cong;

YneN,u,<u, <I<v,, Sv, |
Trong cic 4p dung bang 6, nhan xé1 ring khi d6 0 € / ~ u, < v, ~ u,, c6 thé cé ich .
ViDU:
1) S6 e, coso cia cac logarit Népe

n

" = | 1 NN .
VéineN | dity, =sza Vg =y b R6 rangla (u,), ¢ n+ tang nghitm
! n-nm
k=0

ngat vav, ~ Uy =— 0. Hon niya :

i
HEN, vyt ~Vy = ) —thy +(—nm—;;’,
[ 1 L 1

" el ¥ e el n-(n+1)-{(n+ 1) <0

do d6 (v,),, « Ny g12m nghiém ngac .

Nhur vay (1,),, e N* V3 (V,),)  n» XK€ Dhau, nén hoi tu dén cling mot gisi han, ki hieu 1a
¢. Bay gid ta chimg minh ring e 12 s6'vé 1.

R& réng lae > 0. Gid s\t tén tai (p, ¢) € (N*)? sa0 cho & = {plg). Quy déng miv s5

Y= Z— ta thy tén tai @ € N* sao cho y, = 2 v vay:

=< I

p a ) i
Yy <e<y 2l i oac<plghcar- carl

' 9 4! gqq! q
mau thuln, via, p(g — 1)}, a + |, déu 13 nhitng s& nguyen, Cuéicung: e g Q .

Ta ¢4 thé ching minh, nhung khé hon ring e 12 s6 siéu viét, nghia la n6 khéng 1am
triét tieu bat ki da thic nao thude ZIX) - {0). (Tap 2.C7.4)

2) Day cac xdp xi thap phan non hoic troi cua mot so thue ¢
Pat D = | a107; (a, n) € Z x N}, goi 12 tap hop cdc 56 thap phan. Cho 2 € R; véi
moi n € N dat:
= 107" E(10"a) va v, = 107 (E(10"a) + 1).

u, <a<v,
Vaytacé:Vne N, 10"y, e Z va 10"v, e Z.
v, —u, =107"

u,, duoc goi 13 xap xi thap phan non dén 107" cha a.
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v, dugc goi la x4p xi thap phan troi dén 107" cia «.

o )<1d‘ EIIO" +1
Chon e N.Vi {iwfajglgjaLElL’”a)H'

105(10" a] < 10™a < E(m"*‘ a)+1

E(lo"”a) < 10"g < 10(13(10" a)+1}'

Vi 105(}0" a],E(lo"” a]+l ‘E(ld’”a),lo(E(] U'a)+l], 14 nhimg s& nguyén nén :
10E{107a) < Ef10™'a)

{E(ld’*'a]n < 10(E) o)1)

nén ta co: {

Vay u,S upyy va vy Sy,

Nhu thé (1), « 5 VA () e N léAnhtmg day ké nhau, do dé clng ti€n dén mot giéi han
/. Honnitado (Vh e N, u,Sa <v/)tasuyral=a

Cuéi cung: céc day xap xi thdp phan non hoac trdi cha « ké nhau va hoi tu dén u.
Nhdn xét :

1) Déday cic xdp xi thap phan noncha ala diy dimg, diéu kién cdn va dd
laaeD. .

2) Yvne N, 05 up, -~ u,<a-u, <v-u,=10" nén u, K s6 thap phan
chita (nhiéu nhat) n chit s6 sau ddu phay. Nhu vy n chii sé d4u sau dfu phay cla u,,
va up ;[ nha nhau (n€u a 2 0). Néi khic di, u,,,( chi khdc u, & chir s thap phan
thir (n + 1); chit s8 nay bing 0 5 u, (nfu u 2 0).

3) O day ta c6 thé thay 10 bing mot s6 nguyén bt ki 16n hon hodc bang 2.
¢ | Ménh dé 2 («Dinhly vé cac doan long nhau»)
Cho hai day thuc (a,),, ¢ n» (b)), € N 520 cho:
welN, q, <5,
vneN, [a,.;b,n]clagb,)

b,-a, T»o

Khi d6 tén tai mot s6 thuc / duy nhét saocho N [a,:5,]=1{1}.

neN

Chimg minh:  Cic diy (a,,), va (b,), ké nhau, vy h6i tu dén cing mét gidi han .

Nhdn xét: K&t qua nay s€ duge khai quat hod trong Tap 3 khi khao st cac khong
gian vecto dinh chudn du.



3.3 Daycon
Bai tap
¢ 3.2.6 Chimg minh ring c4c day sau ké nhau:

n
| 1 1
a) u, =§—,V =W, + ==, n3.
" k=3l(2+l § n 2"2

Vp, = Uy +

,n2l ae Q:(hay R:) 6 dinh

a+

0 3.2.7 Hai bo phan A va B ciha R duge goi 12 ké nhau khi va chi khi :

Vae A, Vbe B, a<b
Ve >0, a,b)e AxB, b-a<s

a) Chimg minh ring hai bo phian A va B cda R ké nhau néu va chi néu : Sup(A), Inf(B)
18n 1ai va bing nhau,

b) Chimg minh ring néu (g,),en. (P, en 12 hat diy ké nhau thi hai b6 phin
A=|a,,neN],B={b,;:ne NJciaR ké nhau, diéu ngiroc lai cé ding khéng ?

3.3 Day con

¢ Dinh nghia 1
e Ta goi moi 4nh xa tang nghiém ngat & N — N la mét ham trich.
Véi mot d‘a'-y(un),l e N ¢cho truée, mot day (u 0("))neN VoI o(n) 1la mot

ham trich duge goi mét day con cia (1), e .

Nhan xét

I} Vé&i moi ham trich o ta cé: (Vr € N, o(n) > n), ta chitng minh tinh chélt nay
dé dang bang quy nap theo n: (o(n+ 1) > a(n) 2 nvay o(n + 1) 2 (n+l),

2) Néuo, r1a hai ham trich ¢thi o ¢ 712 mot ham trich. Do dé mei diy con cla
- mot diy con clia (1), iy ciing 13 mot day con clla (1), « N

viDU:
1) (uadpen VA (U9, 4 )y e 12 cic ddy con clia (14,), e \.
2) (unz J" o~ la hai diy con cla (u,), c N.

3) lu,_,) . khong phiila day con X (), e (Vi g bi «I3p lai»).

n-n
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¢ | Ménh dé 1 Néumotday (u,),cy hoi tu dén mot phin tir / thuoc K,
thi moi day con trich ¥ (,), « )y cling hoi tu dén /.

Chitng minh: Gih st Up—/, vi 5 12 mot ham trich.
"ho £ > 0, t6n tai N € N sao cho:
VneN h=2N=lu,—- /]| <s).
Khi d6 ta c6:
VneN 2N 2o(N)2 N> |uc,(n)—l| <e),

Vﬂy ua("] T)I

Nhdn xét
Phin dio ciia ménh d& 1 cho phép ching minh nhitng day nhat dinh 12 phan k9.

Chéang han ((—1)") N phin k¥ vi day niy c6 hai diy con ((—1)2") N vit
ne ne

((—I)ZRH) héi tu dén nhimg gidi han khéc nhau.
neN

Meénh dé sau day rdt don gian nhung thudng c6 ich.

¢ | Ménhdé2 Cho(u),. N 12 mot diy trong K va / e K. DE (1), e
hoi ta dén /, didu kién cdn va dit 12 (up,), g VA (U2p41),cpg 360 h0i tu
dén 1,

Chiting minh
s Diéu kién cén suy ngay v Ménh dé |.
o Dio lai, gia st ub,T)l,vh uz,,J,‘—m—ﬂ.
Cho e > 0, tdn tai N, N; € N saa cho :
p2N, :|ugp—1i$e
VpeN, .
pENz =>|“2p+l‘_,155

Pat N =Max(2N,,2N,+ 1) vid xét n e N sao cho »n> N.Tbn tai p € Nsao cho
n=2phoaicn=2p+1.

Trong truomg hop 1, (n = 2p), ta ¢6 2p = 2N, vay p = Ny; tir dé ta suy ra
|u,, —ll =|u2p —I|SE .

Trong twdng hop 2, (n=2p+1),tac6 2p+ 1 22N, + 1, vay p 2 N, tird6 1a suy ra
lan =1 = |uapat = <6 .

Diéu nay ching 16 : ty——.



3.3 Daycon

Pinh ly (Pinh Iy Bolzano-Weierstrass)
Tir moi day thue bi chin ta déu c6 thé trich ra mot diy héi tu .

Chimg minh: (Phuong phip chiu déi )
Cho (up), « N 12 mét ddy thuc bi chan. Ta sé xay dung bang quy nap haj day thuc
(a,), (b)), k& nhau va mot ham trich & sao cho:

VneN, ug,, € la,: b,).
Tén tai (ag, bg) € R? 520 cho : Vn e N, ay < u,, < by,
rorang ke N,u, € [ao;b0]= N 1a vé han.
Cho n e N, gia sir 43 xdc dinh (a,, b,,) € R sao cho:
a, <b,

keN;u e [an;b,,] } 1a vo han

[bn —ay = E’;(b() _00)

a, +bh

Xét diém gida " chala,:b,], 16 rang @ nhit mot wong hai khoing

2
Khoang 4y 12 vo han, Do d6 t6n tai (,, . b,,1) € R* sao cho:

b, .
I:a,,,-a——i—} [ 4 > <:h ]lz‘a khoing ma tap céc k thuéc N sao cho u, nam trong

ApotS by
fkeX; u e [a,‘,r[;b,m] ! 1Avehan

1 1
bpy1 — Busy = —(b - n)= F(b(] 'aﬂ)
Ta dinh nghia ham trich theo cich sau : o(0) = 0,va v6i moi n thuoc N, t6n tai k € N
k > oln)
sa0 cho: vaidit oln+ )=k
w €la; b,]

¢ Nhu vay: ta da xay dung dugc hai diy thue (a,,),, (b}, va ham trich gsao cho :
Ynel, a, <b,
VnelN, [ Qi1 b n+1]c[an-b ]

b,—a, -———-)0
’v’neIN.uU(,, ela,;b,]

Theo dinh 1y vé cic doan 16ng nhau, 18n tai | € R sao cho; Vn € N, 1 € {a,, b,].
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Vaytacé: Va € N, lug,,— 1| < b, - a,,vavi b, —a, ——— 0 nén ta suy luan

Ta: Ug(y) Tl' Cudi clng, ta dd c6 thé trich tir (u,), mot day (uo.(,,))n hoi tu.

Bai tap

0
0

3.3.1  Ching minh ring moi day wong K tudn hokn va héi tu la day dimg.
3.3.2 Cho mot day thue (u,), ¢ N $30 cho:

V(m,n)e (N')Z. 0<u,,, < mn

mn

Chimg minh ring 1, ———0.

. ug e R
3.3.3 Khio sdt day (u,), e Ny X4c dinh bdi : N
vneXN, u,, =u; +(—]y‘n

3.3.4  Cho (u,),en 12 moét diy trong K sao cho cdc day (uz,, )neN '("2n+l)ne.\‘ .
tun2 )na\' hét tu.
Chimg minh réing (4,), e y hoi tu.
3.3.5 Cho(x,), g |2 mot day trong K vaf: N — N [a mot 4nh xa .
a) Gid st f la don dnh. Chimg minh ring néu (1), ¢ y hoi ty thi {u f("])ne o ity
b) Gia sirf 12 toan d4nh. Chitng minh ring néu (uf("))ne.\' hoi tu thi (u,),, e Ny hoi tu.

¢) Gid su f 12 song dnh. Chimg minh ring néu (u,), e py b6 1y khi va chi khi (uf(,,)
hoi tu .

)ne N

3.3.6* Cho xe R -Q va (), e n 12 mot diy 58 hitu ti hdi tu dén x; véi moi n € N

(a dit u,,:ﬁ véi (p,. q,) e ZxN*,
Gy

Chitng minh ring g, T)-q-m, va'pn|T+m )

3.4 Mot so loai day thong thuong

3.4.1 Day afin truy hdi caip mot véi hé s6 khong doi

b6 1a cdc day (u,), e n trong K sao cho tén tai (g, b) € K? thoa man:

Vne N u,=au, +bh.



B8 sung

Néu a = 1, thi 46 1a day cOng (xem 3.1.4 ]). Gid st a # 1. Cho 4 € K (sé
chon sau) va day (v,), ¢ Ny Xdc dinh boi: Vne N, v, =u, + L.
Tacé: VneN,v, =y, +A=au,+h+ 1

=av,- D+ b+ A=av,+((1-a)d+ b).
Khi chon A =% , ta thdy (v,), e\ 12 mot diy nhan vé6i cong boi a. Vay:

n
VneN,v,=d" v

T dé:vneN, u, =a" [”0 +QL_J —%.
3.4.2 Day truy hoi tuyén tinh cap hai véi hé s6 khong déi
Cho (a, b) € K% ky hieu E, , 1a tap hop cic diy (v,), e n trong K sao cho:
VneN,u,,, = au,, +bu,
goi 12 cac day truy héi tuyén tinh cap hai v6i hé s6 khong déi.
1) Cdlu triic va 56 chiéu cua E
a) E,,1a mot K —khéng gian vectd vi :
s E,;,#J(day s6 khéng thudc £, ;)
o NeudeK, (), en € Eqps V)neN € E s thi:
Vn e N, Au, g+ v, 0= Mau,  + bu,) + (av,,, + bv,)

= a( A, + V) + P, +v), vay (Au,+v,) e N € Egp

b) Ki hieo (U,),ens (V)nen 12 hai phin tit cha E,, xdc dinh bdi:

Up=1 Uy=0
=0 H=1"

e Cho (a, f) < K*sao cho a(U,), + AV,), =0.

aU0+ﬁVO=O

aU] +,BVl =0’ Vaya=ﬂ:0

Dic biét Ia: {

Diéu nay chirala (U,),,V,), doc laptrong E,, ;.
e Chg (u,), € E, - Ta chimng t6 bing quy nap hai buéc theo n ring :
Vn e N, u,=uyU, +u,V,.

Hé thirc hién nhién dugc thoAman véin=0van =1,
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Gia slr vé1 mét n € N ¢6 dinh: {u” = I:OUE;L uVy y
Upey =UQU ot T UV iy

Thé thi: 8,5 =au g +bu,=aluy Uy + 24V, +blz() U, +u V)
= ug(@U gy + BU ) + 1 (aV gy + bV )= ugU iz + 1 Vaz -
Diéu nay chimg t6 rang ((U,),, (V,),) sinh ra E,, Cuéi cing,
UV ),) 12 Mot co sd ciia E,, ,, vay dimg (E,)=2.
2) Cac phan tir dac biét cua E

Ta xét xem E, ), c¢6 chia cdc diy nhan hay khéng. Cho r € K: diy (), < N
thuéc E,, , khi va chi khi: Va e N, " 2= &' + br" nghia 1a r*—ar — b = 0.

Phuong trinh Pe—ar-h=0 duge goi 1a phuong trinh diac trimg (cua cic
day tuyén tinh truy héi cdp hai thoa man: Vn € N, u,  y=au, , |+ bu,).

Kf hiéu biét thic ciha phwong trinh nay 1a 4 = a® + 4b.

Trieong hop 1: Phuong trinh ddc trung ¢6 hai nghiém phdn biét trong K ki
hiéulary, ry(xdyrakhiX =Cva 4 #0)hay (K =Rvad>0)).

Ho ((r," ]nEN’ [r2" )neN) 1a doc 14p trong E, , ma s6 chiéu bang 2; vay dé
1a moét co sd cua E . Ton tai (4, 4,) sao cho:

Vn & N,u, =4 +r} .
Trong thuc t€ nguéi ta tinh A, A, theo ug, u(, 1y, rp.

Truong hop 2. Phuong trinh ddc trung 6 mét va chi mot nghiém trong 7 ky
hiéu la ry(truomg hop 4=0 ). ‘

Khi d6 ta thiy 1a hai ddy (ry"), ¢ N V2 (179"), e n 18P thanh mot co s&
trong E,, ;, (béng cach sir dung ry = %).
Tén tai (4), 4) € R? sa0 cho:
Vn e N, u,= Ay + Aonrg™
Chii y ring, néu (ry =0 va n = 0), nry"™" duge coi 12 0. Vi vay:

(nr(;’_l )neN =(0,1,0,0,0,...,0,...)

Trudng hop 3~ Phuong trinh ddc trung khéng cé nghiém trong K (nghia la
K=RvaAa<0).
-_—
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Ky hiéu E_; la tAp cic ddy phic (u,), < \ thoa min gia thiét truy héi:
VnelN, u,,=au,, + bhu,; E,, 12 thp cic ddy thuc ciing thoid man gia
thiét truy héi d6, thé thi Eyp =E, , AR™ .

Theo sy khao sat & trudng hop 1, khi ky higu 7, var, =r, 12 cac kheng
diém phic (khéng thuc) cita phuong trinh dac trung, ta cé:
E;sb = &llr]" + Aary )ne‘\.; (4,4,)eC? }

Ta sé& ching minh rang : £, , = {[erl" + ).lrl"] s M E C? }
neN

e Véimoi 4, e C, day (/1] i+ A r{') (2 phén tit cha E’, , véi cic
neN
s6 hang thuc, nén thudce £, .
o Nguoc lai, cho (4,),eN €E 4 Vi E,,C E’,, nén ton tai (ll.lz]eCz
sao cho Vn € N, u, = 4r" + 1y
Nhung:
‘ eR A+4 eR
(un)n eN € Ep = o - —
wmeR  [4n+neR
A+ Ay =Ay + Ay
PN 1 2 _l _i L
/1] H+ /12 n= ).1 n+ /12r1
M+ =A +4y
Q{ 1+ =t

Any + dgny = Agn + Agn

h=h=do~h Q{@—ZeR
& (AQ—A‘F eR
:>12—A_I=0 vi KER.
Vay E,, = {[Am” + zl‘rl") N; A eC}.—.{ [ZRe[,?,lil" ]]nEN; A eC}.
ne
Ta c6 thé tiép tuc bién déi biéu thiic vira thu duge.
1 =%(A—iB), (4, B)eR?

Pat /
p=|r]|,6=Arér1]



Chuong 3 Daéysé

cé: 2Re(4,r,") =Re((A — iB)p"(cosnd + isinn b))
= p"(AcosnB + Bsinnf).

Cuéi cing: B, = {[p" (Acosnd + Bsinnd) . 5(A,B) € IRZ)

véi p=|n|, 8=Arg(n).

Vi DU:

1) Day Fibonacci
Ta tinh phda ti 18ng qudt cla diy (), « p Xac dinh béi:
{¢o =0, ¢ =1
Vne N' ¢n+2 = ¢n+1 +¢n

+J§ . l—Jg

Phuang trinh dic tnmg * — r — 1 = 0 ¢4 hai nghiém thue I 5 va > do d6
16n tai (4, 4,) € R? sao cho:

VneN, b =gl[1+2£]n +12{1;‘é]"

_ /11+22 0 '11=—'
Ta ¢6: {%;10@[ l+~/_ 1 \/—_IQ S5

4

Vay, gid tri ciia ¢, la:

11465 [1-5Y
BN CLARS

n
Nhdn xét:  Véimbine N, vi L {1—_—@] SL <—;— , nén @, 1A 58 nguyén gin

Jsi o2 5
1 (1445
ﬂhitv&lﬁ[ 2 ]

2) Tiohu, bictring 0”5 471
mnn u,, VICt ran R
" Elvne N, tpy =4u, —4u,

Phuong trinh dac trung 7 — 4r + 4 = 0 ¢6 mot nghiém duy nhit ry = 2 (goi 12 nghiém
kép); do d6 t6n tai (4,. 4,) € C?sao cho:

VneN, u,= 42"+ 4,n27".



B8 sung

= =1 7\. =1
Ta c6: “o 1 = M Lo 1 o
U =1 2+ =i A =i=2

wdé: VneN, u,=2"+ni-22""
. s |0 =0, 4y =1
3) Tinh uj, biét ring .
YneN, u, 5 =-"2u,-4u,
Phuong trinh dic trung P +2r+4=0 khéng c6 nghiém thuc nhiung cé hai nghiém

phitc lien hop 2j va 2°. V1 [2] =2 v Arg(2j)= %" [27]. nén tén tai (4, B) e R?

sao cho:
2 2
VneN, u,=2" AcosLn+Bsinﬂ].
3 3
0 (A=0 A=0
. JUg = 1 4.
Ta cé: {u1=l <12 Acos£+Bsin2—n]=1 S 1B=— TR
3 3 3
n
YneN, u, :2—sin2ﬂ.
NE) 3
Bal tap

0 3.4.1 Xic dinh u sao cho diy (4,), e iy X4c dinh boi:

Up = 1
VneRN, Uppy =-ttyy +u,
¢6 t4t ca cdc s6 hang thuac R,.
0 3.4.2 a) Tim s6 hang tdng quét cla ddy (u,), ey Xdc dinh boi:

(uo.1y) € R?
[Vn €], v, = %(un“ + u") '
va khio sdt su hoi tu ciia diy d6.

b) Ciing céu hdi nhur & muc a) d6i véi:
{uo =0, ¥ =1

— 1 -
VneN, Upyd = Uy — Eun

u,>0, 4, >0
0 3.4.3 Tinh u, bi¢t ring L
VneN, u,,,= (u}u,m)l

0 3.4.4 Vdicéc day (u,), c ysau ddy, hay tinh s6 hang t8ng quét va khdo sat su hoi tu:
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0

a)

b)

c)*

g >0, >0

2u, U4, (str dung bai tap 3.4.24).
“11+1 + “n

Vne XN u,,4=

Uy =3+1

VYneXN, u,y= %(311,, - iu") .

37 35
Ho = —, 14 = —

12 12 .
Vne N, 5 =, +2u, +(=1)" +3"*!

3.4.5 Cho(u,), . nla ddy thuc xdc dinh bai:

H1=U2=u3=1

Yne \* Uy 3= L4 Uylyel -
» M
u

n

Ching minh ring: Vn € N*, u, € N*.

3.4.3 Day truy héiloai u,, = f(u,)

( day chiing ta sé sir dung cAc tinh chét so cip ciia c4c anh xa lién tuc (xem

chuong 4) va cdc anh xa kha vi (xem chuong 5).

Cdc tinh chdt chung

Cho mot khoang dong 7 cua R, f: I — 1132 mét 4nh xa.
a) Gid sifdon diéu trénl.

e Truong hop ftang trén /.

Vi(Vne N u,,, -u,=fu,) - fu,,)), nén ta thdy ring u, | — u
cung diu vdi 1y — u,.
Chinh xac hon:

{uo SUy = U Sy == Uy SUgy =

n

Uy 22U D Uy 2U) DD Uy 2 Uy D

Nhu vay, (4,,), « iy don diéu va cé chiéu bién thién phu thudc vi tri

tuong d6i cla uy va uy. Trong mbi vi du chi con phai xem (1), b
chan duéi hay chan trén.

e Trudng hop f giam trén /.

Anh xa f o f tang trén J vay (trudng hop trén) hai diy con (), e N

va (ty, p e N déu don diéu (va cdé chiéu ngirge nhau).



B& sung

h) Gid siflién tuc trén l.
Neu u, ———>leR thile], chuyén qua giéi han khi n tién t6i +o
trong biéu thic u, , ; = flu,), ta suy ra f{I) = .. Thudng thi: ta c6 thé
gidi phuong trinh (/) = 1 (dn 12/ € I) va tir d6 x4c dinh duge cic gidi
han “kha dr’ cba (1), e N-
Ta néi mot phin tit x clia 7 1a mét diém bat dong cla f khi va chi khi: fx)= x.

vipu:

Khao sat cdc day (u,), N Sau day:

ugp =1
(1) _ Uy
VnEN, u,,+1 = 3
uy +1\

o Trudc hét, mot phép quy nap don gian cho thay rang:
Vn e N, u,, € [0; +oof.
3

Un

s VneN, u,,—u,=- <0, vay (u,), gidm.

u, +1

& Vi (u,), gidm va bi chan dudi bdi O nén né hoi tu d&n mét s6 thue /, va /> 0.

Chuyén qua gi6i han khi n tién t6i +o, ta cé: [ = .Trdé1=0.
[“+1
Cuéi cing: u,, TO‘
ug GR:,
2
1 .
@ YneN, v,y == u,,+—a— , 0 46 aeR: ¢8 dinh.
2 U,
e Truée hét mét phép quy nap don gidn cho thdy véi mdi n € N, u,, 12 tén tai va
u, € 0;+of .
1 a? > 3
e Ve |0+, |[x==lx+— | @ x =a° & x=a|.
2 X
2, 2 N2
«VneN.u, -a- u, +ua 2au, =(un a) >0
2u,, 2u,
22
o VneN* u,-u,= 2 "M <y,
2u

"

Vay. (4,), « N+ 1am va bi chan dudi bai @ nén hoi i d&€n mét s6 thue I € |a; +=f, s6
thuc dé chi cé thé 1a a theo 131 gidi clia flx) = x.
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Cuéi cing: 4, —a.
noo

Nhdn xér.

2 2
VneN*0<u, | ~a= (“n —a) S(M"——a) ‘
2an, 2112

Diéu nay ching t6 ring ddy (u,),, e n tién 16i ¢ rit nhanh (xem bai 14p 3.2.4).

uo €R+
3 VneN, u, =%[u,2, +8]'

» Phép quy nap don gidn chimg t rang: ¥n e N*, 4, > 0.
» Choff R, - R, . Phép gidi phitong trinh fix) = x (4n 1a x € R,) cho
x> %(x2+8)

thay fc6 hai diém bat dong: 2 va 4. Ta ¢b ngay bang bién thién cha f:

+a

fx) A7
.
3

Cic khoang déng [0; 2], 12; 4}, [4; +oo] déu 8n dinh d8i vdi f
(nghia 1a {10; 2)) < [0; 2),...).

o Viftang, (1,), c n 400 diéu nén chidu bién thien phu thu6c vao ddu cda uj—uy.
1 . A
Vi(Vxe R, l)—x= g(x—2)(x-4) ). nén d4u cda w( — ug phu thudc vao vj tri

clla Uy so v6i 2 va 4.

-_ e
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yi 4{_/
4
v
2
]
1t
O uy 1 wu,2 uuu, 4 uyuy x
1¢Tcas 2€ cas 3¢ cas

Truomg hop 1: ug € |0; 2|
O day uy > ug, vay bang mot phép quy nap don giin ta ¢é: Vn € N, up,, > u,,.
Hon nita: Vn € N, u,, € [0, 2]. '
Vay (u,), tang va bi chan trén béi 2, nén hoi tw dén modt s6 thue ! € [0: 2|.
Tadithdy !/ e {2,4), vayl=2.
Truomg hop 2: ug € 12; 4].
Bing céch tuong ty ta thiy rang (u,), gidm va bj chin duéi bai 2 nén héi ty d&n mot
sO thuc / € [2; ugl = [2; 4]. Taddbi&t/ e {2,4),vay ! =2.
Truomg hop 3: uy=4.
Day (4,), e pkhong déi va bing 4, hoi tu dén 4.
Truong hop 4: uy € 14; +oo|.
3 day (1), « ntang. Néu (1,), hoi tu d8n mot s thise | thi ta c6 / = ug > 4, mau
thuldn véi! € {2, 4). Do dé (u,), ting vi phan ky, vay u, ———>+o.
Ta néi riing 2 12 diém bat dong hiit va 4 1a diém bt dong ddy cia f.

No=1

4
) VnelN,u,, = ]

2+u,

¢ Phép quy nap don gian chi ra rang v6i moi n € N, u,, t6n tai va u, € |0; +of.

7-GTT-T1
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y ¢« Cho f [0; +0] > [0; +o0| .
‘ }

y=x BTN
Phép giai ctia phuong trinh f{x) = x
y = fx) (4n la x €|0; +o[ ) cho thay f c6
: mét va chi mét diém bat dong, ky

hiéu @, vi @ =y2 - 120414 .

0 ug o, u, x

B L S B P < i, -af.
12+u, 2+a| Q+u,)2+a) 4"

¢ VneN, |u,, -0
Bang mot phép quy nap don gian, ta suy ra:

VneN, |u,, —a| 54%"‘0 —a|A
Vay u, —a.

o} day khéng cin khao sit cdc diy con (uy,), Vi (Ug,41),-
ug €10; +oof
) VhneN, u,. =—
+u

n

s Mot phép quy nap don gian chi ra rdng: Vn € N, u, 2 0.
o Xétf: [0; +00[ = [0; +00[ , 12 mot ham lién tuc. Ta cé:

X

l+x2

vx e |0; +ao[,(ﬂx):x<:>x3+x—2=0 & (x—])(x2+x+2):0 < x =1).
Vay néu (u,,),, hoi tu thi chi cé thé hoi tu dén 1.
e Anh xa fkha vi trén {0; +o[ :
VieR, f()= - <o,
[1 +.r2)2
Vay f giam.
Vif'(1) = -1, ta khéng thé 14p luan nhu trong Vi du 4.



B& sung

y
2
/ y=x
1
AN
N
M\ y = flx)
O uuyu, 1 TR x

¢ Ta sé ching minh ring 3 Tpl VA u3p4 Tl.

Cho g = fo f: [0+ o] = [0;+ o[ 12 m6t ham tang vi f giam.
2422 *

(l+):2)2 +4

x - glx)=

Ta tinh:
xS =2x* +2x3 ~4x? +5x-2
(l+x2)2+4
(x—])l(x2 +x+2)
(l+x2)2+4 -

Khi dy: Vp € N, (up, € [0; 1] vA up,y) € |15 +0] ),

Vxe [0;+aoL glx)-x=-

Truomg hop 1 ug € {0, 1]

Uypey —Urp, =g -y, 20
vay: Vp e N, ip P ( Zp) P ;
Uppe3 ~Uypel = S(“2p+1]— Uype S0

Do d6 (u7,), tang va (up,41), gidm.
Hon nita, vi (Vp € N, uy, < 1 < u4,,,¢), nén ta suy ra ring (uy,),eN héi tu dén mot
phén tr A € {0; +o[ v (13,4 )peN hoi tu d€n mot phén tir 1 € [0; +0].
Vi g lién tuc trén |0; +o| va vi (Vx € [0; +x, (g(x) = x & x = 1)), nén ta suy ra
A=pu=1.
Cugi ciing: u,, — 1.

Truong hop 2. ug € |1; +oo.

Vi i) = flug) € |0; 1], ta quy vé truding hgp trén (bang cich thay ug boi vi uy) vi ¢d
cung moét két luan: u,, — 1.
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Bai tap
0 3.4.6 Khio sdt cic diy (u,), xdc dinh bai:

Ilo=l
a) V’nEA\I?,u,le—i
ull
Uqg ER:
b) 243
YneN, u,. = ]
2(u,,+|
) uoER
9 \VneN, upy =YTu, -6

(%/; 43 droe dinh nghia cho x € R, trong 1.2.3, 2); véi x € R_, ta dat “\5/; =- %/— x ).
up € R:

d) VneN; Uy =u,,+L—l

Up
ug € R
e) 2
Vne N, u,. =u, +2u,

up € )-50
7) Yne N, up =l+(—1)”,’l+u,,
) Uy € R:
14
VneN, upy = Ju,, + Ju,,_l +M

ug €[0:1]
Vne N, uy, =5sin2u,’

ug cR
h) Vrne N, u, =u, + IL |!—u,,|dt
i {

0 3.4.7 Khio st ddy (u,),en duoc xac dinh bdi:
upy 2 0

6 .
)

2+uy,

VneN, Uy =

¢ 3.48 Cho(a.b) e R sao cho 0 < a < b, v )pens (V)uen Y2 cdc diy duge xéc dinh
bai:

uy=a,vp=>b
Uy + Vy

VneN, JMntl T :
Vsl = Y4n+1Vn

Hiy chimg minh ring (u,),epn V2 (v,),en hi tu 6 clng mot gidi han; hay biéu dién gidi

han 46 theo 6= Amcos% .
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0 3.4.9 Khao sat cac day (1,),en. (V) en dUOC Xédc dinh bdi:

ug =vg =0

vneN {H"H =3

Y+l = ,/3 +u,,

BS sung
¢ € 3.1 Trung binh Césaro
! — Trung hinh Césaro
1)* Cho mét day (u,),., rong C, va (v ), 1a day cdc trung binh Césaro, nghia ]Ja
diy dvuoc xde dinh bai:

( +... v u, ).

1
VneN* v, =—
n

Chitng minh ring, n€u (u,),,,, hdi tw dén mot 86 phire I, thi (v,),., cing hoi tu dén 1.
2) Diéu déo lai v6i tinh chit ) cé ding khong?
Il — Mor s6' dang khdc hodc suy rong

1) BS d¢ bac thang: cho mot diy (u,),,.q trong C sao cho u,,, — u,, —o e C:

| , u
chimg minh: £ ——— g
n o

2) Trudng hop +x
Cho (u,),,>( 12 mét ddy thuc sao cho u, — o+,
Chiing minh: %(ul Fotlly) > 4.

3)* Suy rdng cial 1)
Cho mdt diy (u,),»; trong C va mét diy (4,), trong RS

n
S ova Ay — >+,
Gia sir: u,,T)Ie( va ‘[2:‘ S ——

1 .
zlm

k=1
n

2
k=1

Chitng minh ring — /.

neo
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Hl — Mot s6itng dung

1) a) Cho (u,), |a mét ddy c6 cdc s6 hang thuéc RY .

n,

Chung minh ring néu [ﬁ'i] hoi ta t6i mot s6 thue { thi (‘"’“n )’m cing hoi
nzl

tu téi 1. (ST dung mét 16garit).

b) Hay suy ra cdc giGi Hgn xhi n—+0o cia:
1
%/n, (c';,,,F véi p € N- {0, 1] ¢& dinh,

)
d 1 @2n)
1_[ 1+; . =2 .
k=1 J n n!

2) Cho (u,) 20 12 diy duge xdc dinh boi:

Uy € R:_
L2
1+u?

n

Yne N‘ Upy1 =

a) Ch\hlg minh u, T)D

b) Véimoine N, dat U, = Ll . Ching minh: Uy4 —U,,TZ .
Uy
c) Sit dung bd dé bac thang, hay suy ra:

1
u, ~ nghia 1a +/2n u, —1).
nnd)m (gtl " no

0 € 3.2 Gidi han dudi, giét han trén

I - Ta lien két mdi diy thuc bi chan (&) en, VOi hai diy thire (v,),ex va (W,),en duoc X4c

dinb bai:
v, = Inf uy = Inf(u,l. u,H_l,...)
p2n
YrneN, .
wp = Supuy, = Sup(uy, tpyy,--.)
p2n

1) Cho (u,),en 12 mot day thyc bi chin. Chimg minh rang (v,},ep tang, bi chan trén,
con (W,)pen gi4m Va bi chan duéi. Viy:

® (vp)nen hoi tu dén mot s6 thuc duoc goi 12 giéi han duéi cua diy bi chin
(4, )nen V2 ky hi¢ula liminf u,
nx

& (Wp),en hoi tu dén mot s& thie duge goi 1a giéh han trén ciia day bi chan
(1) en V3 ky hied limsup u,,
nwo



B3 sung

Vidu: Xéc dinh giéi han dudi va gidi han trén cha méi diy trong céc vi dy sau day:
1 - nr

0y u,=—— i u, =(~1 i) u, =cos—.
s (i) u, =(~1) (iit) u, ”

2) Cho {u,),en 12 mot ddy thue bi chan.

o Chimg minh ring (u,), ey h0i ty khi vi chi khi: liminf z,= limsup u,,

noo noo

o Chiing minh ring, néu (4,), ep hoi Ly, thi:

liminf u,= limsopu, = limu, .
no

ntw nac

3) Cho (u,),en 12 mot day thuc bj chin.

Mot s6 thue o duge goi 12 tri dinh cla (u,),en N€U 80 tai Mot ham trich & sao cho
Uoin) —pe > @« Vataky hiéu lap tat ca cdc tri dinh clia (1), 12 VA (1), eN)-
a) Ching minh ring liminf u, va limsup u,, 1a céc trj dinh cha (i,), eny-
no Heo
b) Ching minh rang véi moi tri dinh a cla (1), eN:

liminf 4, < a < limsup u,

nwo neo

4) Tinh chdt dai 56 cua cdc gidi han dudi va gisi han trén

Ching minh ring v6i moi day thuc bi chan (,),. (b,),:

a} 1) liminf (-a,) =—limsup a,

nwo no

liminf (Aa,) = Aliminfa,
b) 1) VAeR new Hao
** |limsup(Aa,)= Alimsupa,

ne nmo

liminf(Ag,) = Alimsupa,,

neo @
2)VieR., . -

) limsup (Aa,) = Aliminfa,
noo noo

¢) 1) liminf (a, + 4, ) > liminf a, + liminf b,
noo nw noo

2) limsup (4, + h,,) < limsup a, + limsup b,
nw nowo nw

Cho vi du vé hai day thuc bi chan (a,),. (b,), suo cho:

liminf a, + liminf b, < liminf (a,+b,) < himinf a, + limsup b,
no n=s nw nw ne
< limsup (a,+ b, ) < limsupa, + hmsup b, .
nwo n® noo
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Il = Ba bai tdp c6 ding dén khdi niém gidi han dudi va gidi han trén
1)} Cho mot diy thie (u,),ep= bi chan va (c,),epn« 12 diy céc s8 trung binh Césaro ciha
() peny= (Xem C3.1):

VneN* ¢, = l(wl +;..+un).
n

a) Chimg minh rang (¢,),ep+ bi chan.
b) Chimg tb rang liminf «, < liminf ¢, < limsup ¢, < limsup u,.
nw no na neo

Nhu vay n6i rieng ta lar thdy két qua cha C3.1,1 7).

2)** Cho (g,),en= 12 M8t diy thye sao cho:
VneN,£,20
&, —0
nwo
V3 (4,),eNe 12 mot ddy thyc bi chan sao cho: Vn € N, u,,,; — u, 2 -6,

Ky hi¢u m = liminf u, vA M = limsup 4,,.
nwo noo

Ching minh ring thp hep cAc tri dinh cla (x,),en- 12 [m: M.

3) Cho (u,),eny. 12 Mot day tang trong R, va (v,),.epy 12 diy duroe x4c dinh bai:

Up

VYneN* v = .
n+u,

Chiing munh rang tAp hop cic trj dinh clia (v,),ep 12 m6t khodng déng, bi chan (sit
dung 2)).

0 C 3.3 Cac day phan tuyén tinh thuc
Cho (a. b, c. dy € R*va day thue (4,),epys duoe dinh nghia béi:
ug (S R

auy, +b . néuné Bn tai.
cuy, +d

VneN, upe =

Gia thiét ad — bc # 0 (nfu ad - be = 0 thi diy (4,),cn. 12 diy dimg néu né duge xic dinh)
Vi ¢ # 0 (trudng hop ¢ = 0 d2 duge xét 33.4.1)

Cho 1 R-{-%}aa-{%}.

ax+bd

cxt+d
1) a) Ching minh ring f 13 mot song 4nh.

b) Cho (t,),en- 12 diy duge dinh nghia bdi:
P
0="% . dily ndy c6 thé khong xéc dinh ké t mot thif ty nao do.

VYIEN, 1p41 =f_l(ln)
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Ching minh réng (4,), . Xdc dinh khi va chi khi: Vi € NI‘ Uy # ¢,

2) Ching minh ring, néu (u,),n c6 gidi han I € R thi: ¢ + (d - a)l - b =0.

Ky hiev: A=(d-a) +4 b
3) Ta suy ra dwgc gi tir2) khi 4 <0?

Vi du: Khéo sit diy xdc dinh boi:

ug = -2
uy +1

—U, +2

Vne N. Upy) =

4) Gia sir 4> 0, ky hiéu @ vd #1a hai nghiém cia phuong trinh o + (d - a)x — h =0 v6i &n
laxe R
a) Chimg minh ring uy= @< (Yn € N, 4, = ).

h) Gia thitug = a, vadat U, =12 v 1-%9%9 i gine N.
U, -a cp+
Chdng minh ring Vn e N, U,y = AU,,.

¢) Suy ra ban chft cua day (u,),,.
Vi du: Khao sét diy duoe xac dinh bai:

ug =1
u
vne N, uyqq=—2
n+l uy + 5
o R a-d
5) Giathiet A=0,vadat a = .
2¢
a) Chimg minh: ug=a < (Vne N, u, = a).
b) Gid thi€tug# a,vadat U, = l vh p= vGi moin € N.
Uy —a a+d
Ching minh: Vn e N, U, = U, + 1
¢) Suy ra ban chit ciia diy (u,),.
Vidu: Khao sét ddy duac xéc dinh bai:
uy = 1
Vne N, Upy) = Yn

up +1

91



Chuong 4
Ham mét bién thuc
lay gia tri thuc hodac phic

K chi R hoac C.
4.1 Dai sé6 cic ham

4.1.1 PaissK*
Gia sir X 1a mot tap hop khong réng (X thudng 13 mét khodng trong R). Ta
trang bi cho tap hop K* c4c 4nh xa tir X vao K bing hai luit hgp thanh trong

kg higu la + va - (hoac khong diing ky hiéu), va mét luat hgp thanh ngoai xéc
dinh bai:

Vf,geKX, Vxe X, (f+g)(x)=f(x)+g(x)
vf,geK”¥, vreX, (f)(x)= s/ (x)g(x)
vieK, vfeKY, vreX, (if)(x)=Af(x)

Ménh d& K*1a mot dai s6 k&t hop, giao hoan, c6 don vi (d6i véi cac
luat da dinh nghia trén day).

Chiing minh
Trong céic phép bién déi sau day (v6n 12 tim thudmg) x, A, 4, £, g, h chi ahing phin
whatky,xe X, A pek, fghekK"
+ ¢ tinh két hop:
((r +}+n)x)= (7 + 2 Xx)+ h(x)= (1 (x)+ g (=) + hlx)
= f()+(ele)+ () S ()+ (g + 1)) = (f +(g +h))x)
+ c6 tinh giao hoan: (j +g](x) = f(x)+g(x) = g(x)+f(x): (g +f)(x)
+ cé phin £ trung 14p 12 dnh xakhong O: X — K @

xv— 0

(7 +0)(x)= f(x)+0=f(x).
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Chuong 4 Ham mét bién thue Iy gia try thue hoac phic

Moi phdn tirfclia K* c6 mot phan tir d6i xtmg d&i véi phép + , goi 1A phén tir d6i
claf, ky hieu 12 —f, xdc dinh bai: —f£ ¥ 5K :

xX-f (r)
U +E M) = 1)+ = 1Ne) = £+ (- s =0
- ¢b tinh két hgp
« <6 tinh giao ho4n

cé tinh phan phéi d6i véi phép +
(g + mx)= 1M + A} = £ (e (x)+ hx))
= J()gl)+ S Gehale) = ()x)+ (mXx) = (e + )x)

- ¢6 mot phin v trung 14p 12 dnh xa hing 1: X > K:

U D)= ()1 = s(x).

()e)x)  =(¥))elx)= () glx)= Ar(x)g(x)
= A(/2) ()= (A& (x).

(2 +m)1)x) = 2+ 1) f(x)= 2 7 (x)+ 2 £ () = (A )+ (e ) ()
=if +1(x)

(A0 +2D)x)= A0 + ) () = A/ (x)+ g (x)) = 4 (x) + 22(x)

= () (x)+ () (x) = (4 + 2g)(x)
[ |

Néu X c6 it nh4t hai phin tif khic nhau a, b thi K* chifa céc wée ciia khong , nghia

R tdn i (fg)e (KX}2 sao cho:
f#0, g=0, fg=0.
Thuc t€, tacé thé chon: f: X - K vag: XK
s fy "a T, oo i e T

Néi cdch kh4c, quan hé fg =0 khong kéo theo (f= 0 hoac g =0). Ta néi ring vanh
(K :+.) khong phai 12 mot mién nguyén.

¢ Dinh nghia 1

1) Cho ge KX ; néu (vxe X g(x)#0),tadat: L xox
8 {

X ——

g(x)
46 1a phin tir d61 xiing cua g d6i véi phép nhan.



4.1 Daisé cac ham

2) Cho [geKX sao cho (VxeX, g(x)¢0);tadﬁti=f_-l.
g g
¢ Dinhnghia2  Véi feK¥ , du|s:x >R
xl—)|f(x)|
Y Ta chi ¥ ring néi chung
#fval|flz—f.
e L A1 va|f] =1
/ 0 , x
y=s(c
¢ Binh nghia 3
Véi feCY | dat
7:X5C ., Ref X5R ,Imf X>R .
x> f(x) x> Re(/f(x)) x—Im(f (x))

Nhu vay, véimeoi f € C¥ vAmoi x thuée X, ta c6:
S6)=70) . ResXe)=Re(s(x)} . (tms)x)=Im(s(x)

va véi moi f thude c¥.
1 f—
{f:Refmmf} R°f=;(/+f)
S=Re f~ilm[f Imf=—2-l;|‘f—7’

Bai tap
0 411 Ohofg: R - R saocha:

Y(x,7)eR? . (r&)- (s )Nglx)- gb) = 0.
Chitng minh ring it nh4t mot trong hai 4nh xa trén 12 4nh xa hing.
0 41.2 Timthecicacanhxa f:R - R saocho:
a)VxeR, f(,\r)va2 —1): sinx
byvVxe R_th()r)+f(1—.\r)=,\r3 +1
&y ¥(xy)e R fle+y2)= )+ £(3)
) V(xy)e R 1x+3) - flx-y) = 0B + 52

eyV(xyz)eR3 f(xy)+f(xz)-2f(x)f(yz) 2 %
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4.1.2 Quan hé thit tu trong R”

0 Binh nghia1 Cho mét tap hop X, ta dinh nghia trong R* mot quan
hé, ky hitu 14 <, bdi:

vigeRY | (ngiﬁ(Vxex,.f(x)Sg(x))-

0 | M&nh dé
/) <1a mot quan hé thit ty (rong RY; thy tu nidy khong toan phin néu X
6 it nhdt hai phan tir.
2) <tuong thich v6i phép +:
VigheRA, (f<g=f+h<g+h).
3) Taco:

0<h

Vfg.helRX. [{fs‘g:fh < gh].

Chitg minh:

PR . s i o S<¢g B
s Cic tinh ch4t phan xa (fsf),phandcﬁxung <j_:>f—g , biic cAu
g<

[{fgg::»fsh] [3 hién nhién.
gsh

o Gii st X chia it nhit hai phin tir phan biét 2,b. Xét:

f X >R vag: ¥ >R
I néu x=a 1 ndfu x=b
e {0 néu r#a ¥ {0 néu  x=b

Khong c6 f < g (vi f(a)> gla)), cingkhong c6 1 2 g (vi g(b) > f(b)):ta
ciing n6i f va g khong so sinh dugc theo <. [ ]

¢ Pinhnghia2 V& fgeR¥, da

Sup(fg): X >R va Int(fg) X >R
x > Sup(f(x).g(x)) x > Inf(/ (x).g(x))

Theo tinh chit 7 & 1.2.2 ta cé:
1
sup(f.g)==(/ +g+|/ —g|)
v(f.g) e (Rx)z 2

Inf(f,g)= %(f +g-|f- g\)
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Trudng hop rieng: Vf € R, |f] = Sup(£,-f).
Chd ¥ ring, n6i chung: Sup(f,g)# f va Sup(f,g)=g.
Chinh xdc hon: &1p(f,g)=g<:>f£g.

2 .
Vé6i (f,g) € (IRX) , ngudi 12 vi#t f < g khi vA chi khi: Vxe X, f(x) < g(x).

y=£(v
N -y =g {x)
.......... -y =(Sup(f, g)) (x)
,,,,, — y=(Inf(f g))(x)

<
Cin chd y ring: {; s & khong kéo theo f < g (néu Xc6 it nhat hai phan tir
g

khdc nhau); chdnghan: f: RS> R , g: R—>R.

Xk x x,_,!xl

¢ Binh nghia 3
Véi f e R, ta dinhnghia f* =Sup(f,0), s~ =Sup(- 1,0).

Bai tap
4 4.1.3 Cho mér tap hop X, kiém ching cic cong thic sau, véi moi f, g thude R:
y {Sup(f‘g)= f+-11
inf(f.g)=g~(e- )

2 Lf=f -
fler+r
3 ng@{fsg
g sf

4 {S“P[f*-f‘]ﬂfl

Inf(/*,f‘)=o

5) (f+gfsst+gt.
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4.1.3 Tinh chin lé

Trong cd §4.1.3 nay, Xchi m6t bo phan ciia R dél ximg doi véi 0, nghia 1a:
Uxe X -xeX

¢ DBinh nghia Cho fe]KX.
1) Tandif chin khi vachikhi Vxe X, f(-x)= f(x).
2) Tanéif 1é khi va chi khi Vxe X, f(-x)= —f(x).

Nhan xét:
1) Moi 4nh xa hing trén X déu chin.
2) Néufle va0 € X thi f(0) = 0, nhung fcé thé 16 m3 khéng xdc dinh tai 0.
3) Mot 4nh xa c6 thé khong chédn va cing khéng 1é; vidu: f:R - R .

X - x+]

Cho Py ( tuong 1ing: [y ) |12 tap hop cdc 4nh xa chin ( tuong tng: 1&) ar X vao K.

Ménh dé P,va/, 1a hai khOng gian vectd con cia K*, bi nhau
trong K*

Chitng minh:
1) Cic khing dinh sau d4y 13 hién nhién:
o 0ePy valely. ) oneK,V(ﬁg)e(PX)z,),H'gePX
. VieK,V(f,g)e(]X)z, M+gely oPynly= {}
" 2) Cho FeK¥ dag: ¥ 5K v h: X 5K ,
o (e (x) x> {7 /)
tacé: f=g+h,gePy, hely. [ |

Véi moi fEKX‘dat )7 X->K .
x> fl-x)

D6 thi cia f suy ra tiy 48 thi ciia f bing phép déi xvng qua (y'y), theo huémyg (x'x)

n&u K = R). DE dang ching minh c4c tinh chdl sau day v6imoi A € K,f. g € K
S=f U+a)=7+8 WY=4. (&) =

Bai tap

0 414 Né&b f:X 5 R chinhoiaclévag:X — R chin hoac 1&, thi c6 thé néi gi vé fg?
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0 4.1.5 Khdo sit tinh chin 1é nfucS ciia ga f theo tinh chdn lécla: f: X - R va
g:Y - R, trong d6 Y13 mdt b6 phan ciia R d6i ximg d6i v&1 0, /(X ) ¥ . va

gef: X >R theo cich lam dung céch vié.
xes g(/(x))

4.1.4 Tinh tuan hoan
¢ DBinhnghfa Cho X e P(R) va feK?.
1) Cho TeRY: tandif 1d T—tnin hoan khi va chi khi:
x+TeX
Sle+T)= f(x)
Ta néi rang T 12 mot chu ky coaf.
2) Ta néi f 12 tudn hoan khi va chi khi tén tai TeR " sao cho /1A

vxe X, {

T—tuin hoan.

Vi DU:
1) Mopi 4nh xa hing tir mot khoang [a;+oo[ hoac ]a+oo[ vao K déu T-midn hoadn

véimoi TeR .

2)
y
i
ﬁj ; & s
0] 1 X
fix)y=x-Elx)
Anhxa R 5> R 1A 1~ wién hodn.
X x—E(J:)
3)
y
Cy=f(x)
o 1 | X
2
fix)=dix Z)

Anbxa R R 12 1- win hodn,
x5 d(xZ)

trong dé: d{x,Z)= Inf{lx—n]: ne Z}z Min(x - E(x), E(x)+1- x).

8-GTT-T1
et
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4) Céc dnh xa sin vd cos 12 2n—tudn hodn trén R: 4nh xa tan 12 m-tudn holdn
trén R-{§+m‘!‘_ n eZ} .
Nhan xé1

1) Néu f 12 T-tufn hodn thivéi moi ne N™ f 13 nT-wun hodn. Vidu, sin B
6m—tudn hoan,

2) Néu fwin hodn vd T, T, 12 nhing chuky cia f thi T, + T, ciing 1A chu k9
cua f, Vi

vre X, fle+ (i + )= Sk + T )+ Ty)= flx+ )= f(x).

¢ | Ménh dé1 Cho TeIR: vi XeP(R) saocho Vxe X, x+TeX.
Tap hop c4c énh xa T—tudn hoan tr Xvao K 12 mot dai s§ con ¢ don vy
cia KX .

Chirng minh:
Th4y ngay cac ket luan:
¢ 1: X 5K 1aT7-tuidn hoan.

=1

e Néu f,g: X > K 12 T-tdn hoanva A e K ,thi f+g,4f, fg déuld T—tin
hoan.

Cling chii ¥ ring n€u g : X — K 12 T~tuén hodn vA khong triet tieu tai bat cd di€ém

nio thude X th 1 ciing T-tudn hoan.
g

¢ |MBnhdé2 ChoTeR) va XePR) saocho:Vre X, x+T e X .
Cho feR¥, Y e PR) sao cho f(X)cY, gek’.
Néu f 1aT-tudn hoanthi ge /1 X o K cing T—tuin hoan.

xl—-)g(_/x)

Chitng mink:

Hién nhien 13 g(f(x+7))=g(/(x)).
Chi ¥ ring & day gia thiét g tudn hodn 12 thiva.

A,
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Nhém cac chu ky

Cho mét dnh xa f:R >R, tphop P, = {zER.VxeR,f(xH):f(x)} la mot
0e Py '

nhém con cia (R,+): v(t,u) € (Pf)z, r+uepPy.
VtePf, —IEPf

Anh x4 f tuén hoan khi v chi khi Pr# {0} ; trong trudmg hop nay ta goi moi phan t
clia Py —{0} la chu ky clia f. Nhu vay f c6 thé cé nhimg chu ky < 0.

Vi DU:
. Psin=2’rZ
. PZ =Q véi ZQ:R—>R 12 ham dac trung clia Q.
Q n—»{l reQ
| 0 xeR-Q

4.1.5 Anh xa bac thang trén mot doan
Trong ca §4.1.5 nay, (a, b) chi mot cap s6 thyc sao cho a < b.

¢ Dinh nghia Motinhxa f: [a:b]—) R duoc goi 12 4nh x2 bac thang
khi va chi khi tén tai ne N, (ag,....a, e [a:b]™",(Ag, Ayy Y R”

sao cho:
a=ap<a;<..<a,_1<a,=hb
Vie {O,...,n - 1}, VUxe ]a,- Yt [, f(x)= A
Y
y=f(x)
| Néi cich khéc, f chi ¢6 mot s6
hia han diém gidn doan, va 13
hing gita hai diém gidn doan
ké tiép.
ao [8) ay az a, X
=a =)
w——«F
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¢ | Ménh dé Tap hop E(a, b) cic 4nh xa bic thang trén [a; b] 12 mot dai
56 con c6 don vi clia RI%?] nghia 1a:

1) 1€ E(ab)

2 Y(fg) e (E(@b)}. f+geE(ab)

3) Vf € E(a,b), VAeR, AfeE(ab)

9V (58) e (E@b), feeE(ab).

Ching minh

Céc tinh chat /) va 3) 13 hi€n nhién.

Cho(f,g)e(Ela,b))* Tén ai npe N‘,(ao....,a,,) € [a;b]n+] .(bo,“.,bp) e [a;b]p+l,
(MorerApei) € R",[po,...,p.p_l) e R? sao cho:

a=ay<..<a,=b

a=by<..<b,=b

vie[0,...n-1], Vxela: an[, f(x)=%

vje(0,..p-1], Vxe]pj; Pi+1[' g(x)=n;

Ky hiéu ¢,..., Co 12 c4c diém cha [a; b] thu duge bang cdch hop clta hai tap hop

{ag..... ap} v {by,..., by}, 16i sip thif ty cdc phén tit cda né (day 12 mot b6 phan hiu
han cia [a; b)).

Trén mdi lcg; cppil k € {0,..., g = 1}), fva g déu khong d6i, vay f + g va fg ciing
khong déi. [ |

Ta s& khio sét sau hon céc 4nb xa bac thang theo quan diém tich phan céc dnh xa
lién tyc tirag khic trén mét doan (xem 6.1).

4.1.6 Anh xa da thiic, 4nh xa hin ty
¢+ DBinhnghia1 Cho X € P(R). Motanhxa P: X — K duge goi 12

éinh xa @a thirc khi v chikhiténtai n e N va (ao,m,an) e K™ sa0
cho:

n
VxeX, P(x]: Za,-xi .
i=0

CAc 4nh xa da thic tir X vio K tao thanh m6t dai s6 con cé don vi cha KX,
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¢ Dinh nghia 2 ChoX e P(R). Mot 4nh xa £ 1 X vao R duoc goi 12
anh xa hit ty khi va chi khi t6n tai hai 4nh xa da thic P.Q- X - K

sao cho:
0=0
P(x))-
Vxe X, | Q(x)# 0= f(x)=
Qlx)
Vi DU:
Cic ham bicn thue f,¢ xdc dinh bai cic cong thic f(x) =1 , g(x = Ef_ 1] TkhOng
x x(x—

ciing mién x4c dinh, nhumg tring nhau trén R - {0,1}.

4.1.7 Tinh don diéu
¢+ Binhnghia Cho XeP(R) vd feR? .
1) Ta ndi f tang khi va chi khi:
V(i xa)e X2 (x <x3 = f(x)) < f(x2))-
2) Tandi f giam khi va chi khi:
V(x.xp) e X2, (x <x= flxr) < fq))-
3) Tan6i f ting nghiém ngat khi va chi khi:
Y(x,x) € X2, (x) <xy = 7(x7) < flx))-
4) Tanéi f giam nghiém ngat khi va chi khi:
V(x.xp)e X2, (x<xp = f(x2) < f(x))-
5) Tan6i f don diéu khi va chi khi: f tang hoac f gidm.
6) Tandi fdon diéu nghiém ngat khi va chi khi:
S tang nghiém ngat hodc f giam nghidm ngat.

Nhdn vét:
/) Mot dnh xa cé thé khong don diéu; vi du:
R->R ., v, :R-R . R"5R.
X x? x»—s{‘ ndu xeQ xH_I
Onfu xeR-Q x

2) Moi dnh xa don di¢n nghiém ngat déu 12 don 4nh; nhung diéu nguge lai khong
ding, nhur & vi du sau:
R —>R

x néu (x#-1 vd x#l)
xH ¢l nfu x=-1
-l ndu x=l

103
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+ | Ménh dé:
1) Néu fg: X 5> R 1ahai 4nh xa ting thi f+ g tang.
2) Néu f X >R tangthicdicdnhxa — fX >R v f ¥ >R
fo(-x)
(& day X’:{xelR ;D oxeX })gi&m.
3) Néu £ X >R tingva 1e R, thl 4f ting.
4) Néu fg: X >R déu tang va khong am thi fg tang.

S) Néu X >R va g:¥Y >R déutang vaf(X) < Y, thi 4nh xa hop
X >R tang.
x> g(f(x))

Chitng minfi: Hién nhién.
Ta ¢6 thé phat bifu céc tinh cht tuong ty d6i véi cic dnh xa gidm.

Nhan xét

Neu /¥ - R tangva g: X — R gidm, thi khong thé két luan 1A [+ g don dieu;
vi du: f:R—)I} vi gsR->R.

XX XX
Bai tap
0 4.1.6 Giii phvong trinh: x®+x'"0=544 dnnaxe R,.
¢ 4.1.7 Cho /R - R saocho:

{fﬂf tang
fefof gidm

Cliimg minh rang f gidm nghiém npat.

4.1.8 Anh xa bi chin trén, bi chan dudi, bi chan
Trong ca §4.1.8 nay, X chi mot tap hop khong rdng bt ky.

¢ Dinh nghia

1} Mot 4nh xa f: X —> R goi 12 bi chan trén ki va chi khi ton tai
A e R sao cho:
Ve X, f(x) £ 4.
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2) Mot 4nh xa f: X —> R goi 1a bi chan duéi khi va chi khi (6n tai
BeR sao cho:

Ve X B < flx).

3) Mot dnh xa f: X —> R goi 1a bi chan khi va chi khi t6n tai
(4,B)eR* sao cho: '
Vxe X B< flx) < A.

Nhdn xét:

1) Anh xa f bi chan tén (tuong dng: bi chan dudi; tuong ung: bi chan) khi va
chi khi bo phan f(X) cia R bi chan trén (tuong 1ing: bi chan duéi; tuong ng: bi chan)
(xem 1.2.1).

2) Moi 4nh xa hing déu bi chan.
3) f: X — R bi chan khi vi chi khi |f| ;X = R bi chin trén, nghia 13 khi va chi
khi: 3M e Ry, Vxe X |f(x)| < A .

¢ | Ménh dé - Binh nghia 1
Néu f: X — R bi chan trén (tuong tmg: bi chan dudi) thi fX) c6 bien
trén (tuong Gng: bién dudi) trong R, goi 1a bién trén (tuong \ing: bién

dudi) ctia f, va duoc ky hieu 1a : Sup f(x) (twong ung: Int f(x))
xeX xeX

hoic Sup f (tuong ung: I.r)}ff).
X

Piéu ndy suy truc ti€p nY dinh 1y vé bién trén trong R (xem 1.2.3).
Vay, theo dinh nghia: Sup f(x)= Sup {f(x); XE X}z Sup f(X).

xelX

¢ | Ménh dé 2

1) Néu fg:X - R bichin tren, thi f+ g bichin trén va:
Sup(f +g)(x) < Sup f(x)+ Sup g(x).

. xeX xeX xeX )
2) Néu fg:X — R bichan trén v khong am, thi fg bi chan trén va:
sup()(e) < 3 19 S )|
xeX xeX xelX
3) Néuf: X—> R bichantrenva A € R, thi Af bi chan trén va:
Sup(4/)(x) < 4 Sup f{x).

xeX xeX

108
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4) DEf: X R bi chan dusi, didu kién cin va dit 12 - bi chan trén va

khi dé:
Inf f(x)=-Sup(~ f(x)).
xeXx reX

Chung mink:

1) bat M, :Sui)’f(x) . M, =Su;g(x).
X€ XE

Tacé: Vxe X, (f+g)(x): f(x)+g(x)st +M, .

Diu ndy chimg 5: M;+ M, A m6t chan ten cla (f+ g), va

Sup(f+g)(x) SMp+M, Wi Sup(f+g) 1a chan trén nho nhat cua (f + gy (X)
xelX rekX

ma M, + M, 1a mot chan trén cia (f + g)(X).
2) Cing nhu trén:

0< flx)s M
(VXEX'{OSg(x)SM:) = (vxe X 0<(R)x) < M M, ).

3) Ap dung tinh chat 2) & trén d6i véi (4, /), va coi A nhu mél 4nh xa hing, ta
¢ Sup(if)x) < A Sup f(x).

xeX xeX

Néu A =0, ding thiic c4n chiing minh 13 hién nhién.

Név 1> 0, 4p dung b4t ding thiic trén véi (% JJJ thay cho (4, 1), tac6:

s (1)@n6) < § @),

xeX xeX
va cu6i cling, c6 ding thiic c4n chitng minh.
4) o Gia sitfbi chan du6i, dat mf = mi’ s(x).

X€E
Tacé: (Vxe X me< f(x)).
T dé: (Vx e -f(x) <-my )
Piu ndy chiing 1& - bi chan tren va A7, < -m,. Vi (vreX, +(x) < M),
nén ta suy ra (Vx eX;-M, < f(x)), tr day theo dinh nghiacta m,: -M_, < m .
Cusicing: my =-M_.

¢ Ching minh dio twong tu. u

Tinh chdt 4) thudmg cho phép dua viec khio sdt bién dudi vé viec khao sit bien trén.
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Nhdn xét: Cic bat ddng thifc trong cic tinh chat /) v 2) c6 thé 12 nghiém ngat nhy &
vidw f Jo:1]->R, g [o:1]>R ;trong vi dunay:

X X X+ J=-x

Sup ](f+g)(X)=1 = Sup f(x) + Sup g(x)=2

xefon xefo:t xefoa]
sw ()()= 1 = [ o160 ][ Sup g(x)] .
xe[O;l] 4 xel0.1 x€ 0.1]

¢ | Ménh dé3 Taphop B(X:R) céc 4nh xa bi chin txr X vio R 1A mot
dai s& con ¢6 don vi cia R* nghia 1a:

leB(X; R)

v(f g)e B(X:R)}*. f +g e B(X; R)
Vie RVYfeB(X.R). A eB(X.R)’

(1 g) e B(X: R)Y. /g € B(X: R)
Hon nira, khi dat “f"m = Sup 'f(x)l véi feB(X:R),thitacé:
xe X

vf eB(X;R). (], =0 f=0)

{ vieR: v/ eB(X:R) [4/],, = A,
v(fg)e BUGR). |If + &l < 7], + el

((rg)= BOXR). | 2], <, el

Chitng minkh:
Hién nhién bing cich dp dung ménh d¢ 2 trén day.

4.2 Gid6i han

Trong cac muc 4.2 vi 4.3, J chi m6t khodng cua R khong réng va ciing khong thu vé
mot diém. K¢ hiéu 7 chi khoing déng cling c6 mit v&i ] va ; chi khodng md c6
cung mit véi /, xem 1.2.1

PéE nhAt quan, ta 06i mot tinh ch4t ciia mot him s6 x4c dinh trén / 1A diing trong l4an
can diém a (o elu e +oo}) néu né diing trong giao cia !/ véi mot khoing mé
khong réng ¢6 1am 1a 2 néu ae R, véi modt khoang ]c\+oc[ néu a = +wc, va
khoang }—w: ¢[ nén g =—w.

Wy
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4.2.1 Khai niém giéi han

¢ Dinh nghia 1
Cho fT-oK., lekK.
1) Cho ael,tanéifcé gidi han 1a ! tai @ khi va chi khi:
VYe>0. An>0, Vxel, ('x-a'SU = if(x)—lls.e).

2) Néu /co mit 1a +00, ta néi f c6 gidi han la / tai + o khi va chi
khi:

Ve>0, UeR Vrel, (xz4 = |f(x)-1<2)
3) Néu /6 miit1a ~oo, tanbifcé gidi han la / tai — oo khi va chi khi:
Ve>0, 3BeR, Vxel (x<B = |f{x)-]s &)

Khi f 6 giéh han  tai a ( €K), ta néi ring f c6 giéi han him han
tai a.
Nhan xét

R& ring 13 £ 6 gi6i han 1 I tai ~oo khi va chi khi f* x> f(—x) c6 p16i han la / ta
+0 |
¢ Pinhnghia2 Chof:X->R.

o 1) Choael,tandif cégiéi han la +wo tai @ néu va chi néu:
vdeR, 35 >0, Vxel (x—a(<;; = f(x) 2A).

2) Néu I c6 miit 1a 4o, ta n6i f ¢6 gidi han 12 +o tai +oc néu va chi
néu:
VAeR, 'eR, Vxel (x> A" = f(x) 24).

3) Néu I c¢6 mit 1a —<o, ta néi f ¢6 gidi han +oo tai —o néu va chi
néu:

VAeR. 3B eR Vrel (v<B = f(x)>4)
e Nguditandif cé gidi han —o tai g ( ae?u{—oo;+ao}) néu va chi
néu —f ¢6 gidi han +oo ta1 a.

Nhdn xét
Khai niém lan can trong R. khong thude chuong trinh, s& cho phép théng nhdt cdc
dinh nghia trén.

Trong ph4n (ép theo cua §4.2 ndy, cdc ch ab,..., I, I',... ¢6 thé chi céc phin 1 clia
! . hoac 420 hoac —oo.
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¢ | Ménh dé 1 («Tinh duy nhat ciia giéi han, néu ton tai»).
Néu £ nhan / va I’ 1am gidi han tai a, thi [ = /",
Ching minh:

Ta gié thi€t, ching han ael VA (/, ll)e K2 v cac trudng hop khéc cling twong ar.
Lap luan phin ching: Gid st f nhan / v I 1am gi6i han tai a v I=1 . Pat
£ :%|1/—l| >0.Téntai py >0 vd 5, >0 sao cho:
-dl < -1 <
wxel x-d<q, = |/(x)-1] £
[-a<p, = |[f(x)-1'] <«
Dat 5 =Minfy.7,)>0. R rang téntai x, €/ sao cho |xy —a|<y vadodé:
, , , 21

|1 -1‘:‘1 —f(x0)+f(xo)—l‘5|f(x0)—l ‘+|f(x0)—1|$2.e =§‘1 -1

Menh dé trén chimg td ring ta cé thé ding cich ky hieu hdm tinh: Néu f cé gi6i
han 1A/ tai 4, ta néi / 13 giéi han coa f tai ¢ va ky hiéu:

[=1im f(x) hay  =lim f hay f(x) > / hay f 1.
a x—a a

x—a

, man thuin.

Néu fg:7 > R |2 hai 4nh xa tring nhau trong mot 1an cin cta a, thi viéc 6n ai
céc gi6i han cia fva g tai a 13 tuong duang, rong trudng hop cdc gidi han ndy ton tai
thi ching bang nhau. Néi cich khac, vé& viéc khio sit giéi han tai a thi f vA g 1a nhu
nhau.

¢ | Ménh dé2 N&uf:/ —K c6 gidi han hitu han tai a thi / bi chan trong
mot 1an cin cua a.
Chimg minh.

Ta gia thi€t ching han ael, vicic trrdng hop a =400, a=-co cling tuong ti.
Tén tai 7 >0 sao cho:

veel ([x-a<q = [fE)-1]<1 = [fE) < [FG) -4+ < 1+ ).
vay f bi chan trong 1an c4n cha a. [ ]

Nhan xét.

Bing cich lap luan phin dio, ta thy, ching han, ring 4nh xa ]l): l[ - R
x - ‘—:in[ ! )
khong bi chan trong 1an ¢4n cua 0, nén khong c6 gi6i han hiru han tai 0.
¢ | Ménh dé 3 (St dung day dé thé hién gidi han ham s6)
Dé f: X — K c6 gi6i han 1A ] tai a, diéu kién cin va di 1a: véi moi day
(u,,)”eN trong / sao cho u, »a,tacé f(un] - 1.
net nac



110 Chuong 4 Ham mét bi&n thue Idy gia tri thue hosic phire

Chitng minh:
Ta gid thi€t ae] va le K . vicic trudmg hop khic cling tuong tr.
1) Gié st fc6 gi6i han I3 /tai a, va (u,, ),y 12 mOt diy trong / sao cho uy —a.
Choe >0. V‘xf——)l nén 16n tai 5 >0 saocho
Vrel (|xd < n = |/(x) 1[5.9)

Sau d6,vi u,, -2 nénténtai N € N sao cho:
nec

VxeN (12N =|u,-a|<q).

Viy ta cé:

vx e N, (n>N:|u,,—a| <p = flun-1) s ).
Suy ra f(u,,)”—u)cl.

2) Gia sir] khong phii 12 gi6i han cia f i a, nghia 1a:

Khoéng (w >0, 35 >0, Vxel Qx—ais:; :lf(x)—l|££)).
Viy t8n 1ai £ > 0 sap cho:
lx—a) < g

‘f(x)—l' >e

V6éimoi ne N” (thay 57 b&i i). déu tén tai u, €/ sao cho:
Vi

¥y >0, Axel, {

up~a| €~ v |fluy)-1] > ¢
n

Khi d6 @ thdy ring day (u,,)"EN trong 7 duge x8y dymg nhu trén thoa man:
u, —>avi f(u,,)ﬁl—)l.
nee neo

e Dinhnghfa3 Cho f /K ael leKuf-co+o}.
Ta ndi f c6 gidi han trai (tuang tng: phai) tai o 12 / khi va chi khi thu
hep fl}—oo;a[n ; (twong ung: 7 ot ) c6 gidi han tai 212 1.

Vidy,néu /e K, fcb gibi han phai tai g 1A ! khi va chi khi:

Ve>0, 3p>0, Vxel (0<x—a£r) = ’f(x)—l‘ < E)A
Khi f c6 giéi han trdi (twong vimg: phai) tai a 12 /, ta ky hiew:
/= lim f(x) hayl*llmf hay fx)———»[ hayl—f(a )

x—=>a”

(tuo‘ngamg /= llm f(x)hayl_hmf hdyfx)-—sl hay l-f(a ))
M\
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4.2.2 Thw tu va gidi han
Trong §4.2.2 nly c4c him s& déu nhan nhiing gi4 tni thie.

o Ménhdé1 Choaeluf-w;+x) £/ >R leR(cd)eR2.
Gia sir f ¢6 gidi han 13 / tai a.
1) Né&u ¢ </, thi trong [4n cAn cba a: ¢ < f{x).

2) Né&u!<d, thi trong lan can clla a; fix) <d.

3) Néuc</!<d, thitronglan cancha a: ¢ < flx)<d.
Chimg minh: . .

)W f(x)T_M—H val—-c>0néntdntai 7 >0 sao cho véi moi x thudce /:

|x-d| <9y = | flx)-1] < %(l—c)<1-—c = - fW)+! < l-e=>c< f(x).
2) Cling vay, tén tai 75 >0 sao cho:

Vxe],qx—al‘s n2 :f(x)<d).
3) Pat n=Min(n, 7,)>0:

Vxe I,Qx-al <np=>c <f(x)<d).
Nhdn xét: Khorg thé thay thé cic bat ding thikc ngat (c < /,...) trong gia thi&t bang
nhimg b4t ding thic khong ngat.
Thuc vay, néu f(x)—x_T)I vA ¢ </, thi trong l4n can cia ¢ c6 thé khong ¢
c< f{x),vidu

SRR a=0, 1=0, ¢=0.

X=X

Ménh dé 2 («Chuyén qua giGi han trong cic bat déng thire»).

Cho aeluf-o; +) IR, IeR, (c.d)eR?2. Gia s f c6 gi6i
han 1 ] tai a.

\
1) Néu ¢ < f(x) trong lancAncla g, thi ¢ < /.
2) Néu f(x)sd trong lAncanclaa,thi / < d.

3) Néucsf(x]sd trong lancanchaa, th c <7/ < d.

Chitng minh:
Suy tir Menh dé 1 bing I4p ludn phan ching.

11
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Chuong 4 Ham mét bién thut 14y gia tri thuc ho3c phitc

Nhan xét:
Gia st f(x)Tl , v trong lan c4n cla g, ¢ <jf(x).
Meénh d& 2 cho phép suy ra ¢ < I; nhung khéng thé k&t luan ¢ < 1, nhu & vi dy sau:
I =]0;+o00[, a=0, f:xr—);. 1=1 c=1.
x+1

Néi cach khic, khi chuyén qua giéi han, cic bt ding thic nghiém ngat (r& thanh cic
b4t ding thiic khéng ngit.

¢| Ménh dé 3 («Pinh Iy kep»).
Cho f g h: I5R aelul-w +o} leR.

S (e)——1
x—ra
Neu $h(x)—— ! |, thigcS gidi han 12/ tai a.
xX—a
f(x)< glx)< h(x)
Chiing minh:

Ta gia thi€t chng han ae?,vicziclrub‘nghqp a=-o, a=+c cliing tuong ty.
Cho £>0.vifvahcé gii han 12/ tai antntntai 5y >0, 755 >0 saocho:
rel |x-d <sn = |f(x)-1]< ¢
]x—a‘Sﬂz = lh(x)—l] <€
Pat 7=Min(n,,7,)>0,tac6 véimoi xe/: /
|7(x)-1] s e
—a £ = - < -l <glx)=1 < hx)-1 <
oz = (5 = s 2 s ) =

= |gle)-1|s¢ .
Vay g c6 gi6i han 1a [ tai a. .
Nhdn xét:

1) Tri véi cdc Ménh dé 1 va 2, dinh Iy kep cho phép két luan vé su tn tai clia
mot giGl han va nhu vay rdt c6 ich.
2) Ta c6 luge d6 hod dinh 1§ hep nhu sau:

Sx) <g(x) s h(x)

X—x Aﬂ = g(x) x—a !
!

¢ | Ménhdé4 Cho fg/-R aeluf-o+x).

F(x)——> +>
Néu oa ,thi g(x)—— 0.
Tronglancénclaa: f(x) < g(x) x—a



4.2 Gidi han

Chung minh:
Ta gia thi€i ching han, ael,viche trudng hop a = —0, a =+ clng luong ty.
Cho AeR ,vi f(x)Tﬂo , nén tén tai 7, > 0 sao cho:
Vxel (|x—a| <= flx) 2 A).
Mat khic, theo gia thi€t t6n tai 73, > 0 sao cho:
vxel, (|x—a| <sn = flx)s g(x)).
Pat 7 =Min( 7, 7;), tacé:
S()

vrel [|x—a|57; - me) ty= g(x)zA].

Vay g(x)T-hoo‘ [ ]

A IV

Ta ciing d& dang chiing minh dugc mot dinh 1y twong tu déi véi —co.

4.2.3 Cac phép toin dai sé doi véi cac ham cé gisi han
1) Truomg hop gi6i han hitu han
¢ | Ménhdé1 Cho:

iek, ae7u{—oo;+oo}, f g I->K, (l.ll‘)eKz.
Ta co6:

1) f(x)—;T/ = [ ——— /|

2) f(x)—:)O@‘f(x)i = 0

Iyt }

b}

3)

4) f(x)Tl = Aflx) —— M

—0
Y e e = f(x)g(x)——0
g(x) bi chan trong lan can ciia 4l . x—>a
F(x)——1
6) = s fx)g(x) ——— I
g(x)———1
, EW—=r] |
I'#0 g(x) xoa
f(x)Ta_-—)l ( )
\ _p Slx 1
R
| ! #0 J
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114 Chuong 4 Ham mét bién thuc 14y gié trj thuc hoac phite

Chiing mink:
Ta gia thi€t chdng han, a e 7 , do cdc trudng hgp a=—0, a=+w cling tuong ty.
1) Cho £>0,9 f(x)Taﬂ nén tdn tai p >0 sao cho:

veel (jx-d <y = |f(x)-1]<e),
Vi vxel ||/)|-]t| < [l)-1],
nen Vxel (jx-d <7 = |[f&)|-|1][se),
va cu6i cing: |f(x)] —— [/].
2) Tinh chat rdy 1 hién nhien vi:
vxe X, ||f()|-0] = |r()] = |sx)-0f.

3)Choe >0. Wi f(x)——xTI va g(x)T)l nénténtai g, >0, 75 >0

sao cho:

x—a L = flx)- <t
Vxel l ISV l()l' 2

-al<p, = lg(x)—ll l <

Pat » = Minfp 17 2 ) tacé:

= (109 +2@)-0-1')| = | 0 )-1)+ el )| < |1 [ +]e@-1] < -
Viy, f(x)+g(x) T I+1'.

4) Choes >0. V1 f(x)—x—_T)l nén tén tai p >0 sao cho:

vrel, (|x a<p = |flx)-1]< Mn]

Tir d6 ta cé:

Vxel []x—a]Sq = | A {x)-H|= |/1"fx) 1]_‘I/1||+]<;_]‘
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5) Theo gia ¢hiét, t6n tai 77, >0va Ce R, sao cho:
Vx e l, (Ix—a| < = ]g(x)| < C).

Cho: >0.W f(x)—xT)O,nentén tai 75 >0 sao cho:

Vxel [lx—a| sm = |fl)| < Cz_ﬁ_J'

bat n= Min(m,qz)>0 .taco:

vrel (jed<n = 7026 - Eleb)| < og <o ).

Viy f(x)g(x)—x_—’—a—w.

6) Bat h:7>K .
x 3 f(x}—l

Tacé: Vxel  f(x)g(x)=lg(x)+h(x)e(x) .

Theo 4) 1g(x)—XTn’ - Mat khdc theo 3) va 4) h{x)= f(x)-1 ———>0.

Vay theo 5) h(x)g(x)To Vi g bi chan trong 14n can ciia a. Cudi ciing theo 3)
1) —=>

7) Vi g(x) =z !' . néntheo /) tacé: |g(x)| —

rl.
Vi 11’| > O,n'én theo 4.2.2, Ménh dé 1, tén tai n; >0 sao cho:

Vxel [lx—a| <y = |glx)] > ]—12’-]

Dac biet: Uxel, (|x—a| < = g(x) # 0).

Do d6 ham L dugc x4c dinh {t nhat trén 1n]a~q1; a+r)2[.

g
Véimoi x thude I ~]a-np; a+n| tacs:
11| gl)-r 2
0< - = ; < gX)"I' -
20 7| 7 @] < e

Wi g(x)—xT !, nén suy ra %1g(x)— ! ——; >0 (xem 4), sau d6 theo Binh

1 1 ) 1 1
1y kep (4.2.2 Ménh dé 3): |g(x) —T‘\ — »0 nghia 1A E(—xjx—_maF ;

8) Apdungé)vﬁﬂvé‘ichliyring:-j;:fl. ]
g g
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Ch

¢
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Uong 4 Ham mot biéh thue 18y gia tri thue hode phiic

Ménhdé2 Cho f7/>C, 1eC.Tacé:
f(x)—x:’—a—-)l & f(xj——x_Tl.
ing minh:

Thay ngay vi |(x)-1] = [f&)=1| = [7()-1].

¢ |Héqud Cho £15C (o, p)eR>. Tacé:

2)
M¢

¢

" o [RefSY)—oe
J¥)———at+if < (im 1) (x)—x:,—’ﬂ .

Truong hop gioi han v han.
nh dé sau day vé n6i dung vA cdch ching minh twong tu nhu Ménh dé 3 §3.1.3.

Ménh dé Choaeluf-o +x) fg:I->R.
1) Néu f(x)—:a—woo va nfu g bi chan dudi trong 14n cin cla a,
thi: f(x)+g(x)-—x—_;r)+oo.
Truomg hop rieng:
S0
. x4 = f(x)+ g(x)—— > +oo.
g(x)—‘;m—“*” x—a

o= SX) "'8(-“)‘—1_)79""@-

f(x)-:uf)%o
: g(x)—x:;—)l'ER.,.

2) Néu f(x)———_)—++co va néu g bi chin dudi trong 1an can cla a boi
mot hing s6 thye su duong, thi:  fx) g(x)—;;—) 400
Trudng hop riéng :

' {f(x) O Y ——

8(x)—;a—’+°° x—a

e = fx)g(e)— > +o.

{f(x)—m—woo

g(x)—H—a+I’e R,




4.2 Gidi han

Ta cling c6 thé 1ap bang céc giéi han ciia f + g VA fg tuong tu nhu cic bing gi6i han
cha cac day (1, + v,),, (V)

3) Hop cdc gidi han
¢ | Ménh dé Cho ae?u{—oo;+co}, F: I >R, J1a mot khodng cia R
sao cho:

f)cd beJulwito) gJoK leKUf-wo +o).
N {fcégidihanlébtaia

,thi gof c6gidihanla/ tai a.
gc6 gidihan1altai b ge f c6gidiha ai a

Chiing minh:
Tagiathi€t ael, beJ, leK, cic tndmg hop khic ciing twong tur.
Chos >0;wi g(y)—y_’—bﬂ nén t6n tai » > 0 sao cho:

wved (y-4<n=|gl)-1<e).
Vi f{x)——-—>b néntbntai @ >0 sao chox

vrel, {x-d<a=|r(s-<n).
Tvdétcs: Vxel (x-d<a=|f(x)-bsng = |gr(x)-1 < &),
Vay g°f(x)—x;”-

Oday, go i 7 >K ,do lam dung ngon ti.
x> g(f(x))

4.2.4 Truong hop ham don diéu

Trong §4.2.4 ndy cic ham duoc xét déu nhan gis tri thyc.

¢ | Dinhly Cho (ab)e Ruf-ow +x))’ saochoa<b, f Ja; bl > R 1a
mot 4nh xa tang.

1) Néu f bi chan trén; thi f c6 gidi han hitu han tai b va:

limp f= Sup f(x).
xela bl

2) Néu f khong bi chan trén, thi f ¢ giGi han 12 +oo tai b.
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Chuang 4 Ham mét bién thue lay gia tri thue hoZic phde

Chitng minh:

1) B8 phan f(]a; b{) cia R khong rdng, bi chin tén nén c6 mot bién trén /
trong R.
Cho & >0. Vi /—¢ khong phii 1A mét chan trén cha f(]a;b[)trongﬁk. nén 1én
tai ysf(}a;b[) saocho /—¢ <y,vatdntai & € ]a; b [ sao cho y=/@').Do
d6: 1-¢ < f€) < 1.
Viy véimoi x € |a, b[:

t<x=f(E)<f(x)=l-esf(x)sl= |f(x)-ls e

Giasd b € R (uudng hop b = +o khdo sit twong tar).
Pat n=b-£>0, kbi d6 1a c6: Vx €]a; b[, (0 <b-x<n = lf(x)—ll < e);
Piéu ndy chiging tb: f(x)T»b_)l'

2) Cho A€ R. Vif khong bi chin trén, nén tén tai § e]a; b[ sao cho
f€)>A4.Vay véimoi x €lagbl: { sx = )< f(x)= flx)= 4.
Gid skt b € R (trudng hop b =+ khio st twong ).
Ditn =b-{ >0,tacé: Vx e )a b[, 0 <b~x <7 = f(x)= 4).
Biéu n2y ching o f(x)x—_'b—r-&oo. [ |
Néu b € R, thi trong dinh 1§ trén ta c6 thé néi vé gi6i han trdi tai b.

Cht ¥ ring mét ham tang trén ] a; b [ luén cé gi6i han hilu han hodc v6 han tai b.
Xét cdc anh xa:

xl-—)—f(x)

{fo(a+b—x) aubeR.
x5 —f(x) _
{xr—)f(—xJ néu b =+w .

T dinh 1y trén ta suy ra cdc k&t qua duoc néu wong bang sau:



4.2 Gifi han

Cic gia thi€1 d6i

K&t luin So 48
véif: Jrb[ > R | Tén tai cia... | C6 gid tri...
‘| he bt
Tang vA bj chan lim f Sup f(x) S T
trén b x € Jo bl . -
0 2{ hox Q ‘u ¥
V| he v b=+
Gim v bi chan lim f Inf /(x) -
du6i b xe o b| ‘F__\_
Ol a b x W 2 v
Y| ae a=y
Gidmvabichan | fimy | S SG) R —
trén a X € ]a; b[ [~
O a 4]‘,—; 0 7, X
aé Ud=-aa .v
Tang va bi chan lim f Inf f(x) / _’)’
duéi a xXe ]a;b[ ' —
Ny T OTI
v be ¥ b= 4w
Tang vi khong b lim f / /
chan ren b e .
{ Ja bx n'a x
y| be vy b=+
—N\
Giam va khong b lim f ofa N\ 3+ o
chan dudi b —° ’ *
y \a 3 asee iy
Giam va khong bi lim f +oo .
chan trén a
o e oy b X
( ¥ l ne = :} ¥
| " -
Tang va khong bi lim f . L b2 o 5 x
chan duéi a \
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120 Chuong 4 Ham mot bién thue I8y gia tri thuc hozc phife

¢ | Ménh dé
Néu f: I - R 13 m6t 4nh xa ting, thi f c6 mot gidi han tréi va mot gidi

han phéi hitu han tai moi diém a thuée 7, va:

lim f < f(a)<lim f .
a at
Chitng minh:
¥y
. v =f(_() ;
lim/ y Anh xa f tang va bi chan trén b&i f(a)
4 f(ﬂ) trén 1{\}—03‘ a[‘ vi [ang va bl Cha"
lim f duéi bai f(a) trén J A Ja; +oof .
hi
o a x

Ta c6 két qua tuong ty cho trudng hop f giam.

4.3 Tinh lién tuc

4.3.1 Dinh nghia
1) Lién tuc tai mot diém
¢ PBinhnghia Cho f:1>K. ael.Tanéi [ lién tuc tai a khi va
chi khi:
Ve >0, 3y >0, Vxel Qx—a|Sq :}f(x)—f(a)Sz )
Tanéi f gian doan tai a khi va chi khi f khong lién tuc tai a.
Meénh dé’sau day chiing minh d& dang.

¢ | Ménhdé1 Cho f: I 5K. ae/.Déflién tuc tai a, diéu kién cén
va da 12 f c6 gi6i han 1a f (a) tai diém a.



4.3  Tinh li&n tuc

Gian doan loai 1

Ta néi f c6 diém gidn doan loai 1 tai 2 khi va chi khi:
/ khong lién tuc tai a.
f 6 gi6i han trédi tai @ (n€u f x4c dinh bén trai a).
f <6 gi6i han phai tai a (n€u £ xic dinh ben phai a)

NEu.f c6 gidi han trai hilu han tai a vA giGi han phéi hitu han tai a, ta goi s8 thuc
oy (a) xéc dinb b o (a)= lim ' —lim f* 1a budc nhiy cia f tai a.
a a

Theo 4.2.4, Ménh dé, n€u f tang trén khoang /, thi tai moi di€ém a e/, f ¢ gii han
tréi hitu han tai a va giGi han phai hiru han 1ai a va & /(@) 0 ; hon nifa v6i cdc gia
thi€t trén hi f lién tuc tai a khi va chi khi o 7 (2)=0.

Néu f khéng lién tuc tai a v khong cé diém giin doan loai 1 tai a, thi ta néi f c6é
diém gidn doan loai 2taia.

¢ | Ménh dé 2 Néu flien tuc tai a thi fbi chan trong 14n can cia a.

Chiing minh:
Xem 4.2.1, Ménh dé 2.

¢ | Ménhdé3 Cho /i >K. ac/;[flién tuc tai a khi va chi khi: v6i
moi day (x, ), .\ nhing phén tir ciia  hoi ty dén a, ta c6:
f(xn)Tf(a)

Chitng minh:
Xem 4.2.1, Ménh 44 3 v Ménh dé 1 trén day.

2) Lién tuc toan cuc

¢ PDinhnghia1 Cho i/ 5> K. Tanéif lién tuc trén J khi va chi khi f
lién tuc tai moi diém cia 1.
Ta ky hieu C(I K) 12 tap hop céic 4nh xa tir / dén K lién tuc trén /.
Ta goi moi khoang J ctia R, khong réng va khong thu v& mét diém sao cho J < 7 1A
khoang con cua l.
¢ Pinhnghia2 Cho fJ —>K, J mot khoang con cla /. Ta ndi f lien
tuc trén J khi va chi khi thu hep: f|1: J—=K ligntuctrénJ.
x> f(x)
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Chuong 4 Ham mét bign thue |8y gia tri thuc holic phie

v{ DU:

f: R>R lién tuc trén ]—uo;O], nhung khéag lién tuc tréa [0;+] .
0 néu x<0
1 néu x>0

x > {

Nhan xét
RG rang ting, nfua<b<cvapéu f [a,‘c] = K lién tuc trén [a; b] va [b; c], thi
flién we tréa [a; c].
3) Lién tuc timg khic
¢ DPinhnghla Cho (a.b) e R? saochoa<bwa f :[a;b] » K.

Ta néi f lién tuc timg khic trén [g; b] khi va chi khi dn e N* va

(ag....an) € [a;[;b]"J'1 sao cho:

a=ay<..<a,=b

Véi moi ie{0,..,n—1),f lién tuc rén ] g; a;,, [ vA c6 gidi
han phai hifu han tai 4, va gi6i han tréi htu han i g,,, .

v Piéu nay quy vé diéu kién, v6i moi
ie0,...,n-1} lién tuc
Own =1} Sy, tien o
tren [a;;a;41).
L Tyv=fix) L
ag O a a a
=Oa 1 2 \I.\ =3 X
Bai tap
0 4.3.1 Nphién ci, tai moi didm, su lién tuc cha cic 4nh xa sau day:
a) f:RoR
LR Rl Y
b f:Ry,>R
o F‘qmuﬂ. (p, 9) € NxN*, UCIN (p, ¢} =1
0 nfu xR, -0,

(st dung bai tap 3.3.6).
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0 4.3.2 Tim uft ci cdc dnh xa ftrong mébi truong hop sau:
a) £ R > R, lién tuc tai 0, Vx € R, A3x) = fix).

b) f R > &, lién tuc tai 0, Vx € R, f(3x) =f(x):f(1+x 2]'
X

e)f R R, litntuctai 0, Vr e R, A3%) = -f(f).
0 4.3.3* Tim tft ca cic dnh xa f: R — R 1ien tyc sao cho:
Vr e Rz. Six +y) = flx) + Ay).
0'434 Choae [R; tim 14t ca céc 4nh xa f: R — R lién tyc sao cho:

Vxe R% fir-y) = f0) - fy) + axy.
(s\ dung bai wp 4.3.3).

4.3.2 Ciéc phép toén dai s6 trén cac dnh xa lién tuc
1) Lién tuc tai mot diém

¢ | Ménhdé1 Choael,heK fgl-oK

1) Néu flien tyc tai g, thi |f] lién tuc tai a.

2) Néu f, g cling lién tuc tai a, thi f + g lién tuc tai a.

3) Neéu f lien tuc tai g, thi Af lién tuc tai a.

4) Neéu f, g cung lién tuc tai g, thi fg lién tuc tai a.

5) Néu g lieén tuc tai a va néu g(a) # 0, thi 1 fién tuc tai 4.
g

6) Néu f, g clng lién tuc tai a va né g(a) # 0 thi L fién we ai a.
g

Chitng minh: Tuong ty nhy chmg minh ménh dé 1,4.2.3 J).
Nhdn xét . Bing cdch hru § ring d6i véimoi f, g: I > R:

Sup(/,g) =2 ( + g +|f - g af(7, )= 2 (7 + -1 - ).

(xem 4.1.2), a thdy ring n€u f va g cing lién tuc tai a thi Sup(f, g) va laf(f, ) ciing
lién e tai a. Trudng hop rieng, néu f lién tuc tai g, thi £ va f _}ién tuc tai a.

¢ | Ménhdé2 Chol,J lAhaikhoingchaR,ae,fI-oR. g J oK,
sao cho fil) ¢ J, taky hieu, mOt cich lamdung g f: 1 - K
xl—)g[f(x)]

[ f lientuctai a . ) )
Néu ,thi go f lién tuc tai a.

£ lién tuc tai f(a)

Ching minh:  Tuong wr nhy chifng minh méah dé trong 4.2.3 3). u
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Meénh dé sau day duoc thdy ngay (xem 4.2.3 /), Ménh dé 2 va Hé qua) .

¢ Ménhdé3 Choacelfio C. Céc tinh chit sau tuong duong doi
mot:
(i) flién tuc tai a
(i) f lién tuc tai a
(iii) Ref va Imf dé€u lién tuc tai a.

2) Lién tuc trén toan bo

Cic meénh dé sau day dugc suy ra d& dang tr cdc Ménh dé 1 va 2 cia §1
trudc.

¢ | Ménhdé1 CholeK.f,g!>K
1) Néu flién tuc trén 7, thi |f| lieén tuc trén /

2) Néu fva g cing lién tuc trén /, thi f + g lién tc trén J
3) Néu flién tuc trén I, thi Af lién tuc trén /
4) Néu fva g cing lién tuc trén /, thi fg lién tuc trén /

5) Neéu glientuc trén I va néu (Vx € 1, g(x) # 0) thi L lién tuc trén /
g

6) Neéuf, g cung lién tuc trén / va néu (Vx € /, g(x) = 0) thi L lién tuc
8

trén 1.

Ta da ky hiéu C(/, K), tap hgp céc 4nh xa lién tuc tix 7 vao K. (xem 4.3.1 2)).
Vi C(1,K) # & va stt dung céc tinh chit 2), 3), 4) 3 trén, ta thiy ring C(/, K)

12 mot dai s6 con ctia K’ d6i véi céc luat thong thudng, nghia la:
1eC{I.K)
C (1, K) Ia mot K—khong gian vecto d6i v6i phép cong va luit hop thinh ngodi.
C (I, K) 8n dinh v6i phép nhan,
Chiiy
Néuf, g: I > R cing lién tyc trén /, thi Sup(f, g) va Inf(f, ¢) cung lién tuc trén J.
Truemg hop riéng, néu £ 7 — R lién tuc trén I thi f* v f ciing lién tuc tén .

¢ | Ménhdé@2 Chol JhaikhoingctaR,f:/ >R, g J— K, sao cho
f(NcJ, taky hieu mot cich lam dung, go /' [ 5K .
x> g(r{x))

Neéu flign tuc trén /, vA néu g lién tuc trén J, thi go / Lién tuc trén /.



4.3 Tinh lién tuc

¢ | M&nhdé 3 Chof I — C.Cic tinh chit sau tuong duong timg d6i
mot.

(1) f liéntuc trén /.
(i1) j_' lién tuc trén /.
(i) Refva Imf lién tuc trén /.

Bai tap

0 4.3.5 Chol)imotkhoang cia R, £ 7 R, (p, g) € (N*)? sa0 cho ubc s6 chung 16n nhit
cha(p q)=1.

Ta pid stt 13 P va f 7 lidn rue eren J(f? = 1. f). Chimg minh ring f1ién tuc tren 7.
0 4.3.6 Cho/la mot khodng cha R va E /a mot khéng gian vecto con ctia C(J, R) sao cho:
Ve E ((Bx e 1./(x)=0)= s =0)
Chumng minh rang E ¢6 s8 chiéu hitu han va dim(E) < 1.
0 4.3.7 a) Timmo6tvidu vé dnhxaf: R — R sao cho:
/ gidn doan tai me1 diém thude R
{fof]ien tuc trén R.

b) Tim mot vi dv vé 4nh xa g: R — R sao cho:
{g o g gi4n doan tai mot diém clia R.

g o gog lién tuc tren R.

4.3.3 Lién tuc trén mét khoang
‘¢ | Dinhly («Pinh 1y cic gii tri trung gian»).
Cho 712 mét khodng cia R, f: 7 — R 12 mot 4nh xa lien tuc, (a, b) € I 2

sao cho f{a) < fib). ThE thi f nhan t4t ca cAc gid tri trung gian gitta fa)
va f(b), nghia la:
Vye [fa); b)), Ac 1, flo)=7.
Ching minh

PAu tién ta chd ¥ ring néu y=f{a) hoac y=f(b) thi k& qua 12 tdm thudng. Viy ta gid
thiét fia) <y < f(b).

Xét F = (x € [a; b): f(x) < ), F 12 mOt bd phén cita R khong réng (Via € F), va bi
chan trén (b&i b vi F < [a; b)), viy F cé mot bien trén, ky hién 1 c. Ta s& ching
minh fic)=y.

Vé6i mbi n thuoe N*, t6n tai x,, € F va y, € [a; b] - F sao cho

] 1
C~— <X, SC<Yy, <Cc+—.
n n
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That vay, véi moi n € N*:

e Tacé c-‘l <c,pén c——l— kbong phai 12 mét chin trén ciia F vy téa tai x,
n n ,

trong F sao cho L‘—i<.t,,5c‘.
n
1
s Tac6 Fcla,clyc<biflitntuctaibvay< flb)) va c<c+—,trdé suyra
n
t6n 1ai y, thudc [a; bl saochoy, ¢ Fva c<y, <c+l (, €6 thé 14 bat ky phén ur
n

nio cha Je; Min(c + l,b)[ ).
n

Vay Xy ———>¢ va Yn =€ va do unh lién tuc cha f wi ¢ nén
Flon)—== 7). v2 1 (pn)—> fle)-

Nhung, Vn € N, f(x,) <y <fly,), tir d6 chuyén qua gi6i has, ta dugc: y = f(c).

Nhdn xét

1) Ngubdi ta thudng sir dung dinh 1§ cédc gid tr tung gian trong trudng hop y = O:
néu mot dnh xa véi gid tri thue lién tyc trén mot khodng, nhan mdt gid i khong
duong va mét gid tri khong am, thi n6 abhia gid i 0.

2) Ta c6 thé phét biéu dinh Iy cAc gi4 tri trung gian dué6i dang co6 dong hon nhu
sau: dnh cia mot khodng bdi mot dah xa lién tuc (v&i gid tri thue) 13 mot khodng.

3) Cho ! 1a mot khodng clia R va f: / - R, la mot doh xa lién tuc. Ta c8 thd 1y
héi litu “loai™ cha / (aghia i 7 déng, bi chan, nda md...) c6 duoc bio toan bdi f
khong, aghia 1A f{7) c6 cing loai v6i I hay khénp. Sau nay (4.3.3) ta s€ thdy ring
ring néu 7 1 mét doan thl f{/) cling 12 mét doan. Nhung cic loai khoang khac thi, néi
chung, kidng duge bio toan. Chinh x4c hon, v8i mét irong tim loay khoang khie vai
doan (xem 1.2.1) ctia 1, {7) ¢6 thé 1a mét trong 9 foai khodng. C6 thé chi ra duge di
Bx9=72 vidu (mét s6 duoc suy ra tir cic vi du khic). Chiing ta hay néu vai vi du

-~ mongssds. .



o ImRva fiD=]-1; I

4.3 Tinh lién tuc

véi f: R->R y
1
| +1 .
y=f(x)
0 poy
X
-1
o I=R, fiD=I[-1;1] y
V6iff R- R 1
/ -1 nfu x<-1 y=f{x)
x> {x 1 —15x<1
1 ndu x21
-1 o
1 x
l -1
e I=]0;1], fih=1-1; If y
. 1
véi f: ]0;1] - R Ni
xH(l-x)s'm(l)
x
0
1 =x
|
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Bal tap

0 4.3.8 Ching minh ring phuong trinh =+ 1dniaxe R, ¢6 it nhgt mot nghiém.

0 4.3.9 Chof. g [0:1] = R lién tuc sao cho f(C) = g(1) = 0 va f{1) = g(0) = 1. Chimg mnh
ring: VA e R,, Ax e [0: 1], f(x) = Ag(x).

0 4.3.10 Cho71amot khoang cha R, f. g: 7 — R ciing lien tuc sao cho:
Vx e 1. (fi)’ = (g 2 2 0.
Chimg minh rang f= g hay f=—g.
0 4.3.11 Chof:R - Rlién mc sao cho: Vx € R, f(M)= |f(x1 > 0. Ctumg minh rang: f
chidn (st dung baj tap 4.3.10).
0 4.3.12 Cho(a.b) e R¥sacchoa<h va f: {a: b] - [a; b] lien tuc. Chimg minh rang t8n
tai xq € [ b] sao cho flxy) = x;,.

0 4.3.13" Cho 712 mdt khodng chia R va f: I R, mét don anh lign tuc. Chimg minh rang f
don di¢u nghiem ngat.

0 4314 4a) o ¢:R — R gidm nghiem ngit. Chimg minh ring khong tn tat ank xa:
f:R—>R.henwmcsaocho fof =@ . (Shdung bai tap 4.3.13)

b) G5 t6n ti hay khong mot dnh xa lien tue £ R — R sao cho: Vx € R,
U o NH)x)+x=0? (sttdung a)).

4.3.4 Tinh lién tuc trén mot doan

Ta nhic lai ring (xem 1.2.1 4)) mot doan {cha R) theo dinh nghia )a mot khoang déng va bi
chan (a. b).a < b.

¢ | Binhly Cho(a,b) e R2saochoa< bvaf:[a; b] - R 13 mot 4nh xa;
néu f lién tuc thi f bi chan va dat duge bién trén va bién dudi cia né.

Chitng minh:

1} Tas€ching minh f bi chan.

e Gia sitf khéng bi chan trén. Khi dé v6i moi n € N, t6n tai x, & [a; b] sao cho
S (x,, ) >n theo dinh 1y Bolzano — Weierstrass (3.3, Pinh 19) vi (x,,) ,e)y bi chan nén
ton tai mot him trich o va mot phén 6 ¢ cta (a; b] sao cho Xo(n)—>¢ - Vif lién

tuc tai ¢ nén f(xa(,,)}T 7).

Nhung mat khic: Vn € N, f(x,(,,)) > cr(n)Zn , vay f{xd(n)jTﬂo, mau
thuan. Diéu ndy chifng td f(x) bi chin trén.

o Ap dung két qua trén déi v6i —f thay cho f, ta suy raf bi chan duéi. Cuéi cing, f
bi chan.
2) Tach
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s KyhieuM = Sup f(x)
x€l|a.b|
Vé6i moi n € N*, vi M - — khong phai 12 mot chan trén clia £, nén 16n tai x, thuée
n

[a, b] sao cho:

M-t < flx,)< M .
n

Theo dinh 1y Bolzano — Weierstrass, vi (x,, )n < b chan nén 16n tai mot ham trich
T va mét phén tr d cha [a; b] sao cho x,{,,)—nT)d. Vi flix) hén tuc nén

St sy} 1 @).

Nhung mat khic: vrn & N*, JM—L) < f(xr(,,)) < M . do dé chuyén qua giéi
(n

han ta dugc:
M = f(d).
Diéu nay chiing td rang f dat gid tri M: 3d e{a; b], M = f(d).
Ap dung k&t qua wrén d6i véi —f(x) thay cho f ta cling suy ra ring f ciing dat t6i bién
duéi . ]
Két luan cda dinh 1y c6 nghiatatén tai Inf f(x)vd Sup f(x) (trong R),
xe[a,b) xe(a;b]
va ton tai x;, x, € [a; b] sao cho:
Inf f(x)=f(x) va Swp f(0)=7(x).
xgla,b) xe[a;b]
¢ | Ménh dé Cho(g;b) e R? saochoa < bvaf: [a; b] > R 12 mot 4nh
xa. Né&u f(x) lién tuc, thi f{[a; b]) 12 mét doan cia R.
Chimg minh:
o Theo dinh Iy céc gia tri trung gian (4.3.3, Pinh 1y) f([a: b)) 12 mot khoang cua R.

¢ Theo dinh I trén day f([a; b]) 1a mot bo phan ctta R bi chan va chida cdc bien cha
nd. ]

Nhu vay néu f: [a; b] > Rlién e, thi m= Inf f(x) vaM= Sup f(x) 12 t6n t1

xefa;b] xela.b)

va ta c6: f({a; b)) = (m: M].

Bai tap

0 4345 Cho(a:b) e R saochoa < b, f. g : [a: b] = R lién tuc thoa man:
= Yx e [a bl, 0<gx) <fx).

Ching mmnh ring: 32 € R: . Uxe (a: bl (1 +2)p(x) < fln).
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0 4316 Chof:R — Rlientuc sac cho: lim f =lim f = +o©
ro -0

Chimg minh rang: 3x; € R sao cho: Vx € R, flx) > fxg).
¢ 4317 Chof: [0: 1] — (0: 1] lién we. Ching minh rang t8n tai ¢ € {0: 1] sao cho
s ({}) xnong c6 dung hai phin 1

43.5 Anh Xa nguoc
Véi anh xa f: I — R dicho, ta chi ¥ dén su t6n tai cia ham nguge cha f.
Trudc hét, ta han ch€ f vao dnh cha nd, bing cich thay / bdi 4nh xa:
_7 T —)f(I); theo céch xay dung, 5 rang 7 12 toan 4nh.

x> f(x)
Néu 7 1a song 4nh, ta ndi f c6 mot ham ngugc, d6 la _7" : fily > I hay
theo céch lam dung ng6n tir, 4nh xa f (I )—) R

yo 1)

Trén mot mat phdng afin Euclide dinh huéng P, véi hé quy chiéu tnrc chudn
(0.7, 7). cdc dudng cong biéu dién (C) ctiaf va (C’ycia £~ d6i ximg voi
nhau qua dudng phén gidc thit nhat B, vi: M(x, y) € (C) & M’(y, x) € (C).

¥ (C') ¢
’

Ta chd § ring mo6t 4nh xa khéng lién tuc f vin c6 thé c6 4nh xa nguoc. Vi dy
anh xa f : [0; 1] = [0; 1] x4c dinh bdi:
I néu x=0
f(x): x néu 0 <x <]l 12 song 4nh, nhung khong lién tuc trén {0; 1].
0 néu x=1
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¢ | Dinhly Cho /132 mot khoang ctia R, f: 7 — R 1a mét 4nh xa; ta ky
hiéu: )7: I f(I).
X f(x)
Néu f lién tuc v don dieu nghiém ngat, thi:
1) I 13 m6t khodng

2) ]_ ta song 4nh

3) ]7'1 don diéu nghiém ngat cung chiéu véi [

4) £~ lien tue tren f(D.

Chiing minh
Ta gia thigt £ lién tuc va, ching han, tang nghiém ngat.

1) Theo dinh 1y cdc gid tri trung gian (xem 4.3.3, Pinh 19) A7) 1a mot khoang
cua R.

2) o Theo dinh nghia / 1 todn 4nh.
o Chox,,x, €/ saocho f{x;)= f(x;).
Néu x, < x, thi f(x) < f{x,), mau thuin.
Néu x, > x, thi 7(x,)> f(x, ), mau thuin.
Vay x; = x; (diém quan trong 13 th ty thong thudng trén R 12 thyt oy todn phin).
Vay f 13 don 4nh.

3) Cho .y, € f(l) sao cho y, < yy; ky hidux, = £ (v ) vaxr, = 7' (v,). Néu
xy 2 x5, thi, do S ang: f(x)z f(xz), nghia 3 y; = v,, mau thudn. Diu nay
chimg 16 ]"‘ lang nghiém ngat.

4) Cho e>0vayae f(H=J: kyhidu xy = f'l(yo). Ta s& chiing minh rang
tén tai 77 >0 sao cho:

vy el (jy-w|sn = '7"(\’)—7"0’01 <e).

s Néu x, khong phai 12 mét bién cia / néu cd, thi t6n tai o > 0 sao cho
]xo —a. xg +a[ c /.KYy hitu gy = Min(&g @) > 0. Vifva 77! déu tang nén i
moi y thude J tacé:

174(")‘*0’351 S xo-gls_f"(y)s:ro+sl
= 7(1’0'51)5“’5}(’0*51)

10-GI11-T1
—— - -
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¥ Vi xg~g <xy VA Vi 7 tang nghiém
YoM, ngal nén:
v ¥y =fix) 2 -
o o Tloa )< F)= o

Vay tén tai 1 > 0 sao cho:

.7(*0 —5|)=.Vo -1n-

D Py PR o Tuong ty, 16n tai 175 >0 sao cho:

[lxo+ey)= vy 41y
Ky hieu n=Min{n,75) > 0. ta ¢6
v6i moi y thude f(I):

[y=yo|sn = yo-nsy<yo+n = vg-m <v<y,+m,

= xy-e<f W (V)sxg+g = ’7_1()))—]_10'01 < g

Nhu vay ta dd ching minh dvoce ting 771 lien uc tai Yo
s NEu 1, 12 mot miit n€u cb cha /, thi trong phép chiing minh trén a chi st dung mot
trong hai s6 thuc 7y, 1. [ |
¢ DBinh nghfa Cho/, J 12 hai khodng, f: / = /1A mét 4nh xa.
Ta néi f1a mot phép dong phéi khi va chi khi:
f lien tuc trén J
f [a song &nh
f" lién tuc trén J

ViDU
Cic 4nh xa sau 13 nhimg phép déng phoi:
RoR (@b cR*cEdinhvaa=0)

x> ax+b

R, >R, .R, oR,, R—»R,[—E: E]—)[—l: 1].
< 2 2

! x s x? e
T T xPsinx
Bai tap
0 4318 Chimg minhsang /- R >R 1a song 4nh va gidn doan tay moi

x+1 n& xeR-Q

\mémtmm&\

N {xfl n&u xeQ
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¢ 4.3.19 Chimg minh ring:
f:1-L, U—>R 12 song énh, va hay bidu thi £~ (y) véi moi y € R.
Y - —

1~x2

0 4320 Chof: RHR

X x+x-l
a) Chimg minh ring f 13 song 4nh.
b) Giai phuong trinh f{x) = (x), inlhx € R

4.3.6 Tinh lién tuc déu

¢ DBinh nghfa Chof:7— R 12 mot 4nh xa. Tandi f lién tuc déu trén /

khi va chi khi:

Ve>0,3p>0, V(' x) e I3, (|x-x"|<n = | (&)~ f(x")| < £).

Ta chi y ring trong dinh nghia ndy 7 khong phu thuéc x* ciing nhu x”,
nhung trong dinh nghia cha tinh lién tuc tai mot di€m g cha I,  c6 thé phu
thuoc a.
Ménh dé sau day 1a hién nhién.
¢ | Ménh dé

Né&u f lién tuc déu trén T thi f lién tuc trén /1.

Didu nguge lai cia ménh dé 14 sai: mét 4nh xa f: ] & R c6 thé lién tuc trén I, nhung
khong lién tuc déu trén J. Vidu: f:R—> R . Ta s& ching minh phi dinh cia dinh

r P 12

nghia tinh lién tae déu, nghia JA:

-x' < ]
Ae>0,Y7>0,3(x', ) e RY

. |x'2—x"2| > €

Pat x* 2 0va x' = x* + 5. Khi dé:

|x'—x"‘ < 5 c
7 .2 & pd'tnt > e & x> —,
|x' ~x" | > £ 2n
A 2 A » l 1 1 b k]
Dovaychicdnchon: e=1,x"= —, x"= — + n ladd.
n n

Tuy nhién, néu / 1a mot doan trén R thi ta ¢6 dinh 1y sau:

133



134 Chuong 4 Ham mét bi€n thue 18y gia tri thue hoac phire

¢ [ Binhly («Pinh ly Heine»)

Cho (a; b) € R? sao cho a < b va f: [a; b} > R 1a mot 4nh xa. Néu f
lién tuc trén [a; b), thi f lién tuc déu trén [a; b|.

Chitng minh: (c6 thé bd qua trong 14n doc dAu tién)
LA4p luan phan ching. Ta gid thi€t f lién tuc nhimg khong lién tuc déu. The thi tén i
£> () sao cho:

]x'—x”, <

V7> 0.3, € [a.b]", (f(x‘) - S(x") ‘ =

Dac biét, v6i mbi n € N* 1y n= ! ) 16n i (', x")) € [a; b1 sao cho:
n

1
< -

£, -,
n
A, - )

Theo dinh Iy Bolzano ~ Weierstrass (3.3), vi (x,, )neN. bi chan nén 16n tar mot ham

> £

trich p vd mot phin tr ¢ coa [a; b] sao cho xlp(,,) —=c R4i vin theo dinh 1y
Bolzano — Weierstrass vi (x' (,,)) N* bi chan, nén t6n tai ot ham trich T vd mot
phan tlr 4 ctia [a; b] sao cho x (r(n )—)d

Ky hitu o= por cling 12 mét ham wrich.

Vi (e () g e trch a ti i)

n neN* nén xd’(n}—)c .

not
Hon nita: x:,(,,) —=d-
Do: Vn e N*, ix;,(,,) - x:,(,,) < P , bing cich chuyén qua gidi han ta suy
a(n)  n
ra: ¢=d.
f(x:y(n)] mr_"f(c)
Mat khdc vi f lien we tai ¢ va d, ta cé: . .
f[xa(n))_mc—) f(d)

Vi: Vn € N*, > £. nén chuyén qua giéi han ta thu ducc

Sty ) £l

|/(e)-s(d)| 2 & diéu i véic=ad. =
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Bai tap
Ta vi€r tit chiy «hén tuc déu» 12 «lid».

0 4.3.21
a) hole R fig 1> R
Chimg minh rang:
Nfwd= |
2) (fg td) = A+ Itd
Ig itd 1

3) . = — Id.
ICe R, vxel gl¥)2Cl g

4) (hg Utd)y = (Sup(/, ). Inf(f. &) ).
b) Chimg tdrang. nduf: 7 > Rltdvag: /= R td(sao cho f() ./ ) thi:

gef: IR Itd.
xl—)g(ﬂx])

0 4.3.22 Ma ta tap hop cac dnh xa f: R = R sao cho:

S d
J la song dnh

/7 khong ld

4.3.7 Anbh xa Lipschitz
¢ DPinhnghia Choanhxa f:/—>R.
1) Chok e R,. Tandif13 4nh xa k-Lipschitz khi va chi khi:
V0, 5) € 12, | () - flea)| S ke - xq.

135

2) Tanéi f 1a dnh xa Lipschitz khi va chi khi ton tai £ € R sao cho

/ 1a 4nh xa k-Lipschitz.

M6t 4nh xa f: 1 = 712 m6t dnh xa co khi va chi khi t6n tai k£ e [0; 1]

sao cho / 14 4nh xa k-Lipschitz.

ViDL
1) f: R >R laanh xa 1-Lipschitz vi:

Hnl*\-‘zﬂ < lvpmaal

Vo) € RS, 10 -fon = Tl = 0] +1)
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2 2
2) £+ R >R khong 12 Lipschitz bdi vi ty s6 A5 (bang x, + x,) khéng bi

X x X~ X

chan khi (x,, x,) chay khip R? sao cho X #x;.

Nhan xét
1) f:1— R 13 4nh xa Lipschitz khi va chi khi:
{M; (x.y]e I* x= y} bi chan.
x-y

2) Ta s& thfy & phén sau (5.2.2, Ménh d&) rang moi dnh xa kha vi va ¢4 dao ham
bi chan déu 1a 4nh xa Lipschitz.

¢+ | Ménh dé Neéuf: 7 > R 12 4nh xa Lipschitz, thi / lién tuc déu.

Ching minh:
Cho f:I >R Rdnh xa k-Lipschitz (k € R,) vd &>0.
Dat n:—g— >0,tac6:

k+1

Vi, X e I, [,x‘~x"' <n = |- < kkiﬁ-l < 5].

Pidu dé ching (6 f lién tuc déu wren 1.

Nhan xét: Khang dinh dao cia ménh dé rén 12 sai: mét 4nh xa c6 thé lién tuc déu
nhung khéng Lipschitz, ching han nhu & vi du: £ : [0: 1]-R

X . VX

That vay:
e Y(x', x™ e (0 1]2. J‘[;—JF‘ < ,”x‘—r"l (xem bai tap 1.2.30, b)), vay khi
2
chon 7= ¢~

Ve>0,3n>0,v(x, x7) € [0; 112‘ (

L x-0_1

x-—0 _J_; x=>0"

-x < n > lJ:‘-JFI < €)

—» 400 .
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Bai tap
Ta Vi€t tit k-Lipschitz 12 k-lip.
0 4324
a)ChoileR, [ g1 R (kL E)e (&)2. Chang minh ring:
1) | k-lip> |f| k=l1p.

f k-l
' _lp}:t'-w-g (k+k)-lp.
g k'-lip
IS kdip=> A [Alkup
g k-lip 1 k.
4) =2 - —-—lip.
CeR,, Vel glx)2C] ~ g (2

S k-lip Sup(f.g) k-hp
3) = .
g k-lp Inf(f,g) hk-=lip
b) Cimg minh réng néuf: 7 - R JAdnhxa k-lip. g1/ > Rl dnhxa k' —lipvafithc J. thi:

gef: 1R 12 anh xa k*&-lip.
¥ gl
0 4.3.25 Choa,b.c e Rssochoa<b<c¢, f:fa,b]—> Rladnhxak-lip. g: (hic]=> R 1a
4nh xa k'-lip, sao cho fib) = g(b). h: [a; ¢} — R xéac dinh bai:
& b
Vx € la: ¢}, hix)= _/(x) " u e [a ]
g(x) néu xe [b;c]
Chung td rang h 12 4nh xa  Max(k, k' )—lip.

0 4.3.26 Chomot vidu vé dnh xaf: R - R sao cho:

J 1a énh xa Lipschiz
J/ 1a song dnh

J7' khong phai Ja nh xa Lipschiz

- v e



Chuong 5
Dao ham

Trong ca chuong nity, / € chi mét khodng trong R, khong réng vi khéng thu vé mot
didm; va ta s€ k¥ hicu K =R hoac C .

5.1 Pao ham

5.1.1  Pao ham tai mot diém
¢ Binhnghia1 Chovel fe K'. Tandi / kha vi tai @ khi vd chi khi
i S+ fla)
h>0 h
/(@) va duoc goi 1a dao ham cia f tai a.

. d
Ta ciing ¢ thé ky hieu (D,f)(a), hay E{ (a) thay cho f (a).

t6n tai vd hitu han; gid han nay duge ky hiéu [a

Moi 4nh xa hang A : J -y R déu kha vi tai moi a thugce / va X(a) = 0.

x > 2

19 56 L@t R 1@
h
fgilaavaa+h

duge goi 13 ty s6 gia ( hodc ty o bién thién ) coa

NEu f nhan gid tri thuc, thi tinh kha
vi cia f duge dién gidi hinh hoc bdi
su tn a1 mot tiép tuyén khong song
song vdi (v'y) tai diém A cd toa do
(a. fa)) trén dudng cong C; biéu
dién f.

Tiép tuyén ndy c6 he s6 géc f ().
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y —
e farRes@
(Cp h '
h—0
‘ A tai A dwmg cong Cy 6 mot ban tiép
Sra) {uyén song song vai (y'v).
X 0
[ a X
_\;'
¢ Dinh nghfa 2 Choael, feK

1) Ta ndi f kha vi phai tai @ nfu va chi néu
i S+ - f1@)
h—0" h
hiéu 12 f,'(a), va duge got 12 dao ham phii cha [ tai a.
2) Tandif kha vi trdi tai o néu va chi néu
lim /(a +h}: - f(a)

h—0

ton tai v hitu han ; gidi han nay duge ky

ton tai va hiru han ; gidi han nay duge ky

hi¢u 1a f, (@), va duge goi 1a dao ham trédi cla [ tai 4.

VIDY: £ R >R kha vi bén trditai 0, vA kha vi bén phai tai 0, vaf, (0) =~ 1,

x|

fp’(()) =1.

v = lxi

Nhan xét: NéuI=[a; bl ,((a,b) € R?, a < b), cdc dinh nghia «fkha vi i a» va
«f kha vi phat tai a» 12 tuong duong.

-
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Ménh dé sau 12 hién nhién:

¢ | Ménhdé1 Cho acl . feK.

DEéf khad vi tai @, diéu kién cin va di jix [ kha vi trdi va phai tai «
va f, (@)=f," (a).

Hon nira, ydi céc gia thigt trén, ta cé f'(a) =/, (a) = £y (@.

Vi DU:

X&) R—R
0 nfu x<0
(=
y=flx) ¥ x2 néu x>0

Tacéd, v6imai he R™:

f)- £(0)
h

néu A>0 | =h = 0

h->0

néu <0 M =0 —» 0
0 4 h h 50

Vay fkhi vi @i 0 va f(0)=0.

Ta néi diém A(a, f(a)) cha C;1amot diém
goc clia C;néu i A C;cd hai bén tiép
fraj tuyén khong song song. Ching han 13
trong hop khi £’(a) vi fp’(a) ton tai
nhing khong bing nhau.

¢ | Ménhdé2 Choael.feK’
NE&u /" kha vi tai a, thi [ lién tuc tai a.
Ching minh: V6imoi h e R saochoa+h e l1acd:

f("+h)=f(a)+hf(“—+hzﬂ_

141
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|

Tir Mﬁ,f{a), ta suy ra fla + h)———> f(a) , vi do d6 f
h h—0 h—0

lién tuc tai a. n

Nhdn xét:

1) Khing dinh do cia ménh dé trén 1A sai: mét 4nh xa cé thé lién tue tai a,
nhing khong kha vi tai ¢ nha trong c4c vi du sau:

i) l . |:R — R lién tyc tal 0 nhung khong kha vi tai 0.
. x4
ii)
N J- :R, = R lién tuc tai 6 nmmg khong
i x> Jx
kha vi tai 0, vi:
y=ve Jh-J0 1

vh>0, Y - 4w

h NS

i) f: R-oR
xsin- néux=0

x> ¥
0 néux=0
lien tye @i 0 M |f(x)] < }x’wO) vd khong khi vi tai 0 W

-7

1
p = sin[;] khong cé gidi han khi A — 0.

A\

2) V&i cling mét phuong phip nhu trong chiing minh ménh dé trén, ta chimg minh
dugr ring:

e NEu f kha vi phai ( tuang dng: trai) tai @, thi £ lién tuc phdi ( tuong Umg : trai)
tai g,
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o Néu f kha vi phai va trdi tai g, thi f lien fuc tai 4.

Bai tap
0 5.1.1 Choae R,/ [2Am6t khoang ndclia R saochoa € L. vaf: I - R lamdt dnh xa
khd w tai a.
2
Hay tim - im Sf(a+h") f(a+h).
h—>0 h
0 51.2 Chimgtorang f: R - R
x+1 nu xe Q
Xt
3-xnfu xe R-Q

khong kha vi ta1 bat cd di€m nio clia R.

5.1.2 Cic tinh chit dai s6 clia ciac ham kha vi tai mét diém

¢ [Dinhly1 Choeel,1eK ,f,g:7— K I1ahaidnh xa kha vi tai a.
Ta co:

1) f+gkhavitai ava (f+ ) (a)=f'(a) + g(a).

2) Af khd vitat @ va (A) (@) = A’ (a).

3) Jfi khi vi tai a va (fg) (@) = £ (a)g(a) + fla)g (a).

4) Néu g(a) # 0 thi _1. kha vi tai ¢ va (l)'(u) __ & (n)2 .
8 & (g(a))

5) Néu g(@) =0 thi £ kha vi tai a va [i](a) - @s@) - fz(“)gl(") .
g 4 (g(a))

Chuing minh:
1) (U +@)a+h=(f +g)a)

1

@+~ f@) - (gla+ )= g@)—m5> S (@) +'(a)

x|

2) %((Af)(a +h) = (Y )a)) = A%(/(wh) - fla)y——> @
3)
%((fg)(a + hy - (fe)a)) = %((f(a +h) - f(@)g(a+hy+ f(a)gla+h)—g(a))

=[%(f(a+h)—f(a))]g(a+h)+f (a)[%(g(a”)-g(a)))-
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Vi g kha vi tai 2, nén g lién tuc tai o, vay gla + h) 50 &(a).

1
Tasuyra: —(UR)a+h)-(gNa) —; 5> S (@gla)+ [(a)g'(a).

4)  Vig(a) 0 va glién tuc tai a ( vi g ¢6 dao hdm tai a) nén ta ¢ gx)# 0
trong 1an cin cha g. Vay 1 duge xdc dinh trong 14n c4n cla a. Do d6 véi moi <68
g
thuc A thube Yan cancda O va A 2 O:

\
L(L](M)_[L](a) =1[ e e
hilg ) g higla+h) g(a) h g(a+hg(a)

- -(% (gla+h)- g(a)]

—-g'(a)

glathgla), 5 (g(a))?

5) Suyracr3jva4)va:
[1] (a)s[fl] @ @ p@y B L@@ Sag@
£ 4 £(a) (g(a)) (g(a))

Nhan xét. Dinh 1y trén dugc md réng mét cich dé dang cho cac dao him phai
(tuong g - trii).

¢ | H& qua Choa e/, f: 71— C. Céc tinh chit sau day rong duong véi
nhau timg d6i mot:
() f khavitaia
(i) fkhavitaia
(ii1) Refva Imf kha vi tai a.
Hon nita, nfu f kha vi tai «, thi :
(7)(@)= 7@ . (Refy(@) = Re(f (@) , (my)(a) = Im(£ *(a)).
¢ | Dinhly 2 («Paoham cia ham hop»)
Cho I,/ 1a hai khodngcaaR ,ae /,f: /> K ,g:J > K ,saocho
f(h = J. Taky hiéu ( theo mot cach lam dung) go /@ J 4K
x> g(f(x)

Néu fkha vi tai a va g kha vi tai f{a) , thi go fKh3 vi tai u va

(g2 /) (@) = gRa)f (@) -
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Chitng minh:
Dat g ladnh xaxdcdinhtréen (he R ;a+he ]} bdi:
J(a+h)— f(a)

g(h) = h
0 néu h=90

- f'(a) néu h=z0

Ta cé:
{Vhe R,a+hel = f(a+h)= f(a)+hf (a) +he(h)

£ (h)W)O

Cling vdy ,dat gy ld dnh xaxdcdinh tréen {keR ; fla)+ k  J) bdi :
g(/(a)+k)—g(f(a))

Ez(ll'): k
0 nén £ = 0

-2'(f(@) nén k=0

Vay tacd:
{Vk eR., f(@+ked = g(fla)+k)= g(f(a) +kg'(f(a)) +key (k)
&y (k) _T—TO
VéimotheR saochoa+h e /,tacé:
(g0 f Xa+hy=g(fla+ h)=g(fa) + hf (a) + hey(h)

= g(f@)y + (f '(@) + hey (W) (@) + (W ‘(@) + he(m)eyhf (@) +
he(hy)

=g(f(a)) + hf '(a)g'(a)) + hath)
trong d6 ¢ dugc xdc dinh boi:  ah) = (Mg'(f(a)) + ( (@) + (M) sl ‘(a) +
hey(h)).
Vi E](h) W 0wvd 62(’() T—T 0, nénta suy ra ah) ﬂ—)o biéu nhy
din dén:

o h)- e
(g f)(a+}3 CAFPIC) — ["(@)g'(f (@),

Ta d3 dién dat tinh kha vi clia f vA g b&i su t6n tai cha cic dang khai trién hitu han
dén cdp 1 va hop c4c khai trién 4y ( xem Tap 2,8.3.4 ). |

¢ |Dinhly3 («Paoham ham ngugce»)
Choael,f:I > Rlamot4nh xa don diéu nghiém ngat va lién tuc
trén 7 , khia vi tai @ va f'(a) # 0. Khi d6 ham ngugc cha f la

£V D > R khavi tai fla) va : (f'l)’(f(a))z—l—.
f(a

145
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Chuong 5 Bao ham

O day ta d3 déng nhit ( mot cach lam dung ) f:7 — R véi thu hep cia né:

Fi1— £ f thue rachidnh xanguoe 7' f)) > 1.
X f(x)

Chitng minh:
Theo 4.3.3 , Dinh |y, A1) 12 mét khodng cia R, ]7 21 > f(I) 1a song dnh va ham
x> f(x)
nguoc f_l cia 16 a ham don diéu nghiém ngat, cdng chiéu véi f, hén tuc trén f7).
Vai moi y thude fF) — {f{a)} ta co :
[o-su@y o fT)-a
y=f@ s on-f@

Vi fkhivitgiavifi@=0vavi £ ()

W-a)—)a , nén bang cic phép hop

céc g6t han ta duge :

fG)-a L
U N~ flay 2@ f@)
Diéu nay ching (3 f ™" kha vitai flajva  (f ) (f(a))= 7-'(—) =
. a

Nhdn xét -
1} Ta gilt nguyén cic gia thiét cua dinh ly trén.

y Trong mét hé quy chiéu truc chudn , cic
dudng cong C; va C/-' déi ximg véi
nhau qua dudng phan giic thi nhit B .
a Cic tiép tuyén tai A(g, fla)) cha C, va
A'(fla), a) cha Cf.| d6i xung qua By.
fla)
ol.”
fla)y a x

2) Néu biét ring f‘I kha vi tai fa) , thi ta cé thé tim dugc gia tri cla (f_l)'(f(u)f
bing cich chi y ring ' = f=1d;, tx d6 (f~' = f(a)=1, nphiala
(R @) = 1.

3) Theo nhan xét 2) trén day , néu f don diéu nghiém ngat vi lién tuc trén /, kh:
vi taiavaf'(a)=0, th‘lf_l khong kha vi tai fa). Chinh xdc hon, ué lai

1y -t
chiing minh dinh 1y trén t thay rang 10— (F(@)

>+ trong
y=f(a) v f(a)

truang hop f tang nghiém ngat.
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Trong trudng hop ndy, 4&p tuyén tai A'(f(a),a) véi Cj._| t6n tai va song song Vvéi (v'y).

C - R
Jl
/ /B
A’
fla) _

A

y

Bai tap

¢ 513 nho! lamotkhoingcia R ,a el .f.¢g:7 = R déukha vi tai a. Hay im
- fog@) - f(myg(x)
lim -

X=>a x-a

5.1.3 Anhxa dao ham

Phidn 16n cdc khéi niém va tinh chét clia § nay c6 thé md réng cho tnudng hop
nhing ham x4c dinh trén mo6t hgp hitu han nhilng khoang md khéng giao
nhau timg do6i mot.

¢ Dinhnghfa Chofe K. Ta goi dnhxa c6 gia tri bing /' (x) tai mbi
x € 1, sao chof’(x) t6n tai, 1a anh xa dao ham ctia f.
Vay thi Def(f')={x e [,f khdvitaix },vaf': Def(f")>K
x> fi(x)
Ta néi f kha vi trén I néu va chi néu Def(f') = 1.

Ta c6 thé k¢ hiéu D, f, hay % thay chof*,va %(j(x)) thay cho f'(x).

11-GTT-T1
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VI DU:
) f:R=>R, " *R->R.
x> x? X6 2x
2) /i R>R., f':R*;)R
’HM xr—»{] néu x>0
-1néu x <0
3 1[0 R . [0 —»R
x - x(1-x) X 1-2x

binh ly sau day suy ra mot cich dé dang ty Binh 1y 1, 5.1.2.

¢ | Dinhly1 Cho 2 ¢ K ,f,g:7 5K déukhavitren/.Khi dé:
I) f+g khavitrenIva(f+g) =f' + ¢
2)Af khavitrenl va (AfY = Af'
3) fe khavitrenIva (f) =f'¢ + f&

L1 . AR g
4) N&u (Vxel, g(x)#0) tm;khéwtrénlva [E] =—-

2
g

N> d] _ 1
5) Nél.l (vx €l ’ g(x) ¥ 0) thi i khé vi trén / va i = —/ g fg
8 g g 2

Nhan xér: Mot phép quy nap don gidn chung 6 ring:
Néun e N* vanfufy,...f, : I —> K déukhdvitrén/,

thi nfk khévitrénlvh[nfk] =zfl---fk—|f'k Fretofn -
k=1

k==1 k=1

Vidu: (Whfy) = hfhh + WRf + WA

¢ |Héqud Chof: 7 » C . Cic tinh chit sau day tvong duong vdi
nhau ting doi mot :

() f khdvitren /.

Gi) f khavitren/.

(iii) Re fva lm fkha vi trén 1.

Hon nita n&u f'kha vi trén 7, thi :

(Y= . Ref)=Re(f') , (Imf)y=Im(f").
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¢ |Dinhly2 Cho/vaJlahaikhoingcua R,f:] >R,/ > K
sao cho f(if) cJ . Ta ky hiéu (m6t cach lam dung) g=f: I > R

x = g(f(x)
Neéu f kha vi trén / va g kha vi trén f(1) ,thi gef kha vitrén / va :
&N = (g<Nf"
Chitng minh: Suy truc tiép tir Binh 1y 2, 5.1.2. | ]

Nhgn vér: Ta thu dugc ket qua twong tu d6i véi phép hop nhiéu 4nh xa kha vi; ching
han : hogof) =(WogoPN(g-0f".

Pao ham cua cic ham s6 thang thudng
1) Cho ne N vaf: R->R.Vdimoi(a, h) e RxR tacé:

xH X"

Lar W= 1@ 1,y - on )= LS chartpk
h h ha

n-1
_ 1+ n—1-141 ! _n-1 _ -1
=>Cha W ———>Cpa =na"".
=0
Vayf khavienR va: Vxe R ,f'(x) = nd" "\,
2) ChoneZ’ vag: R*>R .TheoS5.1.3dinh1y 1,4), ¢khavi
x > x"
tréen R* va:
. —hl
(=n)x _— .
(X—n)Z
3) Choge N* va o R, >R, .
i

Vx e R¥ g'(x)=-

x> x1?

Anh xa ¢ ladnhxangwocciaf: R, - R, .
yo yf

Vi ftang nghiém ngat va lién tuc trén R_, vado f kha vi tren R, va
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(Vy € RS, /' =gy #0), nén theo Dinh Iy 3, 5.1.2, pkha vi tren R |
va:

Vx ER:_, P'(x) =

x‘l

Wé(;)S:Wq

- 14

Honnira, VA € R, M=h" ——————+o néu g 2 2.
h _ h=0

Viy néu ¢ > 2, thi ¢ khong kha vi tai 0.

Ching han : Vo R ; - R khong kha vi tai O.

xsx
4) V6imoi(a, h) e RxR":
sm(a+h)—-sina . cosh—1 sinh
=sma + cosa
h h h
sin A
Tacong nhan rdng: ————— 1 (xem Tap 2, 82.3).
h h—0
| )
cosh—1 2smn 2 h sin 5
Do d6 =~ =—-— 0.
A h 2 }_1‘ h—0
2 .
sin(a +h) —sina . . .,
Vi vay —»cosa . Vay sin kha vi tren R va sin’ = cos.

h h—0
Tuong tu, ta chitng minh ring cos kha vi tren R vd cos' = —sin. ( Ta cé thé
chi ¢ ring : Vx € R, cosx = sin(x + %) va 4p dung dinh 1Y dao ham cia
ham hop, Dinh 1y 2).

5) tankhdviten R - {% +nr;nel) va:

. sin ) sin'cos—sincos' cos’+sin’ 1 2
tan' = | — | = = 3 = 7= l+tan”.
cos cos? cos cos
Tuong tu, cotankhd vitren R — (nn, ne Z} va:
' 1 2
cotan'= ———=—(1 + cotan ).

sin 2
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6) Chiing 1a s& thdy dudi day (Tap 2, 7.4 ) ring ham s8 mi e* kha vi trén
R va c6 dao ham 13 chinh né. Chiing ta ciing s& thdy dudi day ( Tap 2, 7.1)

ring himin: R >R khivitrenR} vavxe R} , Inx= L
x> inx : X
Pao ham logarit

Chiing ta s€ thdy trong Tap 2, 7.4 , dinh nghia va sy khdo st cdc ham lay
thra x b x", ¢ R.

Néu f c6 dang tich clia cdc nhan tit v6i cic s6 mi c6 dinh, ching han :

f=u"w' ( trong d6 (a, B, p) € R} , 4, v, w |2 nhitng 4nh xa kha vi trén / va
c6 gi4 tri duong) , thi ta c6 thé xét dao ham logarit cda f . nghia la dao ham
chalno f:

r

7:(ln°f)'=(alnu+ﬂ1nv+}/1nw)‘:ai+/3y_+7
u v

w'

w

5.1.4 Cac dao ham cap cao
Ky hiéu O chif.

¢+ PDPinhnghia Chodnhxaf:7/— K .

Ta dinh nghia cdc dao ham cip cao clia f 14n 14n ( nghia la theo quy
nap) bdi (véimoine N" ):

e Véiael,f™a),néutdn tai , 1a dao hﬂmcﬁaf”'l’tgi a.

e ™13 4nh xa dao ham ca f" V.

Ta goi s6 thuc f™(a) 12 dao ham c4p » cia ftai a.

Ta goi 4nh xa x  f™(x) 12 4nh xa dao ham cip n cia f.

‘l:a nGi fkha vi n 1an trén 7 khi va chi khi /™ x4c dinh trén /.

Tanéi f kha vi vo han 14n trén J khi vA chi khi fkhé vi n i4n trén / v6i

moi n € N.
n dﬂ
Ta c6 thé ky hiéu 4/ (a) thay cho f"(a), A thay cho f™ .
dx” dx”
Nhdn xét:

Iy Y=gy fd=fi i c6thé ky hieulaf*.

2) Néufkhavinldntrén /, thi v6imoi p € N saocho p < n . fkha vip lan
trén 7 , v v6i moi (p, ¢) € N2 saochop+g<n, tacé: ((P)¥=fe*?.

3) Cic tap xic dinh ciaf, f*, f", ... c6 thé khic nhau.

-
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4) Sut6n tai cha f™(a) duong nhién ddi hdi 1a £ " x4c dinh trén giao cia /
va mdt khoang md khéng réng ¢6 trung diém A 4 .

¢| Pinhly Cho AeK ,neN" f,gl K khivinlintren]
thé thi :

1) (f+g khavi nlintrenIva (f+ )" =" +g".
2) Af Xhavinlinten7va (AN = 7.

n
3) fg khavinldnwen]va: (fg)™ :Zcf‘,f‘“‘)g(”"‘)
k=0
(cong thitc Leibruz)

4) Néu (Vx e !, g(»)=0), thi i kha vi nldn tren 1.
b4

Chang minh:

7} va 2) duge chimg minh dé€ dang bing quy nap.

3) Quy nap theo n:

Trudmg hop n = 1 di duge chimg minh (5. 1.3, Dinh Iy 1, 3)). Gia sir tinh cht da
diing v6i nva fg: I - K khd vi (n + 1) 14n trén / . Theo gia thi€t quy nap, fg kha vi

n
n lan trén / va : (fg)(") = zczf(k)g("'k) . Vi ()™ 12 téng ctia nhimg tich
k=0
nhitng 4nh xa kha vi trén 7, nén né kha vi trén J va

n n
k - n—k
[(fg (n)) [ZC FU0 gl k)] Zcﬁf(kﬂ)g(n K, Zcf.f“‘)g(' +1)

k=0 k=0

n+1 n
- ! - 1-k
- zcln lf( )g(n+l 1) + ZCﬁf(k)g(H )
I=1 k=0
(thay chi s6 ! =k + 1 trong téng thy nhét)

nﬂlll 1-1 n+1k(k)(lk

-1 . +1- - n+l-

= Y DD Ly pRgt e
=0 k=0

(vi C;'=0wvac™=0)

n+l

n+l
k-1 k -k k -(k -k
_ Z(Cn +C{‘,)/( gk 2§k | (k) glnttok

k=0 k=0
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4) Quy nap theo .
Truong hop n =1 d3 duoc chimg minh ( 5.1.3 , Binh Iy 1.5)).
Gia sir tinh chdt dd ding véin vd f, g: ] > K kha vi (n+1) 14n trén/ sao cho

(Vxel,gx #0).Tadaco L khd vi trén J va (-f—] :M. Vif,f' g &
g g gz
kha vi 1 l4n wén 7 nénf'g — fy' va ¢’ ciing the (xem 3) trén day); theo gia thiét quy
nap thi Q}'& kha vi n 14n trén 7, vay cudi ciing i khavi(n+ ) ldntren/. =
g £

n
Chu ¥ riang khéng c6 cong thic " don gian " cho [—-] ;
4

Bai tap
0 514 Vel n € N hiy x4c dinh dao ham cfp n cla
a) f: R-R
x> (m:3+):2+))«e_"t
b) S -t >R
wis — X

(=12 (x41)
0 515 Gust neN‘vaf,: ]—1;+ao[—>R

" In(1+x)

Chimg minh ting f, kha vi n 1dn trén -1 ; + | va:

n
Vxel-1i+xe [, fiM(x)=n+)) 4
k};l(l+x)k

0 5.1.8 Chimg minh rang Arctan khi vi vo han lin trén R vavér mgi (n.x) e N xR °,:
0\l PRV LY
Q) (”nl)ﬂn[

A +x%)2

(Am tan)(")(x) = nArc tan i] .

X
0 547 Giasi: £} R‘
x>
1—x?
a) Ching minh ring fKkhi vi v6 han trén }-1, 1{ va v6i moi n € N, t6n tai mot da thitc
£, thude R (X7 sao cho:
Fa(®)

t
hY7

vrel-Gi . S =
a-xh

Chimgrunh: VYne N (P, =1 =X, +2n+ HXP,

by aj Chimg nunhi tang : Ve e -1 1, (1 —x:)f‘(,\') —xflxy=0.
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p) Suyraring . veimoine N* : P, -(2n+1)XP, -n*(1-X)P,_, =0.
y Qéngminh: Yne N | P =n'P, .

8} Suy rarang, v6i moi n thusc N - [0.1} : 712P,| —@n-1)XP', - - XZ)P"" =0.
¢) Tinh P(0) v6imoin e N.

5.1.5 Lop cua mot ham
¢ Dinhnghia1 Chofe K’
1) Chon e N. Tanéifthugc ldp C " trén ] khi va chi khi:
f khavinldntrén I
{f"“ lientuctren 1

2) Tandif thuge kdp C ™ trén 7 khi va chi khi f kha vi v6 han ldn
trén /.

Véi n € N U {+oo}, ta ky hieu C"(/, K) 12 14p hop cdc 4nh xa tir J vio K
thuc 16p C”.

Nhdn xét .

1) fe C°U.K) khi va chi khi flién tuc wen /.

2) Véimoi (p, me(N U {-4-09})2 sao cho p < n, tacé: C* (I,K)> C" (/,K).

3) Mot dnh xaf: 7 >K c6 thé kha vi n 14n trén /, nlamg khong thuoce 16p C” trén
LVidu f: RoR kha vi trén R nhung khéng thuée 16p C' tren R
.!r"ﬂinl nfu x£0
o néu x=0
(xem bai tap 5.1.10).

4) Ta cé thé chimg minh (dinh ly Darboux, vi du 5.2.11) ring, né€u f kha vi trén
khodng 7, thi f*(7) 12 mot khoang thuéc R ma f* khong nhét thi&t lien tuc.

5) Ta s& thdy & duéi day (5.2.2 He qua) rang v6i mot s6 gia thiét nhat dinh, ncu
S ¢6 gi6i han hint han tai a, thi £ lién tyc tai a.

x b

¢| Pinhly1 Cho2e K, neNu (+o},f g ] — K déu thuoe 16p C”
trén /. Khi d6:

1) f+g thuoc 16p C” trén J

2) Af thuoc16p C" trén |

3) fe thuoc 16p C" trén [

4) Néu (Vx e I, g(x) # 0) thi i thuoc 16p C" trén 1.
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Chitng minh:  Suy ra d& dang tr 5.1.4, Dinh ly, va phép chimg minh cha dinh 1y d6.
Nhu vay C” (1, K) 13 mét dai s6 con ¢6 don vi clia K. n

¢ | Pinhly2 Chone Nu {+o},/,J1a hai khodng cia R, £ I - R,
g:J->K, sao cho f{il) < J. Ta ky hiéu, moOt cAch lam dung,
ge f:I-X

x ks g(f(x))

NE&u fva g thude 16p C" thi go f thude Vap C” trén 1.

C hitng minh.: Quy nap theo n.

Trudng hgp n = | da duge chimg minh (5.1.3, Dinb 1y 2). Gid sit tinh chdt da dving
vai n va f (tuong ung: g) thudc 16p ™" tren I (twong 1ing: J). Ta d3 bi€t rang go f
kha vi wén 7 va {go f)'=(g'f)/" (xem 5.1.3, Dinh 1y 2). Vi fva g' thuoc 16p ",
gia thiét quy nap chitmg t6 g'ef thube 16p C". Vi g'sf vaf’ thuée 16p C”, dinh 1y
trén day chiimg 13 ring {g'= £ )f* thuoc 16p C". Vay go f thuée 16p C**'.

Trudng hop n = +a duge suy ra tir k&t qua J trén:

c*” c”
{fe - :[VneN,{fE "]:(VneN,gofeC"):gofeCm. [ |
geC geC

¢ Dinhnghfa2 Choa,beRsaochoa<b,f ja;b] > K,ne N.Ta
ndi f thudc 16p C” timg khiic trén [a, b} khi va chi khi: t6n tai p € N¥,
(ao,..ap)eR"“ sao cho:

s g=a; < a <. <ap=b

e Véimoi/ e (0,.,p-1) thuhep f}]a [ ¢6 thic tridn trén

138y 41

la,; a;, (1 thudc 16p C” trén [a;; ay, .

Vi DU:
1) f [—l;]]—) R (xem 4.1.4, Vi du 3) lién tuc trén {-1; 1] va thudc 16p C”
r - d(x.Z}
timg khic v6i moi n € N.
2 £ 1]—>R (xem 5.1.1, Vi du) thuéc 16p C' ren [~1: 1] va

xInéu xe l)
0" adu xe 1

thuodc 16p ct fimg kKhuc trén [-1; 1],
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Bai tap
0 518 hollamotkhoingcuaRvafe R[.

a) Chung minh rang fkha vi trén 7 khi va chi khi thu hiep clia ftrén doan [a: b] bat ky
ctia 7 1a kha vi trén [a; b).

b) Chon e N. Chwmg mnh réang f thude 16p C” trén / kb va chi ki thu hep cla f rén
doan [a; b] bat ky ctia I thuge 16p C weén .

0 519 oP. Qe RXjsaochoanhxaf: R >R thude 16p C”* trén R,

P(x) nén x<0
x = {Q(x) néu x>0

Chimg munh: P = Q.

0 5.1.10 Khdo sit tinh hén tue, tinh kha vi, tinh hién tuc cha dao harn d6i véi cac anh xa

Jz: R>R ae{p123}).
a1
= néu x20
X X Slnx néu x#
0 néu x=0

0 5.1.11 Chof. g R — Rdéuthuse 16p C” ren R va i R — R xic dinh boi:

S(x) néu g(x)z0
Yxe R, hx) =

SO+ (g(x))3 név g{x) <h
Chimg minh rang h thube 6p ctuwenR.

0 5112 ChoneNuU (+x}, J1amst khoang cia R, p e N*, f..f, € " (. R). V&i mon

ke (1,.p}. taky hitu Z¢) = {x € I fi(x) = 0). Ching nunh rang hai tinh chat sau la tuong
duong:

4
® [(Z(e)=2
k=1

() 3y € k"(l,R)]P,iukfk =1.

k=1
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5.1.6 Viphan
¢ Dinhnghia Choa e/, fe K’ Tagia thiét fkha vi tai a.

Ta goi 4nh xa, ky hiéu lad_f, xdc dinh bdi d f: R > R 12 vi phan
h— f(h
cua ftai a.

Viy vi phan clia f'tai a 1a mot anh xa tuyén tinh.
Tontaimotanhxa £: (he R;a+ h eI} = K sao cho:
{vm‘ moi /1 thudc R sao choa+hel: f(a+h) = f(a)+(d, ) (h) + he(h)

Nhan xét:

1) Mot dnh xa f: 7 — K kha wi tai 2 khi va chi khi 6n tai mét €6 thuc A va mot
dnh xa & / — K sao cho:

Véimoi AthudcR saochoa+he 7 tacd: fla+h)= f(a)+ Ah+he(h)
£(h)ﬁ)0 vakhi d6 4 = f'(a).

2) Véimoia e R, d,(Idg): R >R . Mot cich lam dung, ta ky hiéu x 13 4nh xa
h—h

déng nhdt x: R - R . Khi dé, ta ¢6 véi moi athudc R: dxx R > R

X x h h

Vi dnh xa dx (d6ng nhdt tren R) khang phu thudc a nén ta ky hiéu né 1a dx:

dx: R >R
hi>h

Cho £ I — R 12 m4t 4nh xa kha vi tai . Khi d6 ta cé:

Vh e R, (d NH(hy =f (a)h =f(a)dx(h), W d6 c6 ky hien d, f=f"(a)dx.

Dai khi ngudi ta bd a trong d, f vA mét cich lam dung, thay a bai x trong f *(a) dé c6
biéu thitc c6 dong hom: df = f *(x)dx; diéu ndy cho thdy lai quan h¢ (*(x)= % . diéu

d »
d6 ly giéi cho céch viét Ef aé chi f°(x).

M¢nh dé sau day suy ngay tir 5.1.3, Pinh 1y 1.
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¢ Ménhdé Choiael,2eK, f, g/ —>Kkhavitaia

Khi d6:
1) d(f+g)=d,f+d.g
2) d,(ANH=4d,f

3) d,(fe) =flayd,g + gla)d,f

4) da[i] 3 (g(a)d,f - f(a)d,g) n€ugia thit g(a) =0 .
&) (ga)

5.2 Dinh ly Rolle, dinh ly sé gia hiru han

5.2.1 Dinhly Rolle
¢ | Pinhly (Pinh ly Rolle)
Cho (a, b) € R*sao cho a < b, f: [a; b] — R 13 mot 4nh xa.

S liéntuctrén [a;b]
Néu: £ khivitren Ja; b[ |, th téntai c€la; b[ saocho: f'(c)=0.
f(@)=f(b)

Chitng minh:
Vi flién tuc trén doan [a; b] nén fbi chan va dat 161 cdc bien (xem 4.3 .4, Dinh ly).
it m= I[xf S . M= Sup f(x).

xe

xe|ah
Néu m = M thi f khong d8i, va do A6 Vx € Ja: b, f’(x)=0.
Gia st m < M; Vi f(a) = f(b) nén khong thé c6 déng thdi M = f(a) vd m = f(a), v ta c6
thd quy ching han vé trudng hop M # f(a).
Vi f dat gid iri M nén t6n tai ¢ € )a; bl sao cho M = f(c).

_ - -
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Cho h € R* sao cho:
c+h e fa; b).

‘ ) Né&u £ > 0 thi:
y=rx) c+h>c
fla} = f(b) \1

fle+M <M = f(c)’

do d6 Mgo‘
(0] a c b x h
[ Néw A < 0 thi
h -
ctn<c ‘dodé M20.
S+ <M = f(o) h
Vi fkha vi tai 0 nén khi cho A ti€n t6i O ta duge: £°(c) 0 va f7(c) 2 0. cubi ciing 12
f'(c)=0. [ ]

Nhdn xét:

1) K&t luin cia dinh 1y Rolle ¢6 thé duge biéu dién bang d6 thi nhu sau: 16n tai
mét diém trén dudng cong C,biéu dién £, c6 hodnh do thude Ja; b, tai d6 ti€p tuyén
song song vdi (x’x).

2) C6 thé c6 nhiéu diém ¢ nhv trén.

3) Dodnhxa Jo; > o; B[ 1A song 4nh nén ket luan cia dinh 1§ Rolle ¢6
8 > a+f(b—a)

thé viet A 30 € 10; 1[,f* (a+ &b - a)) = 0.

Bai tap

0 8521 Choa b)e R sao choa < b, f: [a: b] = R lién tuc trén (a: b], kha vi bén pha1 va
bén trai tai moi diém cla [a: b), va sao cho fla) = fib).
Chiing minh ring 3c € 1g; 5{ , [0 ; a.

0 5.2.2 Cho/lamodt khoang cea R, (n, &k, 1) € N’saocho0<i<kva0s!<n,

J I >R khavinldn wen I Gid s f 6 it nhat k khong diém trong . Chimg minh réng
F® c6 it nhat (k - I) khong diém trong .

0 523 Cho(a,b)e R? s30 cho a <b, £ g la: b > R lién tuc tren (a: b], kha v1 trén
]a: b{. Chimg minh ring t8n tai ¢ € Ja; bl sao cho: (Rb) — Ra))g'(¢) = (g(b) — g(a))f (o).

0 5.2.4 Cho /13 mot khokng md ciia R, (a, b) € I saocho a < b, f: I — R kha vi trén /.
Gia sit fla) = f(b) = 0, f '(a) > O, f°(b) > 0. Chimg minh rang tén tai ¢, ¢4, 3 € & bf sa0
cho:

€1 <y <0y fex) =0, fiey) =f(c3) =0.
0 5.2.5 Cha(a.b) e R%saochoa<h, f:[a; b — R kha vi sao cho £ *(a) = £ *(b).
Ching minh ring t6n tai ¢ € )a; bl sao cho: f(c) - f(a) = f'(¢)(c ~a).
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5.2.2 PDinh ly so gia hitu han
¢ | Dinhly (Pinh ly so gia hitu han)

Cho (a, b) € R%sao choa < b, f : [a; b] — R 13 mot 4nh xa. Ncu flien
tuc trén [a; b] va kha vi trén ]a; b|, thi tén tai ¢ € ]a; b[ sao cho:

J&) = flay=(b —a) ().

Ching minh:
Xét ¢ [a: b] = R xdc dinh bai:

J-f@

Vx € [a; b), @x)= f(x)-
b-a

RO rang 1a g lién tuc trén [a: b], kha v trén ]a; bf, va (b)) = () (Vi Xb) -~ @a) =

f(b)—f(a)—M(b—a)=()).
b—a
¥ Ap dung dinh 1§ Rolle d&i véi ¢ tren
[ [a; b] , ta suy ra 16n tai phén tir ¢ € Ja; bl
f:;) B sao cho @'(¢) =0, nghia 12
by —
C, f'(c):f() f(a)‘ -
b-a
f{a) A
e, Keét luan cia dinh 1y 6 gia hitu han duoc
bidu dién d6 thi nhy sau: t6n tai mot diém
o| a c b x trén duding cong biéu dién f c6 hoanh do

thuoc la: b, ma ti€p tuyén tai d6 song
song v6i dudng thing (AB), trong dé
Alag, f(a)), B(b, f(b)) .

¢ | Hé qua (« Pinh Iy giéi han cua dao ham »)

o
Cho x, € R, 7 1a mot khodng cia R sao cho x € 1, f: I > R1amot anh
Xa.
S lién tyc tai x
Neu < f khavitren/ -{xy}
f' ¢6giGihan hitu hanla/ tai x,

thi £ khi vi tai tai x, VA £ (xp) =, va do d6 £ lién tuc tai x,,.
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Chimg minh.

Cho £> 0. Vif'(x) —T)l ., nén tén tai 1> 0 sao cho:
- -

Viel-[x), (f—xp|<n=|/'()-l<e).
Cho x & I - {x,) sa0 cho |x—xg| < 7. Dinh ly s6 gia hitu han 4p dung duoc cho thu

hep cia f trén khodng déng c6 mut ta x, va x; nhy vy ton tai ¢, (phu thude x) sao
cho:

llex =xo| < |x—xq| <1
|- i) = (- x0) (o)

Tir 44 M—I‘:]f'(c,)-q < e,
X — Xp

Ta da chimg minh ring:

v;>0,3n>0“v’xel—{.\‘(,},[|x—x0|Sr) ES ‘Lﬂxo)—l

X—Xp

J

nghia la: fkba vi taia, VA f'(x) = 1. u
Nhin xér:

1) Tacé dinh |y tuong tu d6i véi dao ham trdi hodc phai. Vi du:

£ la; Bl > R lién tuc tai a.
Néu < f kha vi teén |a; b|
f ¢6 gidi han hiu han 1a/tai ¢

thi f khd vi phai tai a va f,'(ay = 1.

2) Bang cdch chimg minh tuong ty nhu trén, ta cing ¢6:

J lién tuc tai xg
Néu 4 f khavitren /-{xy} . thi S~ ftxo) — 5+
x_xo e 3 )
(tuong Ing: —ao)

f (X)Txo)‘f'w (tuong ung: ‘—d))

3) Trong He qui khong thé bd di gia thiét « flién tuc tai x, ». Diéu 46 duogc chi
ratrong vidusau: /=R, x5 =0, f: >R

{ nén x=0
e {0 néu x=0

¢| Ménhdé Chof:7 — Rkhavitrénl/
Dé 1 1a Lipschitz trén /, diéu kién cdn va du laf’ bi chan trén /.
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Chiing minh:

1) Gia sttf’ bi chan trén 7 va, ching han, cho (x, x,) € I* sao cho Xy <x3. Theo
dinh 1y s6 gia hifu han 4p dung vao f trén [x,; x,], tén tai ¢ € ]x;; x,[ sao cha:

f(xg) = fxp) = (= x i (o)

T d6: |f(x3)~ f(x)| =]/ ©)}xy — x| <[ S| (x2 —x)). vA do d6 f c6 tinh chat
I71, - Lipschitz .

2) Nguoc lai, gia sit /12 Lipschitz, ton tai k € R, sao cho:

Vxy,x) € Iy [fx) = flxyp) S Ay = xy.

Chox, e Ivahe R*saochox,+ hel tach:

h) ~
| F(xo +h) f(Xaﬂsk_
h

Vi fkha vi tai x, theo gia thiét, nén khi chuyén qua gi6i han khi h tién té 0, ta suy ra
| /' (xg)| <k . Vay £ bichan tren . [
Nhdn xét:

1) Véi céc gia thi€t cha ménh dé, ta da duoc:
f(Xz)—f(Xl)

527N

Sup

(XX )el? Xy X,

= Sup|f*"(x)] -

xel

2) Meénh dé tren c6 ich trong viec khao sat cic diy thuc thudc loai u,, . = f(u,)
(Xem 3.4.3).

Vi DU:
Choff RS R

2x2 43x-1

il

R4 rang 12 fkha vi trén R vA moét phép tinh so c4p cho thay:

X

+1

—4x> —9x% +4x> =3x? +6x +3

(x4 +x? +1)2

Véi x € R, ta dat t = Max(1, lxl). Ta c6 véi moi x thuoe R:

vxeR, f'(x)=

‘-4;5 —ox* pax3 o352 +61+3‘ <293
o +xr >t +n2 248
1 d6 ]f'(x)]s-2~39—529.
t

Theo ménh dé trén, fcé tinh Lipschitz.
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Bai tap
0 5.2.6 Binh ly sé gia hirw han suy rong
Cho (a4, b) € R? sao cho a < h.f. g fa; bl = R lién wic teén |a; A) va kha vi trén |a; b sao
cho Vx & |u: b, g'(x)# 0. Chimg minh riing 18n tai ¢ € Ju; bl sao cho:
J(b) - f(a) _ L) _
g(b)-gla) g'(c)
0 5.2.7 Quy tic L'Hospital (Lopitan)

Cho vy € R, /12 mét khoang thuoe R sao cho x, € ; Sog > Rlien e tai xg va kha vi
trén I — {xg) sao0 cho:

Vxel-{x}. g'(x)#0

L

2'(x) x—>x),

leR

J(x)= f(xp)
gix)—-g(xy) 7%

Chimg minh ring > ! (sU dung bai tap 5.2.6).

Ung dung:  Gia si7 3 biét dao him coa céc hiam s6 luong gidc, hay ching minh rAng:

sinx .1 l-cosx .1 x-sinx .

1
x x-0 ¥2 —0 2 e >0 6

0 5.2.8* Chof: |0; +of — R kha vi trén 0; +o¢] suo chof* ¢6 gidi han hitu han [ tai +oc.

Chimg minh ring paLs) —

oz
X =+

0 529 ChoheR.f:|-hhl— R thusclépC’.

Chimg minh rang tén tai ¢ € }-h; k] sao cho:
h . 1
SO = fi=h) = S =M+ 4O+ ()= ook ).

0 5210 Cho(a: b)) e R” s20 cho « < b, f: {a: b} - R lién tyc (rén («; h, khd w1 uén
l; B} , c6 thé trir ra moOl s6 hifu han n (n € N) diém. Ching minh ring t6n tai
N+l
(@y....a,, ) € R sav cho Za, =1, VA (el ) E (]u; i‘)D('JrI sao cho
i=1 .

a < (] <..<Cyy <h, thoid man:

n+l
fb) - fla) = [Za;f‘(v,- )J(b -a).

1=l
0 5.2.11* Pinh ly Darboux

Cho 7 12 mét khoang cia R. f: / = R kha vi trén /. Chimg minh ring £ '(/) 12 mdt khoang
cla R,

0 5212 Cho(u h)e R2 sao cho u < h, f: |a; b| = R kha vi trén la; b{ vi sao cho:

lim f = lim f = +o0.
a” b

Chimg minh rang f '( |¢; bl ) = R ( sirdung dinh Iy Darboux, bai tap 5.2.11).

12-G1T-T1
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0 8.213*Cho(u.h.c,d) e 1{4 swochou<ch<o<dvaf la.d] - REhaviiren la: df
Chdng munh ring t8n ta1 (1, v) € Juz ¢f x |bt d| sa0 cho
(<
O =flay=(—=mf () .
fldy= fthy=1d=h)f(v)

(Sir dung dinh ly Dacboux. bai tap 5.2.11).

5.3 Subién thién cua ham

5.3.1 Khao sat tinh don diéu coa ham kha vi
¢ | Ménh de
f:I—>Rliéntuctrén?

)
Néu < f khaviten/ ,thi f khéng d6i trén /.

o
Vxel, f'(x)=0

Cluing minh:

Cho (xy, x3) € 1 sa0 cho X} < x3. Theo dinh ly 548 gia hiw han (4p dung vao ftrén
[x,; x2], ton 1ai ¢ € |xy; x;] sao cho:

S = fle))=(xy —x ) f () =0. L
Nhan vét:
K&t qua trén vin ding trong truding hop téng quit han f / — C ( xét Re fva Im ).
[s]
¢ | Binhly1 chof:/— Rlién tuc trén J, kha vi trén 1. Dé fting trén /
]
thi didu kiéncan vada la: Va e 7,f°(v)20. ©
Chimg minh:
1) Giasirflang trén /.

S+ =fx)

o
Chox,e /;véimoi h € R* sao cho s, + h € ], 1a ¢6: P

Chuyén qua gidi han khi /1 tién tdi O ta suy ra f '(v,) 2 0.



5.2 Binh ly Rolle, dinh ly s& gia hitru han

o
2) Nguoc lai, gidso: Vv e/, f7(v)20. Cho (v, 1) € 1* swo cho ) <o Ap
dung dinh Iy s8 gia hitu han vao firén |v): vy, ta thdy t8n tai ¢ € |v); 15| sa0 cho:
f(\z) - ﬂ\'l) = (.\'2 — A |)f‘((-') > (]

Vay ftang trén /. | |
Nhan vér. Khi khdo sdt —f thay cho £, ta thu duge dinh Iy tuong 1w nhar dinh Iy trén
bang cdch thay:

1ang boi giam

20 boi <0

o
¢| Dinhly2 Chof:7—> R liéntuctrén/ kha vitrén /. DE f tang
nghiém ngat, diéu kién can va du la:

Vel f(x)20

o
Hxel, f'(x)=0] khong chira bat ky mot khodng cé phin
trong khong rdng ndo.

Chnmyg minh:
/) Gia st fang nghiém ngil rén /. Theo dinh 1y 112 43 ¢6:

o
Vee I, f'(x)=20.

(o]
Ta l4p ludn bing phan ching: Gia sir {v € [, f'(x) =0} chita mét khodng cé phén

o -
trong kKhong réng. Khido tén tai ¢ € {xv e [, f'(x) =0} vd &> 0sao cho

[s)
le—age+al < {vel f'(x)=0}.
Diéu niy cénghiala Yy e k—a: c+af, f(x)=0.
Theo Ménh dé trong 5.3.1, fkhéng d8i trén }—a:c+al, do dé khéng tang nghiem
ngat trén /, mau thuldn véi gia thiet.
Ta két ludn (2 {x € ?,f‘(.r) = 0} khong chita bat ky khoang nao ¢é phén trong khong
rong.
2) Nguac lai, gia s

Vxe?.f'(x)zo

o =
{xel, f'(x)=0} khong chia bdt k¥ khoang nao cé phdn trong khong rong
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Theo Dinh ly 1. ta thay ngay (A fiang trén /. Ta lap ludn phan ching: gid <& f khong
tang nghiém ngat trén /, nhu vay 100 tai (vy. xs) € I sa0 cho X) < vy VAl = ).
Vi ftang irén 7, nén ta ¢é:

Ty e vl A = flx),

o
Vi [xy,.0] € fx e [ f (x) =0}, trdi vai gia thict.
Vay flang nghiém ngat trén /. |

Nhan vét.

1) Trudng hop riéng. néu fkha vi wen 7 va néu (V€ [, f'(x) > 0) 1hi f1ang
nghiém ngac trén /.

2)  C6 thé xay ra truong hop: f kha vi trén /. ting nghiém ngac trén /. va f°
rict ticu it nhét tai mot diem thuoe /, vidu: f1 R 5 R,

[
Cic dinh Iy | va 2 duoc sir dung trong viéc khao st sy bién thién cia ham
$6. Cac két qua thudng duoc trinh bay trong mot bang, dugce goi 1a bang bién
thién cva f.
Chang han xét f: R.—>R | dnh xa f khd vi tren R, vd Vv e R,,
L}

vy
1+

2

I—v
Fy=—0

(l LR 2)2 ‘
S '-(-r) + EE -
fix) | /

Céc mili t&n, theo nguyén 1ac, chi su don diéu nghiém ngat.

I S

o | Dinhly3 Cho/lamotkhoing ciia R. fe R\ Néu fkha vi trén J va
néu (vxel. f'(x)>0) hoac (vxel, f'(x)<0),thi f: 7> f(/) lamot

x> x)

song dnh,
Anh xa nguoe f ™' (viét mot cich Jam dung 1a £ ') kha vi trén (1) var-

et

e
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Chimg minh:

Chéng han ta gid thiét: f ' > 0 (trudng hop £ < O dua vé tridng hop nay bing céch
xét - f). Theo dinh ly 2, f tang nghiém ngit. Ta cé thé 4ap dung dinh 1y 3 phdn 5.1.2
d€ suy ra ring 7' khi vi va bidu dién dao ham cha né. [ ]

Nhin xér:  Theo dinh ly Darboux (bal 14p 5.2.11) ta ¢6 thé thay gia thiét
(Vxel, f(x)>0) hay (Yr eI £(x) <0)bdi Y e 1, f'(x) # 0.

¢ Dinh nghia Chol, Jia hai khoingcia R, /i1 = J, n e N* U {+ o}
Ta néi f1a mot C"-vi phoi tir 7 1én J khi va chi khi:
f thudc 18p C” tren [/
S 1a song anh
£ thuee 16p C7 wen J

¢ | Binhly4 Chol JlahaikhoingciaR, f: [ —>J . ne N*U {+o).
Dé f1a mot C"-vi phoi tir 1 len J, diéu kién cdn va du 1a:

f thuéc 16p C" wen [

f'>0 hodc f'<O0

fth =J

Chiimg minh:

15 Gid sitf1a mét C"—vi phoi tir [ len J. N6k rieng fva £ ' déu thuac 16p C' va
(f'l of)' =1, 1 d6 suy ra {(fdl }‘Of)f'= | . Diéu ndy chimg to ring £ khang triét
tiéu 1ai bat cit diém nio thude 7, vi £ * lién tuc, nén dinh 1y cdc gia tri trung gian cho
thdy: f'>0 hoic f'<0.

2) Dio lai, gia sit f thuoc 16p C” trén 7 va f* > O (trudng hop f* < 0 duge quy
vé trudmg hop niy bing cich xét —f). Dinh Iy 3 chiing (3 ring £ 14 song dnh. /' kha vi
lrénlvé[[_]}s l .

AV

Cong thitc cudi ndy chimg to rang (fl) lién tuc (vi f° v;‘sf"‘ déu lién tuc). Tir cong
thitc niy, mot phép quy nap don gian cho phép chimg to ring vdi moi k € {1.....n}.
17" thuoce 16p C* trén J, dac biet, £ thuéc 16p C” tren J.
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Bai tap
0 531 Chof:R- R, 2R, >R _saocho:

Viryye RE |f(o- fo s — el -]

limg=0
o

Chimg minh ring £ 13 ham hing.
0 6.3.2 Chof: R, > Rbichankha vi 2 l4n xzo cho £ 0.Chung minh réng £ 13 ham giam.

nel

533 ChoneN¥ (ay ...aq)eR " sao cho oy <oy <. <o) (A 4) e R
sao cho 4, # 0.

Ching minh rang phuong trinh i},‘,x"‘ =0.dnlax e R’ . c6 néu nhdt 13 n nghiém.
k=0
0 5.3.4 Tim tdl ca céc dnh xa f trong mdi truémg hop sau:
f iR >R khavitrenR
“ {w.\-‘_w e R2 f(x+y) = f0+f(
f:R >R khavitréenR
{V(x,y) € 'Rz\ f(x + f(_v)): f(y +f(,r))‘
y {f ;R -» R khivi2lnuenR
Vixy e RE, (x+ W) f (x4 ¥y = £+ f(3)

51 >R khaviuen |- 1; 1
dj

Vayye |-L 1 fx)+fo) = f[“—y]
1+ xy

[/ R 5 R khavitrenR

Yixy e R, [xy 1= f(x)+ ()= f{ l‘j:;]]

0 5.3.5 Chimg minh céc bat didng thifc sau:

a) ¥Yne N* VreR,, M oaDren2o.
b) Vx e |-1; 4], —x——sln(l+_r)s.r
T+x

| 1
¢) Vx e |0; +of, i—i<—— !
2 8 x Cx—l 2

2
d) VYxe L)'.f- , Xcosx < 5—4
2 16

¢) Vxell 1], tany <
1-x

) Vyve |0 z Y cotani - xtanl Lea
2 2 2



5.2 Dinh ly Rolle, dinh ly s& gia hitu han

[ k 1 k+)
0 8.3.6 4} Ching minh ring: Vk e N¥, [l +;J <ex< [l + I]

(slr dung bi tap 5.3.5 b)).
" 2 o )
b) Suyra: ¥n e N*, ZM< (!n(n+l))2 <Zln!k +k)_
part k+1 P k

0 8.3.7 a) Chimg minh ring trong 1an c4n cta 0

2
X
2

n
b) Suy ra: lim l_[cus‘/—;~ .
= I

X
4 < Incosx S-T.

0 6.3.8 Chimg minh cac bat ding thitc sau:

a) Vix,v)e (R: )2. Yim.n) e N"m>n= (xm + ymr < (x" + y"r .

b) Y(ny) el 1)’ [x cym 2L o Aresin y — Aresinx < —o— } .

Vi-x2 l—y2
1} — v _ran
) Yxe ]01 %[.V_ve 10: 1], x - Arcsiny < w

y

-

d) V(x‘y)el(z‘[O<x<y<£-:>1<m—y<il];
4 x tanx mx

5.3.2 Khao sat c4c cuc tri cia moét ham kha vi
¢ Dinhnghia Choael, fe R’
1) Tandi ring f ¢ mét cuc dai dia phurong tai o khi va chi khi tai lan

can cua a:
fix) < fla)
2) Ta néi ring f cé6 moét cuc tiéu dia phuong tai « khi va chi khi tai 1an
can cta a:
f) 2 fla)

3) Ta néi ring f c6 moét cuc dai dia phuong ngat (hoac chat tai o) khi
va chi khi tai 1an can cua 4, trir tai a:
S <flay
4) Ta néirang f c6 mét cuc tiéu dia phuong chit tai a khi va chi khi tai
lan can cia «, trir tai a:

f(x) > fla).
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'5) Tanéiring fcé mét cuc tri dia phuong tai a khi va chi khi f c6 mat
cuc dai dia phuong tai @ hoac mét cuc ti€u dia phuong tai a.

6) Ta ndi rang f c6 mot cuc tri dia phuong chit tai o khi va chi khi f
c6 mét cuc dai dia phuong chit tai « hofic moét cyc tiéu dia phuong
chat tai «.

viDU:

1) Moi dnh xa hing cé tai moi diém mét cuc dai dia phuong va mét cuc tiéu dia
phuong.
2} |-|:R > R c6 mot cuc ti€u dia phuong chit tai v = 0.

Ao |

3) £ R->R (xem 4.1.4 Vidu 3) ¢é6 mdt cuc dai dia phuong chat tai ) A
x> d(x,7.) 2

Nhen vét

Ta thudmg dua viéc khao s4t cuc tiéu dia phuong va viec khio sat cuc dai dja phuong
Hr trudng hop nay sang truong hop khic bang cach xét —f thay cho f.

¢ | Dinhly: Cho/lamotkhoangcuiaR,uvel fe R’

0o
ael

Néu < f khd vi tai a , thh f(a)=0.
f ¢6 moét cuc tri dia phuong tai g

Chiing minh:

Ta gia thiét chang han ring f ¢6 cuc dai dia phuong tai a. V&i moi h € R* sao cho
a+hel, tacé:

B0 = (a+h}3 f(a) < 0
h< = %@ > 0
' <0
Chuyén qua giéi han khi } ti€n t&i O, ta suy ra {;f:i 20" vay f{«} =0

Vé co ban d6 chinh 1a phép chimg minh dinh ly Rolle 5.2.1.

Nhdn vér:

/) Chinh xdc hon, phép chitng minh trén ching t3 rang:
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o
ael

néu ¢f khaviphdivitrdivia | thi f,(a)20 va f,(a)<0
J cécue dai dia phuong tai ¢

2) Dinh ly khong diing néu « 13 mét muit ciia /. Ching han £ [0,1] > R kha vi
(B BN
trén |0; 11, c6 cuc 1iéu dia phuong tai 0; tuy ohién £(0) =1 = 0.
3) Mot inh xa c6 thé c6 mat cuc tri dia phuong tai ¢ ma khong kha vi tai a.
Chéng han,

fF R>SR c6 mét cyc tiéu dia phuong khong chat tai 0, nhung khang
PN jxjsmzi né’u x#0
0 néu x=0
khi vi 14i 0.
y
y=f(x)
\ ’
0

4) Neéu fkha vi tai g va £ ‘(a) = 0, thi 1a khong thé suy ra 1 fcé mot cuc tri dia
phuong tai a. Vidu: f:R >R vaa=0.

Al IR
Trong khi d8, ta chd y dén tinh chat hién nhién sau day vén hay duoe sir dung.
- 1}
¢ |Menhdé Choue .feR.
Néu ftang trén I N 1—o0; ¢ va giam trén I M [a; + oof, thi fcé mét cuc

dai dia phuong tai a.
x l a |

Bai tap
¢ 5.3.9 TYinhSup {— s 145-.\': yeR vav'+36s 13x2}

0 5.3.10 Chof:|-!. 1| = R kha visao cho limf =lim f = +oc . Chitng minh rang tén
-1 1
tat ¢ € |-1; 1] sao cho f*(¢)=0.
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54 Ham loi

5.4.1 Dinh nghia
¢ Dinh nghia
Anh xaf: 1 — R duge goi 13 16i khi va chi khi:

V(xp, v € P92 € [0; 1), fldxy + (1= A)xy) < AL + (1 = D).
Ta ni f12 1om khi va chi khi —f 16i.

Dzjlt:-
y y=f(x) .\'=h] +(1—2,)_\‘2A
/
fx) M, MGy, ),
M (x,) + (1-M) Fxy) M2(x2'ﬂ"2)?* o
M, M(x, fx) 1a cac diém
fixy) cia dudmg cong C,
J{x) biéu dién cia f cé
L hoanh d6 1a x|, x,, x.
) x, x X,

Anh xa f16i khi va chi khi véi moi cap (M,, M,), nhimg diém cia C,
moi diém M cua C, c6 hoanh d6 ndm gilta cdc hoanh do cia M, va M,
déu & phia dudi doan thing M M.
N6i ¢dch khac, 161 khi va chi khi dudng cong nam duéi moi day cung
ctia né (moét day cung & day 13 mot doan thiang).
Dat E, = [(x,y) € I x R; y > f(+)} goi 12 épi-dé thi cla f. £, dugc biéu
dién hinh hoc bdi phdn mat phang nim phia trén C,.
Ta nhic lai ring mot bod phan E cha mat phing dugce goi 1 16i khi va chi
khi:

V (4, B) € E%, [ABICE.
& day [AB] chi doan thing cba mat phing néi lién A va B, nghia la:

(AB)= {A+ AAB; 1€ [0; 1]].

¢ | Ménh dé@ 1  Anh xa f13i khi va chi khi &pi — dé thi E, ctia nd 12 mét bo
phan 16i clia mat phéng.

-—
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Chimg minh:
1)
y Gia st f 16i,vdcho A, B e E,, 4 € [0:1],
C=A+AAB, (a. @), b B (x, y) 1a che
o A E; toa do theo thii tr ciia A, B, C.
y C Tacbx=a+AUb—a)=(1 - Da+ ib, tt
A d6 do £ 181 suy ra:
B AxX) < (1= Dfta) + Ah).
f(b) Mat khdc, vi A va B thuéc Ej, ta c6:
A fay<a va fb) <P
f(x) f W < -2 _ y
f(a) ” 1vay iy < (1 - Da+ Af =y Do dé
C € E; . Diéu nay ching 16:
ol” a x v * V(AB) € (E)’, [AB] C E,
1
2)
y Do lai, gid st £, 18i va cho
Ae|0; 1], x=Axp +(1 = Ay,
f(x’L) * A{2 M](Xliﬂ'r] ))! Mz(Xz‘ﬁXZ))\
M(x, f(x)).

y \ C Vi (M, My) € (E)%. nen
fix (M, M,]  E, va dac biét, diém
f(x) m M P(x, Aty + (1-A)fixy)) cling

thudc Ej, vay:

Is} x x x x Fx) < ARx0) + A=) (xp).

y=Af(x)+(L-Mf(x)

Khao sat ty so gia
y
/1

C

Diéu nay chdng to rang f 16i.

Chofe R T (a,b,c)e P sao cho
) a < b < Ala, fla)), B(h, A b)),
C(c, f(c)). Ky hiéu
P(AB), p(AC), p(BC)1x cac he s8

géc theo thit ty cva cic dudng thing
(AB), (AC) va (BC).
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Do dnh xa [0;1] - [g;¢] 12 mot song anh, nén ta cé su twong duong
Ars Au+(1-A)e
l6gic nhir sau, néu dat b= A + (1 — A)c hay A= c—b :
C—da
fAa+ (1= Do) S Afia) + (1 - Dfie) & (¢ - a)fth) < (¢ = PYfa) + (b -

a)flc).

Bing cdch lam xu4t hién fb) - fla) hay flc) — fib) hay fic) — fla), ta thdy céc
bAt dang thic sau tuang duong timg déi mot:

(c—aVf(DY<(c=D)f(a)+(h =) f(0)
p(AB) < p(AC)
p(AC) < p(BC)
p(AB) < p(BC)
Ta suy ra két qua sau:
o | Ménhdé2 Chofe R’ Vsimoiu e/, taky hieu:

r,:1—lat >R +, goi 1a 4nh xa ty s6 gia tai «. D€ f1a 18i, diéu
X Jo-fla)

xX—a

kién cdn va di la véi moi u € /, 7, 1a mot dnh xa tang trén | — {a]).

¢ | Ménh dé 3 (Bat ding thic Jensen)
Néu: f € R’/ 16i, n € N* x),.... x, € I, A1...., 4, € [0; 1} sa0 cho

n n n
> A =1, thitacé: f[Zik_rk]s > A fxg).
k=1 k=l

k=1

Chimg minh:

Quy nap theo n.

Tinh ch4t trén 13 1tAm thudng khi n = 1; khi » = 2 thi d6 12 dinh nghia tinh 16) cha f.
Gia sl tinh chdt trén d3 dding véi mét s6 nguyén n € N*, nghia 12 vdi moi

”n
Xy t, €1 v A1, 4, €]0;1} sao cho Zik =1,tacé:
k=1

"
A’}\'f(’\-‘( ) .
k=}
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n+}

Cho xy,.... X, .1 € I vd 4,.... 4,,) € [0; 1] sao cha Zﬂ.k =1.Néu 2y =..=4,=0,
k=1

b4t dang thic ta muén cé 12 hién nhién.

s . < 1 &
Gié sif (Ag...Ay) # (0,00 dat p=Y Ay =1=A, >0 va X'==> 1%, .
k=1 Hi=
Vi x},..., X, € I, ma I 12 mét khodng clia R, nén 3 rang la x’ € . Ap dung dinh
nghia tinh 18i cta f:

f[f Akxk]=f(w'+(l-y)x"+l)

S/“f(xl)+(1_#)f(x-n+l): !J(I‘)""{n-&lf(xnﬂ) g
Ap dung gia thiét quy nap:

[ =f[2 %xk]s Y i f(xk)ﬁZﬂ»kf(xk) :
k=1

n+1 n+l
Ta suy ra: f{Zﬂkxk]SZ/lkf(xk). [ ]

k=1 k=]

y Cy

Bit dang thifc trén duoc bifu dién d6 thi
nhu sau: Da gidc 16i xdc dinh bai cic
diém My{xp, f(x,)) (1 €k < n) hodn
todn nam tren dudng cong C; biéu dién

f
B
(9] X
Bai tap
0 54.4 Cho/llambtkhoingcin R ,f 1~ R 16 (a, b, c) € I’ sao cho a < b < ¢. Chimg
10 ring:
a f(a) 1
b f(h) 1f=0.
¢ flo) 1

-
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0 54.2 Cho/lamotkhoingciaR,f. g: />R

f20.g20
Gid st {(f vd g tang) hoac (f vh g gidm).
f.8 161
Chimg minb ring f g 18i trén /.
0 543 Chof:0; 1] - R 16iva o [0; %]_, R . Ching minh @ [a ham giam.
VB S -y

5.4.2 Sirdung dao ham trong viéc khao sit tinh 16i
¢ | Ménh d& Gia st f: 7 > R 12 mét 4nh xa 18i. Khi d6 f kha vi phai va

- 0
trdi tai moi diém thuéc 7, va v8i moi (a, b, ¢) € Psaochoa<h< ¢, ta

cé:
fh)y-fla) _ . ' f)=f(b)
—< h) < py<—" -~
<SS Sy ST
Chimg minh:
y Vi f 18i, theo 5.4.1, Ménh dé 2, véi moi
be £I) . 4nh xa
) :1—{b}-—>R
FOs—fy
o) IR
tang trén 1 — | h).
(0] a b c x

o Chou e |a; bl; tacd: Vv € |b; cf, r(a) € n(u) < 7(v) € (c). Nhu vay 7,
1ang trén | b; ¢[ v bi chan dudi bai 7,(u). Theo 4.2.4, 13, c6 gih han phai tai b (vay f
kha vi phai tai b) VA 7(a) < 7(u) <f 'p(b) < (o).

¢ Nhung khi d6 7, tang trén (a; bf vi bi chan trén béi £’ (b), vy né cd gidi han
tréi tai b (vay fkha vi tréi tai b) va 7(a) < f,' (B 5)‘;,' (a) < 7p(0). [ ]

o]
¢ |H& qud Néu f18i trén khoang /, thi flién tuc trén /.
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Nhdin xét:

fc6 thé 18i trén [a; b] nhung vin pidn doan tai u. hoac lién tuc tai a nhung khong kha
vi tai . Vidu:

1)
Y I [0;1]—)]1
1 neu xe{0:1}
0 néu xeb;l[
i
0 x
y
2) f -5 1]-R
A I—\}l—\2
,Cf
-1 18] 1 x

¢ | BDinhly Chof:7— Rkhavitren/ DEfIla inh xa 161, diéu kién cdn
vadulaf’ tang trén I,

Chimg minh:
1)
g / Giasir f 18ivaa, b € Isao choa < b.
b —-—
g Theo 5.4.2 Ménh dé: £ *(a) < _f(”; f(a)
~-a
f(a) )
va f(u)—f(b)s £1(b),
a-h
tir d6 f*(a) < £ (h).
0 a b x

2) Dao lai, gia st f * tang trén /. Cho a, b € I sao cho a < b ching han (trudng
hap a = b 1a tdm thudng), va A € ]0; 1} (cac trudng hop 4 =0, 4 =1 13 1dm thudng);
datx = Aa + (1 - A)b.
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Ap dung dinh 1y s6 gia hitu han d6i v6i f trén [a; x] va [x; D]; t6n 1ai ¢ € Ja; x| va
e o (7= @) == a)f (€)= (1 - )b~ a)f (e)

et smocte (L Ao

Vi f° tang teén £ (c) S (@), viy: ) - A@) £ (1 = DB — fix)). nghia la:

S < 2flay + (1 - Af D).
Ta k&t luan f 1 4nh xa 16i.

¢ | Héd qua Cho f: I — R kha vi hai 14n trén [. D& f14 4nh xa 16i, didu kién
cinvadulaf” >0,
Vi DU:
Cicdnhxa |0+o[>R . R->R,R-R, RoR  laldivicicdao
xS -Iny = x x et x - lo(i+e")
ham c&p 2 déu khong am.
Bai tap

0 5.4.4 Chaf:[0; 1] > Rkhavihaildn sao cho ¥ x & [0; 1], f"(x) < 1. Chimg minh:
1 1
0)~2f] =+ f(Ds—.
10)-24(3 )+ s0=
0 5.4.5 Chol(amét khoing bj chin ciia R va f: I = R 16i. Chimg minh rang f bi chan
dudi trén 1.
0 5.4.6 Chollamétkhoangcialg, f J— R 1681 Gia sirf bi chan tren va dat tdi bién trén

4]
tai mat diém thude [ . Chung minh ring /14 mor dnh xa hing.

2
o
0 5.47 ChollamotkhoangctalR, (a, b) € [1) .J 1 I > R. Chiimg minh ring néu f14i
\
trén J thi f c6 tinh Lipschitz trén [a; b].

0 5.4.8 Cholld mot khoang mdcia Rvaf: 7 — R [6i v kha vi. Chimg minh ring fthude
16p C" tren 1.
0 5.4.9 Chof:R— Rkhavihailan, 8], sao cho f = 0. Chimg minh rang:
g: R—>R 146
X > egf(e_i)
0 5.4.10 Chof: ]0; +oof kha vi hai l8n, 18i, sao cho f> 0, va & € [1; +[. Chiing minh
ring: g, : ]0:+ uo[ - K 16i.

X e xiu“f(x_"]

0 5.4.11% Cho/la mot khoang ciia R, f J - R . Chimg minh riing hai tioh chst sau
tuong duong:
@) e f 181

(i) VoimoiaeR f,; I->R 16i.
x  e®f(r)
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5.4.3 Bait ding thuc 16i
Cho f: I - R; n€u f khé vi hai 14n trén / va f " > O thi f (6] (xem 5.4.2, Hé
qua) va ta c6 thé dp dung b4t ding thiic Jensen (xem 5.4.1, Ménh dé 3). Ta

néi ring bAt ding thitc thu dugc 12 mot bit ddng thic 16i. Ta s& xét hai vi du
quan trong.

I) So sanh trung binh cgng va trung binh nhan
(Phuong phdp khac xem C1.1)

Chon € N¥, a4,...,a, € R, ta dinh nghia trung binh céng cia q,....q, 1a:

va trung binh nhan cva g,..., g, 1a:

1
no\n
G(ay,a,) = Hak .
k=]

Anh xa f L+ > R i6i, vi f khd vi hai l4n trén ]O; +oo[ va

x> ~Inx
Vxe: +eof, f"(x):%zoA Vi viy ta cé thé 4p dung bat ding thic
x
Jensen; v4i moi ne N*, dy,..., 4, € 10; +o[, 4y...., 4, € [0; 1] sao cho

n
Zlk =1, tacé:
k=1

n n
- ]n[Zlkak}S Z/{k(—‘ In ak).
k=1 k=1

n n
biéu nay tuong duong véi Zlkak 2 Ha"}"
k=1 k=1

Dic biet, 16y 4, =...= 4, =

n

nghia la: G(ay,..., a,) £ Aldy,..., ¢,).

13-GTYV-11
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Chuang5 Bao ham

2) Cic bit dang thirc Holder va Minkowski trong C"
Chon e N¥, (p, ¢q) € J1; +oo[2 sao cho i+—1—=1.
P q
a) Cho (x,y) € (R})% Ap dung b4t ding thitc Jensen thu duge 3 /) trong

trudng hop n =2, a, =¥, a, =), 11—— ,12_ ta dugc:
P q

1 1
xy< —xP +=y7.

B4t dang thic cudi ciing nay vin diing khi x hoic y bing 0.
b) Cho (x,..., x,) € C", (y,, .y, € €, 1a ky hieu:

1
p|? q
a-[z‘.ml ) ]
Néu a#0va B#0, ta ¢ thé 4p dung bat ding thic dat duge & a) trong

‘ k' |yk| . Ta duge:

truong hop: x=
ke . }”|xkyk| Pl el 1”1 el
af  a B paP q pi

COng lai, ta duoc:

1
lekykl< Xklp-l-— |yk‘q=_ap +_pq
Aia pa plczi| q,quZ; pa? g

p 4q

Ta suy ra bat diang thitc Hilder trong C":

SnleBur [ B0

Bdt ddng thic Cauchy-Schwarz (xem 1.3.2) la truomg hop riéng cua bdt
ddng thitc Holder: p= q = 2.
c) Véi cong nhimg ky hiéu nhu trén:

n n n
>l + vel? < Ylerlien + vel” 7+ Slvalee +pi)”
k=1 k=1 k=1
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Ap dung b4t ding thire Holder hai lan:

! 1
ilxk”xk +yklp_1 S[i"’cklpJP[ilxk +yk‘(P_1)4]q
k=1

k=1 k=]
‘ 1 !
n = n p n _ q
> il + vl P [Zl ] [ g+ | 1)4]
= k=1 k=1
Tir d6 suy ra:
n n
el + el + Dlyelee el
k=1 k=1
1 1
14 q

~ =

~

-~

+

<

=

<

=
N~ 7

(ErT S

Nhung %+%=1,v@y(p—1)q=p.Tasuyra:

1

Sy o< [zu] g [):lxmm]

=

Tir d6 cé bat dang thiic Minkowski:
1

k=1

N -

(e}

Bai tap

0 5.4.12 a) Ching minhting: fi JLi+={ 2R 12 4nh xa 18i.
x> ~In(lax)

b) Suy ra: V(x. y) € ]1; +o[% lnﬁ’%y)z,hnxmy.

0 S5.4.43 a) Chimg minh ring: £ 10;+e[ = R 3 4nh xa 16i.

x> xlux

+
b) Suyra: V(x,y,ab) e (R:)‘, xlnf+yl % (x+y]l (X+Z).



Chuong 6
Tich phan

Trong chuong nay ta xét phép tich phan cac 4nh xa lién tuc timg khic trén
mot doan.

6.1 Tich phan cic dnh xa bac thang trén mot doan
Trong toan bo ti&t (6.1) nay, (g, b) chi mot cap s thuc sao cho a < b.

6.1.1  Pai s6 cac anh xa bac thang trén mot doan

Viéc nghién cuw ndy dd duoc bat ddu tir 4.1.5 .

¢ Dinh nghfa1 Ta goi mot ho hitu han (a;)y, <, sa0 cho:

a=ay<a;<..a, ;<a,=b(n>1)lamoétphan hoach clia [a; b}.
Ta ky hitu S 1a t3p hgp ciac phan hoach cha [a; b]. V& mébi
§=(a)) g<i<p € S buée (hoic médun) cia s 1a s6 thuc p (s) duge dinh
nghia nhu sau: p (s) = Sax 1(“i+1 - a,).

0<isn-—
Ky higu .7 12 tap hgp cic bd phan himu han cla [a, b] c6 chia {a, b}. RO rang
12 4nh xa #: S—> F cho m8i phin hoach (a)g <, , cla [a; b] tng véi
mot tap hop {a,; 0 <i < n}, 12 mot song inh. Duong nhién, .7 dugc trang bi
mot quan hé thit tr, dinh nghia bdi phép bao ham, va rd rang 13 F 6n dinh d6i
vGi cAc phép hop va giao:
V(F.Gye F2.(FUGe J,FnG e J).

Song 4nh @ cho phép chuyén thit ty (<) va c4c luat hgp thanh trong (U, M) tir
F vao S. Vay ta dinh nghia trong S

e mot quan hé tha o, ky higu <@
Y (s,5') e s?, C=<sS b))
(Khi d6 ta néi s’ min hon s)
—
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¢ mot luat hop thanh trong, ky hiéu 1 v:
Vs, s')e Sh(svs=0"(0()u ("))
o mot luat hop thanh trong, ky hiéu 1a A:
Vs,s')e 52, (sAns'= 0_1A(0(s) A 0@s")).
vi DU
Leya=0,b=6,5=(0,1,2,3,4,6),5 =(0,2,3,6). Taduoc s vs'=(0,1,2,3,4,6),
sASs =(0,2, 3,6) svas' khong so sinh duoc theo <.

Ta c6 thé néi van tat 1a:
s v 5" thu dugc bing cich sip thd tr bang cic didm thudc s va cic diém
thudc s”.

s A s’ thu dugc bing cdch sfp thi ty bang c4c diém chung cla s va 5",

0 Binh nghia 2
1) Mot 4nh xa e = [a, b] = R dugc goi anh xa bac thang khi va chi khi
tntai s=(dg, -.coorns a) € 5 vi(rg, -..., Ay € R" sao cho:
Vie {0, ..,n-1},Vxelag;a; [ ,ex)=X;
S day 1a ky hieu E (a, b) 12 tap hop céc 4nh xa bac thang trén [a, b].
2) Cho s =(ay, ..., a,) € Svie € E (a, b), tanéi s tuong thich véi e khi
va chi khi, véi moi i € {0, ..., n-1} thuhepcliaetren ] g;; a;,, [ 12
dnh xa hing.
Nhdgn xét

1} Theo dinh nghiza, n€u ¢ € E (a, b) thi t6n tai it nhit mot phan hoach {a, b]
tuong thich véi e.

2) Né&u s tuong thich véi ¢ thi moi phan hoach s* min hon s (nghia la s < s") cing
tuong thich véi e,

3) Véie e E (a, b), 1ép hop cic phan hoach cla [a, b] tvong thich véi e c6 phin
tr nhd nhit (theo thi ty < trong .S), d6 1A phan hoach tao nén bdi a, b vi cdc diédm
gidn doan cha e,
¢ | Ménh dé1 E(a, b) 1A motdaisécé donvi d6i vai cdc luat théng
thudng, nghia 1A :

1 e E(a,b)

e + ¢, € E(a,b)
eiey € E(a,b)
VAieR, VeeE(ab), Ae e E(ab)

Y(ey,e5) € (E(a,b))?, {




6.9 Tieh phan cic anh xa bac thang trén mét doan

Chitng minh

Neéu 5, (tyong tmg; s,) 12 mot phan hoach cia [a, b] wrong thich hgp véi e, (trong
ing: e,), thi &, + e, va e,e, déu khong déi trén méi khodng md n6i hai diém lien
1i€p cia 5, v 5, (xem 4.1.5). n

Ménh dé sau day 12 hién nhién

. IMénh dé2 Vee E(ab), “e{ e E(a.b).

Nhan xét

C6 thé thiy (xem 4.1.2) ring néu (e, &,) € (£ (@.b)* th Sup(e,, e,) € E(ab) va
Inf (¢, ¢,) € E(a.b).

6.1.2 Tich phan cia mot 4nh xa bac thang trén mot doan

¢ | Ménh dé-Binh nghia1 Choe € F (a,b), s = (d)g<;<, € S, tuong

thich véi e, va v6i moi ¢ € (0, .., (n — 1)}, 4, 14 gid tri cla e trén
n-1

1 a, a, [ S6 thuc Z(a,_,,l - a;)4; khong phu thuoc phan hoach s
i=0

tuong thich v6i e. S6 thuc nay dugc goi la tich phan cia e trén [aq, b]

b b
va dugce Ky higu 1a J e, hayj‘ e(x)dx.
a a

Chimg minh
n~1

Pat/ (e, 5)= Z (@41 —a)A, .
1=0

1) Chos=(a) g<;<, € Stuong thich v4i e va v6i moi i € {0, ..., n-1}, A, 12 gid
tri cha e trén la;;a; , (. Cho ce[a b] sa0o cho c e 6(s); tOn tai mot
k € {0, ..., n—1} sao cho gy < ¢ < 4,1

it s = (ag, .oy Gy € gy e a,), nghia la s'= 6 G()v {c:}).

Anh xa bac thang e khong déi va bang A,
trén ] a,; apyq [V

(¢ —aAp+(agop —~OA = (@ 4y —a Ay -
Tudésuyral (e sYy=1(e.5).

Diéu nay ching b / (e.s) khong thay d6i
néu ta thém mot diém vio s.

185
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2) Cho s, t € S1uong thich véi e va sao cho s <. Sit dung /) va bang mot phép
quy nap don gian ta thiy: /(e s) = I(e 1).

i) Chos,, 55 € Stuong thich véie. Theo 2
l(e,s))=1(e,s1 v 5,)
!(3.52)=I(E’,51 V."z),

vy [(e.sy)=1(e,s;). =

Nhdn xét
11

Trong mét mat phing Fuclide
dinh huéng v mot  hé
quy chiéu tnre chudn thudn, 1a
b
bicu dién hinh hoc J e Ia

i

16ng cac dién tich dai s cua
nhimg hinh chir nhat.

2) I(e, 5) khong phu thudc cic gid tri coa e tai cac diém gian doan.

3) Cho ey, e, € E (a, b) tring nhau trén [a; b], trir ra tai mot s¢ hiru han diém.
Khi dé tén tai s € S tuomg thich déng thidf véi e, vi e5. va sao cho e va e, triing

h b
nhan trén mdi khoang mé ndi lién hai diém lién 1iép cua 5, vy tu c6: J-e] = Ir;_ .
o o

¢ |Ménhdé2 Anhxa E(a.5)— Rlaénh xa tuyén tinh, nghia la:

tHbe
a2

b b b
VaeR Ve, e e Ea b, [ @ rer=af o+ [ e,
a a a

Chitng minh
Tén tai s = (4. ..., a,) € S twong thich déng thdi v6i e, v ¢, (ta c6 thé ldy
§ =5 V59, vGi 5 tuong thich véi e, s, véi e,), sau d6 vai mbiie {0, ..., n-1},16n
1ai (A, i) € R? sao cho ;
Yy e Jaga g, {e] (=4 i
e2(x) =
Viviaytacé: Yxe la; a, [.(ae; +ey) ()= al + y,do dé:

n—|
J':(aei +ey)= Z(a,,,, -a, ) a,+u,)

n-1 n-1 b 1
=aZ(aJ+l =-a, )’1 f+2[a|+] -aq, }Ju.l = Q'J-”t'] +-L €3 - =

1= =0



6.1 Tich phan cac 4nh xa bac thang trén mét doan

¢ |Ménhdeé3
b
1) VeeE(a,b),(ez():J' e20)

5 b b
2) (e, e,)) € (E(a, b)) N I e SJ e5)
a a

< Jje] .

b
3) Ve e E (a, b), ‘_[ ¢
a

Ching minh
1) Véi cac ky hiéu trong Menh dé—Pinh nghia 1. vi ¢ = 0 nén ta ¢6:
Vie (0, .. n-1], 4 >0. Dod6~

I Z w1 —a,) 4, 20.

b h b b
2) ey e -2 0 | (0 —e,)z()coJ‘ez—J‘e, 20 oJ‘e, SJ‘&).
a a a a a

3) Truée tien, |e] € E(ab) (xem 6.1.1, Ménh dé 2) san d6, vi — || < e < |¢ 1

b b b b b
suy ra: —J |e|sjesj le| nghia 13 l‘e SJ- ie. [ |
a a a Ja a

¢ | Ménh déd 4 (Hé thitc Chasles)
Gia st (a, b,c) e R*saochoa < b < c va e € F(a, ¢). ThE thi cdc thu
hep ctia e trén {a; b] va [b, c] 1a nhimg 4nh xa bac thang va:

b c
¢l [l =]
Chitng minh

T6n tai mét phan hoach cua [a; ¢] tuong thich véi e va c6 chita b. K¢ hiéu

$=(ag,.. ah b=ay, A; 1A gid tri cha e teén Ja;; a; [ V6 mbi i € {0, ....n-1).Tacé:
lc 1 n=l

J e][ab] I "][bc] = d, 1~ )/1 i+;("i+l -ﬂ,')/l ;=
= c
; +1 7 j e .

a

b ¢ -
Thay cho e‘ [a:b) va e| (.4 ta thudng k¢ hiéu e va c6: Ie+Je = Le . u
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6.2 Tich phan cac anh xa lién tuc timg khic trén mot
doan

Trong cac §§ 6.2.1 dén 6.2.5, (a, b) chi mét cdp s thuc sao cho a < b.

6.2.1 Dai so cac 4nh xa lién tuc timg Khiic trén mét doan
Khai niém dnh xa lién tuc timg khic trén mét doan da duoc dinh nghia o 4.3.1, 3).

¢ | Ménh dé 1 Tap hop CM cic 4nh xa lién tuc ting khic trén [a, b] 12

mot dai s6 con c6 don vi cha RI* b’, d6i v4i cdc luat thong thuong,
nghia 1a :

lecCM

f+rgelCM
Je e CM

VieRVfeCM AfecCM

Y(f,8) € (CM?, {

Hon ntta: Vfe CM ,

fle cm.
Chung minh: Tuong wa nhu d6i véi Ménh dé 3 6.1.1.

¢ | Ménh dé 2 Chof: [a, bl - R lien tuc timg khtic. T8n tai g: [a, b] > R
lién tuc va e: [a, b] - R |2 4nh xa bac thang sao cho: f=g + e.

Chitng minh

Quy nap theo v, 1 56 cdc diém gidn doan ciia f

e Neuv=0,1ac6théldyg=f, e = 0.

e Né&u v =1, kY hiéu ¢ la diém gi4n doan cfia f (c € [a; b)).

» Xét g: [a, b] > R x4c dinh béi:

S(X) nén xela;c|
lim f néu x=c¢

guy=1¢ .
f(x)—(h{rnf—ln_nf) néu

[ c

xelc;b]




6.2 Tich phan cac 4nh xa lién tuc ting khic trén mét doan

[lim g = lim f
c” e
gley=lm f
R4 rang 13 g lién tuc trén [a, b] — {c); honnita { < } .
lim g = hm f —(lim f —lim f)
et et ct e
=lim f
-

Diédu d6 chiing 16 rang g lién tuc tai c.
Pat e=f—-g,tacé:f=g+e Vi e € E@ab).

¢ Ta pia thiét tinh chit trén da duoc chimg minh cho cic dnh xa lién tuc ting khiic cé
v diém gidn doan, va gii thiét f: [a, b] — R lién tuc ting khiic ¢6 v + 1 diém giin
doan. Bit ddu nhu dé&i v6i trudng hop v = 1, ta ldp g, : [a, b] - R lién tuc tdng khdc
¢é v diém gidn doan, va ey [a, b] - R 13 4nh xa bac thang sao cho =g, + e,. Theo
gia thiét, wdn tai g: [a, b] » R lién tuc va e;: {a, b] > R 1a 4nh xa bac thang sao cho
g1=g+ey Cubicing: f =g+ (e +ey). v8ig 1a 4nh xa lién tuc, ¢ + ¢, la dnh xa
bic thang. u
6.2.2 Xaip xi mét dnh xa lién tuc timg khiic trén mot doan bing
nhing anh xa bac thang
¢ [ Binhly Giastf: [e, b] > R lien tyc timg khic va se R,.
Tén tai cic 4nh xa bac thang @, ¥: [a; b] —> R sao cho:

P<f<¥Ywi P-g<&

& day ta déng nhit s6 thie £ vA 4nh xa hiing ¢ : [¢; 5] - R.

xXg
Chitng minh
Theo 6.2.1, Ménh dé 2, 18n tai g: [a, b] - R lién tuc va ¢;: [a; b] -> R 1a him bic
thang sao cho f= g + ¢. Trudc hét ta tirn hai ham béc thang ¥, ¢, [a, b] > R sao
cho gy <g<¥, va ¥ —¢ <& khi d6 1o ring ring néu dit =@ + ey,
Y= ¥ + e thicap (o, ¥) sé thod min:
(P eE@b), v-p=y-pSap=p+teSgte =fsy +e=y.
Cho £> 0.

Vi g lién tuc trén doan [a; b] nén theo dinh 1y Heine (4.3.6, Dinh 1¥). g lién tuc déu
trén [a; b]. N
Tén tai n> 0 sao cho:
V(x, x") & [a; b ({e-x" | 0= |e(x') - g (x| < &)
b-a

T6o tai N € N* sao cho: <snp(vida N=E (b—:f-]+l) .tachd yring nva N
n

phu thuéc vao &
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b-a

Véike(0,. . Nlakfhituag=a+k , v xét phan hoach “déu”

s=(ap) p<p<ncafa; b].
Véi mbi k €{0,...N-L}, g lién tuc trén doan [a;: g ], vi vy (xem 4.3.4), ¢
bi chan; ky hiéu :

xelay a1 xe(ay, ay,q)

lag:aees)

Xét cdc 4nh xa bac thang ¢, y;: [g, b] > R, dinh nghia la:
{ Yk € 10, ..., N1}, Yx € [ g, (91(0) = mp va gy () = M)
pBy=mp_1, Y1 (B =M yy.
y

O a

Rorangring: ¢, <g<y,.
Chok € {0, ..., N-1}, ta cd vai mot (x', x") thuée [a; b]2:

¢ an 2 1 1 b_a f
(0, x"y € [ay; ap]” = |[x-x| <qp, | —q = —— <7

= lg(x‘)—g(x")l e = gx)—¢e < gx").
C8 dinh x" trong [a;, ay,] va chuyéa qua bin trén khi x' chay khip [a;; a; 4],
ta suy ra:
M, - £ < gx").
Sau dé chuyén qua bién duéi khi x* chay khip [a;; a,(]: My — & < my, suy m:

Mk—mk < E
Ké&t qua la:
Vk e |0, .., N-1}, Vx € {ag aqp [, v - () =M, —-m < &
Vitaconcé: y (b) — gy(b) =My —mpy_| <g néntak&t luan: y— ¢ < & ]
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6.2.3 Tich phan trén mot doan mot anh xa lién tuc timg khiic
Cho £ [a, b] = R, lién tyc nimg khiic,

b {A =fpeE@byps<r )
B ={We E(a,by; f <W¥)

A= {fproe )
pe{fre

1) s A=O Vi, theo 6.2.2, Dinh 1y (14y £= 1, chinp han) 6n tai @, € A, vay
Az

Tuong tu, ton tai yy € B, vy B = O.

‘ , v6n 1A nhning b6 phan coa F (4, b),

va , 12 nhing bd phan cia R.

e Tacb:Vpe A, @< <y

b b
vy Vo € A, J(p < J'Wo .
a

a

h
di€u ndy chving t5 A bi chan trén (b&i | ;).

a

b
Twong tu, B bi chan duéi (bai _[(po ).
a

Nhu vy, A vd B 12 hai bd phan khéng rdng ciia R, theo thit tu bi chan trén va bi
chin duéi; do A6 (xem 1.2.3) A c6 bién trén va B cé bien duéi trong R; ky hidu :

M = Sup (A), #p = Inf (B).

2) Tachmimgminh g, =y,

e ViVpe A, Ve B, p< wnén khi c6 dinh ¢ trong A vA chuyén qua bién duéi
khi y chay khip B , ta c6:
b
Ype A, Iw <y,

a
sau d6 chuyén qua bien tén khi g chay khap A: g < 1.
s Cho £> 0. Theo 6.2.2, Dinh 1y, t6n tai (¢, ¥) € (E(a. h))2 sao cho:
p<fsy v y-p< e
b

¥ b b
Khidytac6 p e A, y € Bva: J;/—J¢=J‘(w~y)s'|-£=(b—a)£\
a a a

a

b b
suy ra: yzsjws(b—w:)tﬁ Iw <(b-a)e+ py.
a a

Viay: Ve>0puy -y <(b-a)gdodb 1y —p <0, py < .
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Cubicling: 24y = 1.

Nhan vér - Cde bo phin -\ va 3 ké nhau (xem bi tap 3.2.7).

Tém lai-

+

0

Ménh dé-Dinh nghia  Cho f: [«, b] — R, lién tuc timg khiic,

b 1
Cac bo phén cua R: ! @ @ Elah) qpﬁf!» vi
Lva J

h

{ wiwe Eahb), f ﬂw}s theo thir treé hén trén va bién dudi trong R,
o

va cic bién dé bang nhau.

h
Ta goi bién chung d6 la tich phan cua f (trén |a, b]) va ky hiéu I f
o

h
(hay: -[:b|f hay : I Slv)dy )

I:f = Sup [tha] = Inf iﬂ,wJ

peE(ah) weklah) |
osf sy

h
J' 7 chi dién tich dai s6 cia

phian mat phing gi¢i han b
cdc duomg thing c6 phuong
trinh x = @, 2 = h, truc cic gid
tri x, vi dudng cong biéu dién f
(hé quy chiu trgc chuan).

Nirin veét

Dinh nghia trén ma rong dinh nghia & 6 1.2, boi vi néu e: [a, ] — R la dnh xa bac
thang thi.

i | Prvestan e/
[-[ o E(aby , p<er va [-[ Wiy € Ela. by . HE!,’)'I»
ol i [

r‘!
¢6 phiin 1 chung 13 s8 thuc I e.
i



6.2 Tich phan cdc anh xa lién tuc titng khuic trén moét doan

6.2.4 Cic tinh chat dai sé

¢ |Ménhdé Anhxa cM — R 1a mot dang tuyén tinh, nghia li:
S s

Y(f, 8) € (CMY, VA e R, .wa+g) J' J+Ih

Chiing minh

b b b
1) Chof, g € CM. Ta sé chimg minh: I(f+g)= f+Ig
a a

2

Cho £> 0. Theo 6.2.2, Dinh I, tén tai ¢|, ¥, @5, ¥, € E(a, b), sao cho:

o <f sy PSS [y,
<£ Vé £ -

—_ < — — S_
Vy — 9, 2 Wy =@ >

Kyhitug=9, + ¢, vd =y + py,tach
(b, W) € (Ea.b)’, p<f+g<y y-p<c

T d6 suy ra:

b b
J(f+g)s.[w<(b a)e+J' =(b- u)5+J J¢2S(b_a)g+rf+jg
a a ad

b
.[W' rW2— y<(b- “)5+_[¢S(b—a)£+J(f+g).

VA nhu vay khi cho £ tién t6i 0°, ta duoc:

Lt()f+g)=ff +Kg

2) Giast fe CM,AeR.
Cho £> 0. Theo 6.2.2, Binh 1§ tén tai ¢, v, € E(a, b) sao cho:
o Sfsyvay -g <e
s Giast AeR,.
Ky hitu g = Ag|, y = Ay, tacé:
(@, W) € (E(a, by, PSS A<y y-g<is
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suy ra:

jww[wcb a)AHj

a

b b '
iIfsijw, si(b—a)5+/1jgol =A(b—a)5+J‘1ps/1(b—u)g+J-(A H
a a a a a

va nhie vy khi cho ¢ ti€n t6i 0* ta duoc:
b b
[an=afr.
a a

e bat A= (g e E(a, b); p<f), B;= (w e E(a, b); f < w}; tuong tu vai Ap B_f, ré

rang lAcic dnh xa A; — B vaBr — A_glanhing song anh,
pr>-p pis-y

b
=(b- a)).5+/1J‘(p| <(b- a)l£+/{‘l‘f

tur dé:
Lin= s (fe)= sop ([ -v)= sw - [v )= ([v] =L/
Tasuyra,v4i 1 e R :
[Gn=[eat-n=-2{n=- [-ff]”ff'
Cui citng: v(f.g)e(c/\A)z.WelLJ‘b(lf+g)=rfiJ‘)Jfrz"'=’1J‘bf+J‘l‘:g "

Nhin xét:  Néu hai 4nh xa f, g thuéc CM chi khdc nhau ¢ mot 36 hitu han diém thi

b
J‘fzﬁg.Thax vay, ton tai dnh xa bic thang e: [a,b] >R saocho g=f+¢,
a a

suy ra: J‘:g=J‘:f+.[}=Ef.

6.2.5  Cac tinh chat lién quan dén thi ty
¢ |Ménhdé1 Chof [a, b) > R lién tuc timg khic.
b
Néuf2 0 th J’ f20.

- Ching minh

b
Vi 0¢€ E(a, b)vad 0 <f,nén tacéd I()< f nghia 13 0< f a

\“



6.2 Tich phan céc anh xa lién tue ting khdc trén mét doan

¢ |Hé qud1 Neuf g [a, 5} - R lien tuc timg khic thi:

o= [ref's

b b
Ching minh: ngQg—fzoﬁj?g—f)ZOQ—ffsjg. a
a a a

*

]

Hé qud2 Chof:[a b] - R lién tuc timg khic,
m = Inf fix}, M = Sup fix). Taco:

xe(ub] xela;b)

b
m(b —a) SJ. f<M(b-a).

Binh nghia Chof: [a, b] - R lién wc timg khic, gi4 tri trung binh

b
cta fuen {a, b] 12 s6 thuc ! I f.
b-a a

Chung minh: {

y Gi4 tri trung binh cia f1a chiu cao
cita hinh chir nhit (c6 cic canh
song song véi céc truc toa do, c6

‘ b
day 12 [a; b]) véi dién tich I .
a
Véi chc k¢ hiéu nhur & he qua 2, gi4

tri trung binh cda f trén {a, b] ndm
gidta m va M.

Ménh dé 2
b
Véi moi f thuéc CM: “‘ f
a

[

f <l :E’Slflfi
7 g

NV

J1

14-GTT-TY
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¢ [Héqua3l
1) Gidslif, g € CM, "fILD = Sup f(x). Tacé:
xelab]
b b
s, [l
2) Gidsit f ecM, ||f], = Sup [F(x)|. Tacé:
xelab]
b
[Aco-al,
Chitng minh
b b b b
o[ = s [ = bk [
2) Apdung /) véig=1. [
¢ |Ménhdé3 Gidsirfe < Msaochof>0,vax, € [a, b]sao cho flien
tuc tai x, VA fxp) > 0. Khi d6 ta c6: J'bf>0.
Chimg minh

b

u-‘rov

Vi f lién e tai xg va flxg) > 0 nén
16n tai a > O sa0 cho:

Vx e la, bl nlxg— & x5 + al,

)2 % Rx)-

Ky hitu: [u; v] = [a; b] " [xg — a; xp + ), vh e: [a, b] - R 12 4nh xa bac thang x4c

dinh bdi:
0
%ﬂxo)

0

e (x)=

b b
Khi détach: fze, vay [fzj‘ e=%(v—u)f(xo)>0.
a a

oéu x € [a; uf
néu x € [u; v]

néu x € |v; b]



6.2 Tich phan cac anh xa lign tue ting khic trén mét doan

B6 dé sau day (suy ra tit Ménh dé 3 bing 1ap luan phan chiing) rdt quan trong
(chﬂng han trong viéc nghién citu tich vo6 hudng xdc dinh bing tich phan). Ta
nhéc lai ring ta d gia thiét a < b.

¢ (HEqua4 Chof [a bl >R.
S lién tuc
Néu f=0 , thi f=0.
b
J/=o
a

Nhdn xét  Theo he qua 4, ta c6:

b
1) Néuf: [a, b] > R IiEntuchnéuI ft=0 (U‘ongdéfz:ﬂ),ﬁﬁfZ:O.vh
Vivay f=0.

b
2) Néu £ [a, b] > R lién tc va J|f| =,0thi |f| =0vadodéf=0.
a

¢ | Dinh ly (B4t ding thic Cauchy — Schwarz déi vdi tich phan)
V6i moi 4nh xa f, g: [a, b] > R lién tuc timg khiic, ta c6:

b\ (b b
(L) <(fo) 0}
Véimei AeR: J':(,i f+g)° 20,66 bhng cich khai wién:

VieR, [.[bfl])ﬂ +2[J‘}’g]/l+J‘:gl 0.

b
. Giasﬁf f=o.
a

Ching minh :

b b b
Néu Jfg)O. thi 2 [Ifg]l+j g’ —o s > M thudn. Gling viy, néu
a a a

b b\ pb b
Lfg <0 th 2 [Lfg}l+L g? —5m ™ mau thufin. Vay Lfg:O, va bil
ding thitc ta mong muén trd nén tam thudng.
b
. Giésirj‘ fiso.
a

Theo (1.2.3, 2), khdo s4t cdc tam thitc thuc) biét thic < 0, nghia 1a:

L) (fe)ee .
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¢ | Ménh dé 4 (Khao sat truong hop ding thic trong bat ding thic
Cauchy-Schwarz d6i véi tich phan cac anh xa lién
tuc)
“oh b h
Chof, g: [a, b] - R lién tuc . D& [I fg] :“ f2] U gZ],
a a a
dieu kién cidn va dd la (f, g) phu thuéc, nghia 1a tén tai
(ar. B € R*= {0, 0)} saocho af + fg =0.
Chimg minh
1) Gid sir (f; g) phu thude.
Néu f = 0 thi két luan 13 hién dhién.
Néu f# 0, thi t6n tai a € R sao cho g = af, vata cé:

b N2 eb 2 b V[ b b b N ph
SR U S IS R IRa ]
a a a a a a N a
2) Do lai, gia sir ¢6 déng thitc trong bat ding thiic Cauchy — Schwarz. Néu f = 0,
thi (f, £) phu thuéc .

Giasirf= 0. Vif lién tuc, nén J:fz >0 (xem Ménh dé 3). Tir d4 ta suy ra:

s
(7]

thi E(ﬂf+g)2 =0, r8i (xemn Nhan xét 1)

b h
VieR, J- (ﬂ.f+g)2=(‘l‘ f2) A+
a 4 a

[i

Pac biét khi chon 2 =—
f2

Af +g =0, va vi vay (f, g) phu thude. [ ]

Bai tap
1 1
0 6.2.1 Chof |0; 1] > 10; 1] lién tuc sao cho f= 0 va J- f= J‘ 1 (\/(’!if2 = ff). Chimg
0 v
minh ring f=1.
0 6.2.2 Cho(a,h)e R? a0 choa < b, n € N*, £y, ... [yt 1&, b} = R lién tue va khéng cling
b "
bing 0. Chumg minh ring n tai uy, ..., 1, la; bl — R lién tue, sao cho [ Zf,-u,- =1.
o i=1



6.2 Tich phén cac é&nh xa lién tuc timg khde trén mét doan

0 8.2.3 Cho(a, b) € R? sao cho g < b, f: [a, bl - R lién 1ye timg Khiic, m = Infb] fx),
. x€e[a:

M= Sup flx). Gid sdm > 0. Chitng minh ring;
x€[ah)

m L b by m
a) 2\/;(1»—(1)5;[“f+mj'ays[1+g}(b—a)

N2 h b B 5 (m+ M)
b) (b -a) stL-f— S (b-a? CIL

¢ 6.2.4 Choj: [0: 11 > R lién tuc sao cho véi moi 4nh xa bic thang va tang g: [0 1] — R,
18 c6 L:fg=0. Chimg minh rang f=0.
0 6.25* Chof:[0: %] — R lién tuc, > 0, sao cho:
Yr € (0.1,2,3.4}, J:f(x)cosmdx = (-1)'2n+1)
Ching minh ring: f=0.

k}

2 g
0 6.28  Tmh: m]’ e
xo+wmdy (]m)2

6.2.6 Hé thitc Chasles

¢ [Ménhdé1 Cho(a b, c)e R¥*saochoa<bh<cva f:[a;c1> Rlién
tuc timg khic. Thé thi cdc thu hep cta f tén [a; b] va {b; c] lién tuc

timg khdc va _[:f+j:f=J:f.'
3 day ta ky hiéu Jff thay cho I:f][a;b] .

Chiing minh
R4 ring réngd [ap) v f“b;c] lién e ting khic.

Cho &> 0. Theo 6.2.2, Dinh 1y, tén tai ¢y, y; € E(a, b), ¢y, ¥ € E(b, ¢) sao cho:

¢15f1[a-,b] =y (5] sfl[b;cls‘»”z
€ va _ sf
Vi—¢1 = > ') >

K¢ hi¢u ¢, y: [a: ¢] > R 1A cic 4nh xa duge dinh ngh?a bai:
Vx € [a, b], (¢ (X)= @y (X) va y(x) = ¥ (x))
Yx € [b, ¢], (p(x)= @y (X) VA px) = gy (X)) -
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RS rang 12: (¢, y) € (F(a, c))z, psf<y.y-p< e THdé suyra:

c c b c b c b c
Ifsjw=IW1 +.[W2 s(b—a).=:+J-¢1 +J‘¢)2 s(b—a)5+If+Jf
a a a b a b a b
b c b c b c c e’
jf+J5fSle +Ly/2 S'(b~a)£+J‘(p1 +I¢2 =(b—a)5+I¢5(b—a)£+If
a a a b a a
b c I
va khi cho £tién t6i 0*, ta suy ra: Jf+If:If. |
a b a

¢ Binh nghla-ky hiéu

b
I f=0 n€ua=»b

b a
sz_Ib J néua>bvaf:{b; al - R lién luc ting khiic
2 A

Cic tinh ch4t dai s8 (6.2.4) khéng thay déi, cic tinh chdt vé thit tr (6.2.5) c6 thé sl
déi d& dang tuy theo vi tri rong d6i cha a va b.

¢ |Ménh dé 2 (Hé thitc Chasles)
Cho a, b,c € R va f1a mot 4nh xa nhén gi4 tri thuc, lién tuc timg khic

¢ b
trén mét doan chia g, b, c. ThE thi: I fzj‘ f+chf.
a a

Chitng minh
e Néu (a = b hoidc a = c hoidc b = ¢), thi tinh ch4t 1A hién nhién.
e Néua<b <, xem Ménh dé 1.
e Néua <c<b,thco Ménh dé 1 tacé:

b c b ' c b pb b pc
Pl Vel VR Ve PR VR TRV
a a c a a c a b
e Cic trudng hgp khde (b<a<c, b<c<a, c<a<b, c <b <ad)ching minh
tuong L. |

Ta suy ra mot cach dé ding nhd quy nap theo N ménh dé sau:
¢ | Ménhdé 3 ChoN e N* a,, ..., ay € R, f 13 mot 4nh xa nhan gii tri
thuc, lién tyc ting khic trén doan 16n nhit chia ay, ..., ay-

4y

N-1
ay
Khi dé6 ta cé: Vf‘: E I f.
Y k=0 ay




6.2 Tich phén cac &nh xa lidn tuc ting khuc trén mét doan 201

Bai tap

0 8.27 Cho(a,b) e R” sa0co a < b, f: [a: b] - R hén tuc timg khic sao cho f 20 vA

Lbf=o.

Chiing minh ring f bing 0, trif ra tai mot s6 hitu han diém.

¢ 6.2:8* Chof:11,+x[ — R thufc 16p C' valdi. Ching rmunh rang vt moi n € N — (0,1}:

0 6.2.9* Qumg minh ring, v6i moin e N - (0, 1}:

3n+1 o kY e
< - £~
2142 Z[ ]

k=1

(C6 thé sit dung bai t4p 6.2.8)

0 6.210 nof (0 %]—«»R lidn tiac sao cho tén tai c € [0, %] thoé man:

vae 0.4, f(x)>0
[‘v’x e }c;—;;[, fix<0’

" n
Chimp minh ring: (J- 2 f(x)cosx dx)2+ (I 2 f(x) s'mxd.yz)2 > 0.
0 0

6.2.7 Tdng Riemann

Trong § 6.2.7 ndy (a, b) chi m¢t cdp s6'thuc thodnmdn a < b.

¢ Dinh nghfa Cho £ {a; b] — R lién tuc timg khdc, s = (ay, ..., @,) 12
mot phan hoach cia [a; b, v véi moi i € {0, ..., n — 1}, & 13 mot phén

n-1
tr cla [a;; a;, ) Ta goi s6 thuc Z(am —a;)f(&;) 12 tdng Riemann

i=0

lién két val £, 5, (E)g < <n-1-

Nhu vay t8ng Riemann néi trén 12 tich phan cla mét 4nh xa bac thang e xac

dinh bdi: Vi e {0, .., n -1}, Vx € la;; a; [, e(x)4=f(§,~).
— e P R TR
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0

¢ | Binhly Chos:(a, b] > R lién tuc.
b
Céc t6ng Riemann twong (ng vGi f déu hoi tu dén | f khi budc cua
a
phan hoach din dén 0, nghia la:
Cho &> 0 bt ky, t6n tai &> () sao cho v moi phan hoach
s = (ag, --., @,) c0a [@; b| c6 bude < ava moi ho (£) - ,-, | $a0 cho
(Vie {0,..,n-1}, & € a; a,,,]) tacé:

n-l
.[:f'z("m -a;)f(§;)| < €.

i=0

Chitng minh

Cho £> 0 c6 dinh. Vi f lién tuc trén doan [a; b] nén f lién tuc déu trén [a; b] (Pinh 1¢
Heine, 4.3.6, Dinh 1¥). Vay 16n tai a > 0, sao cho:

vx', 1" e [a; b]l. (l,t‘—:"‘ fa= U[:']—f(x")| < ?:E—] .
-a
Cho s = (ayg, -.., a,) 12 mot phan hoach cia (a; b] c6 bude < a , nghia 1a
 wie(0,.,n-1), @, -gsa
Choi e {0,...n-1],lachd: Vxe€ [a;a,], |x -—;’il <a,, —d, <a,viy
£
Vx e [agag . [f(0-FE) S

tr dé suy ra:

1

_ﬁ}" - f(& »1 < r If = £ Slayny —a)—— .
a, a, b-a

r}'l (a4 —a;) f(&; }} =




8.2 Tich phan c4c anh xa lién tuc timg khic trén mét doan

Ta suy ra:

Lbf—i(am ~a)f&)
i=0

e e,
Z[Lf =i -a.-)f(s‘;)] )

i=0

[ 1-@n-a)r (&) ‘

£
b—a

n-1
SZ("HI'”x)b—fa:(an_”o) =£. .
i=0

Nhgn xét

1) Ta ¢ thé chitng minh ring két qua cla viéc khio sdt trén vin ding cho trudng
hop tdng quét hon, khi f lién tyc ting khdc trén [a, b), (chd ¢ ring fc6 thé c6 nhing
diém gian doan trén [a; bl.

2) Mot téng Riemann khéng chi phu thude vao budc cha phan hoach ma codn phu
thudc vao chinh phin hioach dé v céc diém &,
3)Né&u f: [a, b] > R c¢6 tinh k-Lipschitz (k € R ) thi v6i moi phan hoach

s = (ag, ..., a,) cia [a, b] cé bude k¢ hitu 14 p(s), va moi ho (&) 4 < ; < , - thda man
& €la;i a;q] Vie (0, .., n-1},tacéd

b n-1 n—1 P
J,r-2a-arey s 3] lreo- el
i=0 i=0

n) n-| .
< ;;a kJ':’*’ |e-&lde < k;-l-a,.’l’é)dx =k(b—-a)p(s)

Trong trudng hop pdy (f Lipschitz) k€t qua cia dinh 1§ dige chiing minh ma khong

cin dén khfi niém lién tuc déu. [ |
Mot trudng hop thudmg gap 1 wudng hop phan hoach (ap, ..., a,) 12 déu (nghia 1a:
b-a

Vie {0, siey n—1 }, ai+1—a"=

Khi d6 ta ¢6 két qua sau :

1
vd £ bing g; (hoic ;) hodc E(a,- +a;,)).

¢ |Hé qua Cho f [a; b] = R lién tyc. Ta c6:

b-a "z‘if(“ib—a)_n;)[abﬁ
i=0

n n

. . 1% (i 1
Dac biet néu flien tyc trén [0; 11 th:  — Y. f] = —>j 1.
nisp \njom 0
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2n-1

viDU:  Tinhn Z—

2n-1 n—
1 1
Tacé: VneN, n E ——n_;_ =—
ton k2 (1+n) n4 [ ]
n

Vi fi[0;1] > R lién tuc, nén hé qua trén chi ra ring:
1

(J+x)?

n—-1

1
1 1 1
i=0(]+i)
n

1 1

Ré6i I 1 2d.vr=|: ! ] =—l+1 -1 (vé quan hé giita tich phin va dao
0 (1+x) L+x |o 2 2

ham, xem §6.4).

Bai tap

0 6.2.11 Xic dinh giéi han ciia ddy cho bbi s6 hang téng quét cda né:
an 11 1

L R
a Y k at+k @) aelo, +of-{1)

k—0k2 +n2

2n ¢ 2n-1

. 7 n+ k2

<) ZS“‘— 4) 2 3443 e) 2

ok ¥k k=n2k+1

4
1 n . 22 ;? n L

D=5 Ykt rak+by®  g) n*|[¥ By |Yemtk [-n

n k=1 k=1 k=1

0 6.212 Chof, g [0; 1) > R, lién tuc; chiing minh:

15 )l 0



6.3 M4 réng cho cac ham cé gi4 tri phitc

6.3 Madrong cho cac ham cé gia tri phirc

¢ Pinh nghia Cho f: [a; b] - C lién tuc timg khic. Ta goi 14 tich phan
cua f (trén [a; b]) va ky hiéu la Lbf(hay La,b]f , hay Lbf(x)d.x , 56
phiic xdc dinh bdi:

L=

Chi ¢ ring: Re fva Im f déu lien tuc ting khic trén [a; b] va 6 gid tri thyc.
Pinh nghia ndy md rong dinh nghia & 6.2.3, vi néu fc6 gid tri thuc thi Re f = fva
Imf=0.

) b
¢ | Ménhdé1 Anhxafo I f 1a mo6t dang C-tuyén tinh trén C- khong
a

gian vecto cic 4nh xa lién tuc timg khiic trén (a; b].
Chitng minh

Néu A € Cvif, g: [a; b] = C lién mc timg khic, thi khi dit = Re(4), = Im(1),
r=Ref,s=Imf,u=Reg v=Im g, tacé:

b b

J('{f+8)=J‘((dr—,Bs+u)+i(a s+f8r+v)
b b

= J‘(af—ﬂs+u)+ij‘(as+ﬁr+'v)

[ b b pb b b
= aIr—ﬁIx-ﬁ-J u]+£(ajs+ﬂ r+ v]

b b b b b b

=(a+iﬁ)tj‘r+ijlf]+[ju+ijv]=ijf+fgA »

¢ |Ménh dé 2 V6imoif: [a; b] - C lién tuc thng khiic:

<
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Chiing minh
Truée hét chd § ring | f]1ien we timg khic. Ky hieuw » =Re f,v =Im f. Ta cé:

el
SigR(oRieaal
(4] o [T [ )

RG rang ring V2 +v2 —v20 vd Vu? +v? +v20.Cécdnh xa g, h: [a; b] > R
1 1

dinh nghia bai: g = ( u® +v2 —v)2 vih= (Vu? +v? +v)2 lien tuc timg khiic trén

f{a; b] végh:[ul.

Theo b4t ding thic Cauchy - Schwarz (6.2.5, Dinh 1¥):

([ o))

TN d6 suy ra két qua cdn tim nhd chd ¢ ring:
b \2 b \2 b2
ISR y
a a a

¢ | Hé qua
1) Chof.g: la; b) > Clién tuc tiing khiic. Ta c6

[, o=,

2) Chof: [a; b] — C lien tuc timg khic. Ta c6:

[

< (b - a)”f"uo )
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¢ | Ménh dé 3 (Hé thitc Chasles)

Gid sita, b, c € R va f 1a mOt 4nh xa c6 gid tri phuc lién tuc timg khic
trén mot doan chda g, b, c. Khi d6ta cé:

[rLrefr

Ching minh

If LRefﬂIlmf

UReer Ref +,[J'1mf+jnan

Uacf+,jm.f] ([jerifims]

=Lf+j:f. =

1

6.4 Tich phan va dao ham
Trong cd §6.4 nay, I chi mot khodng ciia R khdng réng va I;héng thu vé mét diém

C4c bam duge xét d8n c6 gi4 tri trong K (K =R hay C).

6.4.1 Ham tich phin cia can trén

Cho x, € { va f: I — K lién tuc timg khic trén /, nghia 1a lién tuc tdng khic
trén m&i doan bao ham trong 1. V6i m8i x thuéc /, thu hep ciia f trén doan c6

cdc mit x, va x lién tuc tﬂ'ng khiic, do d6 ta c6 thé xét 4nh xa F: I- K dinh
nghja bdi: Vx e I, F(x) = f

Xp

Nhu vay f dugc coi nhr mot ham cia x 1a cin phia trén (ta ciing goi la:

*0

cin trén) cua tich phan.
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¢ [Ménh dé1
F: 15K liéntuctrén /.
Y j;;f

Ching minh
Ta s& ching minh riing v6i moi doan [; b] bao ham trong 7, £ ) dnh xa Lipshcitz.
Cho (4, b) € I* sao cho a < b. Vi f lién tuc ting khic trén [a; b], nén fbi chan trén

[a; b]; dat M = Sup |f(x)| . V6i moi (', x") € [a; b]* sao cho, ching han x' <",
x ela:b)
ta cé:

[F(x")—F(x'){='J;{ ~L{\= SJ‘: |f| < M(x"-x").

Diéu nay ching td ring f 1a M-Lipschitz trén [a; b), vay lién tuc trén [a; b].

Cu6i cing, vi f lién tuc trén moi doan [a; b} bao hdm trong /, nén 13 rdng 13 F lién
tuc trén 1. »

¢ | Ménh dé 2

oF: ] 5K thuoe 16p C! timg khidc.
o oS

« F kha vi tai moi diém x, thuoc 7 tai d6 flién tue, va F* (x,) = (x,).

Chitng minh

1) Cho x, e I <ao cho flién tuc tai x,.
Véi moi x thutc 7 - {x;), tacé:
F)-F(xy) )\

X“Xl

If f (x=x1)f(xy)

|x~ x,j

1
lx Xl|

(f fle) <

lf x| -

Cho &> 0 c6 dinh. VA flién tuc tai x; nén tén tai 77> O sao cho:
veel, (t-x|sn=lf0-flx)se).
Cho x & /- {x;} sao cho |x - xy| <. Khi d6 ta c6:

X
z,:z‘lx—xﬂ.
x)

~fx)||<
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Nhu vay ta di ching minh ring:

Ve>0,317>0:‘v‘xe[-{x|},[|x—x)|517: -f(x)

F(x) - F(xy)
X — X

F(x)-F(xy)

xX—x

nghia la:

X > fla).
Diév ndy chimg 3 F khi vi tai x; va F '(x;) =flx))-

2)Cho (a, b) € R? sao cho a < b v3 [a; b] 7. Viflién tuc timg khic ten [a; b],
nén tén tai n € N*va (g, ....a,) € R ™! sa0 cho:

a=gy<..<a,=b,
V&i méi ie {0, ..., -1}, thu hep cla f trén ] a;; a4, [ ¢6 thé thic trién
lién tye lén (g;; 2,

K€t qua tren chiing té ring F kha vi trén [a; b] - {ay, ..., a,) VA F' c6 thé

1}“{;45'0][
théc trién lién tuc tai g; vi a;,,.

Nhu vay f thugc 16p C! dmg khic trén [a, b]. Vi F thuéc 16p C' ting khiic trén moi
doan bao ham wong / nén F thudc 16p C' ting khic trén /. .

Vi DU:

y=F(x) Xét ham dédu:
f: R = R duge x4c dinh bai:
-infux <0
f y=ftx) VxeR, f(x)=<0 nux=0

1 néux>0

x X
VxeR_,F(x):Iof=I0 -1=-x
Khi &4y F: R - R dugce xdc dinh bdi : . . ,
e fof VxeR+,F(x)=IDf=J'01=x

nghiali: Vxe R, F(x)= H

Ta chi ¥ ring F lin tuc trén R, thuoc 16p C' trén ] —o; O] va trén } 0; +<of, thuée 16p
€' ting khiic mén R, nhung khong kha vi tai 0.
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¢| Héqud1 Véimoip e NuU (+ o}, néuf thuoe 16p C* uén I thi
F:1 - K thuoc1ép C”* wen71va F' =7,

b

Trudng hop p = 0 cia he qua ndy rdt ¢6 ich.

¢ | Hé qud 2 Cho7, J 12 hai khoing cia R, u, v; I > R thuoc 16p C
sasochou (N cJvav(hcJ, f:J— Klién tuc.

Anhxa y:1 > K thuéclép C' tren J va:
e “)j
u(x)

Vxel, y'(x)=f@x)v(x)—fu(x)d(x)

Chitng minh

Chicdndat: F:J - K (trong d6 yg c8 dinh trong J), ta c6:
y oS

Vx el, w(x)=F(v(x) -~ F(uXx)). [ |

VIDU: Anhxay:R 5> R thuee 16p C' wen R va

x> [ 2t ar

Vx e R, ') =21 +16x¢ —V1+x7 .

6.4.2 Nguyén ham
¢ DPinhnghia Chof7—K, ¢;]— K 1a hai 4nh xa.

Ta néi ring 13 mot nguyén ham cia f trén J khi va chi khi : ¢ kha vi
trenIva @' =f.
¢ | Binhly Chof:7— Klién tuc. Khi d6:
1) V3imoix € I,anh xa F: I - K 12 m6t nguyén ham cia ftrén /.
xb—)]:of
2) Vi moi nguyén ham @ ctia f trén J, tap hop cdc nguyen ham cba f
men/la{ g,+A; Ae K}
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Chitng minh
7) TheoHe qua 1 3§ 6.4.1,40hxa F:7 - K thudc16pC' vaF =f Vay F
ol v
12 mot nguyén ham cua f trén 1. Do d6 f ¢6 it nhdt mét nguyén ham trén 7.

2) e V6imoi 4 € K, gy + 4 1a mét nguyén ham ciia f trén / vi gg + 2 kha vi trén
1va (do+ N =85 =/.
s Bio lai, gid siT ¢ 12 mét nguyén him cua f trén 7. ThE thi ¢ — g kha vi tén 7
VA(P-do) =¢ —Jo=f—f=0, vay (xem 5.3.1, Nhin xét ¢ — g, khong d6i, nghia
latdntai A € Ksaocho ¢g= ¢, + A ]

Phép tinh m&y méc mot s6 nguyén ham sé duoc trinh bay trong chuong 9, Tap 2.

Véif:I->Kliéntuc, taky hiéu | / hoac 7 > K 12 mét nguyén ham
x> [ £(x)ds

nao d6 trong cic nguyén hdm cda f trén 7. K¢ hiéu ndy c6 wu diém 12 gon

nhung khong tién vi n6 chi khong phai mot ham, ma thyc t€ 12 v6 han ham

khic nhau mot hing s6 cong.

¢ | Ménh dé-Ky hiéu Cho (q, b) € P, f: I - K lien tuc,
¢: I > K mot nguyén ham clia ftrén 7. Khi d6 ta c6 :
b
[ r=sr-4a.
Phin tit #(b) - a) cha K dugc ky hiéu 12 [¢(x)]x=b hojc don gian

X=a

hon [¢(x)][a’ , va dugc goi 12 bién phén tir a dén b coa ¢.

Chitng minh
'[heoDinhl)‘/trenténtai/leKsaocho¢ F+2,0xdé
$(5)—4(a) = F(b)- Fla) = f .[f

Chii ¥ 1a ménh dé trén néi ring, néu f ; 1-)Kthuoc 16p C' wen I thi:

b
_[f'(x)dx = fby- (@) . »

1R.LATT.TH
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Bai tap

¢ 6.4.1 Chof g:[0;+0[ =5 R lién tuc sao cho:
Vxe [0; +oof , g(x)>0
L don di¢u ’
14

Taky hieu f:[0;+o]>R |, G:{0:+0)>R .

xHj:f xHI:g
Ching minh ring g— don diéu trén 10 ; +oof .

0 84.2 ChoF:R—-> Rliéentuc, g: R- R
fo(x)j:f
Chimg minh ring néu g gidm tréen R thi f = 0.

0 6.4.3 Cho(a, b) € R*saocchioa<b, J:[a, b) - R thude 16p C1. Ching minh:
1 b
Vxelab) |f(x)] < 3(|f(a>+f(b)| + If'I} :

0 6.4.4 Chof [0, +© [ > R lién tuc va sao cho t6n 1ai k € R thoi mén:

Vx e (0, +of, 0 <) skj:f.

Chimg minhrdng f=0 (xét x > € & j;f ).
0 6.4.5 Tim &t ci céc 4nh xa litn tuc f: R — R sao cho

V@, y) e RE flo) - f0) = I

2x+y
f
x+2y

0 6.4.8 (BSdé Gronwall)
Cho f,g: [0,+o[—Rlitntwe, f 2 0, g20,vaC € R, sa0 cho:

Vxel0, +of, fi) < C+j:fg.

X
Ching minh ring: Vx € {0, 400 [, )< C Jog
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6.4.3 Phép déi bien

Ta nhic lai fing, néu ¢ J - K va g: ] > K déu thuoc 16p C' wen céc

Khodng Jva I, vanéu p(Jyc I, thig o :J > K thuoc1ép C' trén J va:
x> g(@(x))

(¢ @) =(g> @) @ (xem 5.1.5, Dinh I§ 2)
Nhir vay ta c6: I 2(0(x)) ¢'(x) dx = g((x)), tir d6 suy ra ménh dé sau:

¢ | Ménh dé Cho (a, B € R?, ¢: [, A] - R thuoc 16p C trén [ B, f 12
mot 4nh xa nhén gid trj thue hoac phie, thudc 16p C° trén mot doan

) )
chtta ¢ ([a; A)): The thi: L F(@0))0'() dx = _[:(a) 7 Gé) du,

Ta néi ring ta di thuc hién phép déi bién u = ¢ (x).

{
z 1 3

VfDU J‘zsinzxcosxdx=‘[ wrdu=| L =l.
0 0 3 3

Trong thuc t€, nhan tir ¢ '(x) khong phai lubn c6 sin trong tich phin dang
khdo s4t, ma phdi dua vao bing c4ch chia cho chinh ¢ '(x). Diéu nay ddi hoi

@ ' phdi khic khéng trén khodng dang xét. Vi ¢ thuoc 16p C L tren mot
khodng nén dinh 1§ cic gid tri trung gian chi ra ring diéu kién ndy din dén:
@'>0hoac ¢' <O0.

Bai tap
0 647 ' ;o v
"/4 z/4 P
2) Chimg minh: j' In (cosx) dv = | ln(oos(——-x)]dx.
0 0 4

x/4
b) Tix 46 suy ra giA tri ciia I In (1 + tanx) dx.
0

. . fx)=-1
0 6.48 ChoaeR, vaf:(0;a] > Rlientuc sao cho: Vx € [0; a]

J)fa-x)=1

ora
Tinh J‘oin(x)dx.
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N n dx
0 6.4.9 Chimg minh rang: —_ ——0.
£ £ Il ’nz +13 nec

0 8.4.10 Chof:[0: 1] — R lign tuc sao cho f> 0.

n+

aj Ching minh rang, vé moi n € N*, t8n tai (x;, .. . . x,) € [0: 117 duy phat thod min:

O=xpg<xp<..<xy <x,=1

a1
Vke{O,...,n-l)\'L:' lf:-ﬁ-JOf

n
b) Xac dinh lim-- S S
ne h k=0

I 1
0 6.4.11" Cho f: [0; 1] > R )ién tuc sao cho; Vke N, onkf(x)dx =0
a) Cho (a P € R¥sa0 cho 0 < a < f< 1. Chimg minh ring t8n tai da thic P he s6 thire,

Vx e[a, pl, P(x)21

béc 2, sao chio:
{Vx elGalu[f;l], 0 P(x) <1

1
b) Ching minh: Vn € N, -[0 P flr)dx=0

c) Tud6suyra f =0.

6.4.4 Phép tich phan timg phén
4 |Ménh dé1 (Phép tinh nguyén ham ting phan)

Cho u, v:l—)K.t.l'm(}t:lépCl trén J. Ta c6: I u'v:uv~J-uv'.

Chiing minh: (uv)' = u'v+ wv' (Xem 5.1.3, Dinh 1§ 1, 3)) Y d6 wv = [u' v+,

¢ | Ménh dé 2 (Phép tich phan timg phan)

Cho u, v: [a; b] > K thuéc 16p C' trén [a; b) . Ta c6:
b b b

j u'v={uvl, —I uv'

a a

Chitng minh: Suy ra d& dang tiy Ménh dé 1.

Phép tich phan fmg ph4n 12 mét trong céc cdng cu co ban cha Gidi tich ¢ dién. N6
thudng cho phép thu duge méi lién hé giita cAc tich phan phu thudc mot s6 nguyén.
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viDU:
1) Tich phan Wallis
nl2 n '
Ta s¢ t{nh gif ui cla In=J‘0 sin xdx véimoin e N,

V6imoi n 22, bang cich tich phan ting phén:
/2 — — 72
]":-[) sin" lx sinx dx = | ~sin" lxcou]glz - I - (n-~ l)sinnﬂxcosgxdx
0]
x/2 - )
=-n [ s e (1 - sin) dx = (1= 1)y — 1)

Tudé cé he thic: nl, =(n-1)1,,.
Ta phan thanh hai truémg bap Wy theo tinh chin 1& cta n; Véimoip € N, ta cé:

7 _2p- 1] 2pl2p3._1_]

2p =75, 22T 2p 2p-22°
Topy == 1y, = =22 2°2 2,
2 T el P T T 2p1

ni2 7 x/2 )2
ViIo=I dx=—2- vi Il=j sinx dr ={-cosx];"” =1, nén ta két lujn:
0 0
_@p-D) @p-3).1z_ Cp! 7
27 2p) @p-D2 2 @PpY 2

2p 2p-2)..2 (27 pty?
Izp-l‘l = =
@p+D) Qp—D.3 @p+D

vpeN,

2) B4 dé Lebesgue d6i val mot anh xa thude 16p C*
Cho (a, b) € R?, sao cho a < b, f: [a bl >K thudc 16p ct va v&unmn thude N:

| reas
Cho n € N bing céch tich phan timg phdn:

inx ¢ b inx
=[f(x)e_—-] —I f@E—dx
nl, Ja n
b
_l inb _ ina _i ' ux
= in(j(b)e f(a)e ) inJ;f (x)e™dx
Trds: |I,|<— [if(b)|+|f(a)l _f s '|)A

(Ta c6 thé ching minh ring k&t qui ndy (/, ——> 0) vin ding khi f chi lién tuc
__LEMMJ—L\I
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Khi xét riéng timg phin thuc va phén do, ta c6 két qui 1x: néu £ [a;b] - R tude 16p
1
C', thi:

b b
j S(x)cosnxdx ———0 va J- S(x)sinnxdx ——0
a nac a nac

(r5 rang 12 hai két qua cui cdng vin ding khi f nhan gi4 tri phic) .

Bai tap

0 6412 Cho(a b, o) e R3 sac cho a < ¢ < b, w: [a;b] — R thubde i6p c! tren [a:b).
«v: [a;b] - R sa0 chov1 [ascl va v| Ie:bl ¢6 nhifng thac trién thudc 16p C1 trén [a, ¢] va [c; b]
Ching minh rang;
b b _ b N\ _uin—
Ia u'y= [uv]a Ia aw—u(c)w(cT)=v(cT)) .
trong d6 w12 anh xa thic trién bt ky cha v' 1én (a; b].
b
I el Int dr
0 6.4.13 Qumgminh: == »).

ex Inx X4

- +1
0 6.4.14 V6i ¢ € R*, c6dinh, hiy tinh:  lim x! “'J‘x sin (12) dt
X—> 4w X

6.4.5  Cong thirc Taylor vai phin du tich phan
Ta da thiy (xem 6.4.2) 13 néu f thudc 16p C' trén [a; b] thi:
J:f'(x)dx = /)~ f(a).
Nhu vay, néu f thudc lop C ! tren mot khoéing / ctia R va néu (g, b) € I* thi:
f(b)= f(a)+ Lbf'(x) dx cong thitc nay cho phép biéu dién f bing mot

tich phan d6i véif’.

Bay gid ching ra s& m& rong cong thic nay bing cich sir dung céc
dao ham cp cao cva f.

¢|Dinhly (Cong thic Taylor v6i phan du tich phén)

Cho /12 mot khodng chaR , n € N, f: I - K 1a mét dnh xa thudc 19p
"1 tren I, (a b) e . Tacé:

n k n
fib) = G- 0 (g4 J' b(b"k’:)f(nn) (x)dx.
k=0 k! a n!
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Chitng minh: Quy nap theo n.
Ta di thdy tinh ch4t ndy véi n =0 : néuf thuse 16p C' trén {a; b), thi:

b
fb) = fia) + J' 0 .

Gia sir tinh chft di ding v6i mot s6 nguyén n, vi £ [ - R thuoc 16p C ™ uen 1.
Bing céch tich phan timg phAn:

b
by oan N b _\n+l
J‘ (b n.'x‘) f(""'n(x)dx =':_- (b X) f(n-H)(x)] __I . (b X) f("+2)(x)d1
a : a

(n+1)! a2 (n+1!

(b-a)"Jrl (n+1) I b(b_x)nﬂ (n+2)

= + it S dx .
(n+1) f @ a (n+D)! / (r)

Piéu A6 chiing minh tinh chat t61 cdp # + 1. ]

Bing cdch coi b 12 bién, cong thic Taylor véi phidn du tich phan cho phép

biéu dién f duéi dang tng mot da thite [z (b-a)* f (k)(a)} va phan du
k=0 K

b - n
1 tich phan I M 7D (ydx .
a nt

Trong kh4 nhiéu trudng hgp ta c6 thé khio sdt tfch phan ndy (thudng
12 1am tr6i m6dun cuia né), va nhd vay udée lugng s sai khic c6 thé c6 gida

n k .
Ab) vA da thic Z(b;k‘:)—f(“(a).\f‘l (ching han véia<b ):

Lf(n“)” J‘”(b ~x)"

(b _ a)n+l
o (n+ 1)!

jb (b _x)" f(n+])(x)dx <

:

néntacéd: |[f(d)- Z(b a)t f(k)()

f("'f‘])

M Sup f("ﬂ)(x)
(n+D! erab)

B4t ding thic cusi ndy duge goi 12 bt ding thitc Taylor — Lagrange.
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Bai tap
0 6.4.15 Ching minh ring véi moi (1, x) € Nx R

e_z e

(n+1)

0 6.4.16 Xic dinh cic s6thuc a, a, b, ¢ san cho v6i moi da tnfe P thude R(X] c6 bac < 5,
la co:

J'o' P(cos8)dx = @ (P(a) + P(B) + P(c))

0 6.4.17 Khio sit ham sau day (1ap ngudn va tap dich: R)

2x 12
fix»| ———df
x 12 +sin2y

0 6.4.18

a) Cining minh ring v6i moi n € N', t6n tai mot da thie duy nhit P, € R[X] sao cho:
X" 1-0Y=0+XHP,X) + (1) 4"

1)""1

b) K¢ hieu. g, = _[ P,(x)dx. Ching minh ring:

Vx e N, lﬂ' an|< po=

¢ 6.4.19 Bd ding thac Young

Vxe[Gal, f(x)>0
f(0)=0

Ta kg hieu (mot cich lam dung) f ~: [0; fia)] > R 12 4nh xa nguoc ciia f.

Choa e K, f: {0; a] — R 12 mt 4nh xa thuoc 16p C! sao cho: {

a) Ching minb ring: Vx ¢ [O; a], J‘:,f'+Joj(x))“_1 = xf(x)
b} TUr d6 suy ra: ¥V {x, y) € [0, a] x [0: fla)], I:f*-J:f"l 2xy.

0 6420 ChoaeR,, f:[0, a) > Rthuoe 1dp C' sao cho f* >0, va g : [0; {a)] > R lien
tuc sao cho Vx € [0; g}, g(fix)) 2 «.

Chimg minh ring: V(x, y) € {0; a} x [0: fa)], J:f+.[:g2 xy (sit dung bAi tap 6.4.19 b)).

0 6.4.21 ChoaeR,'. Tim 6t ca 4nh xa f: [0; +o[ — (0; +o [ thusc 1ép C! tén [0; +<of

)
saochof '>0,{0)=0va: Vx € [0; +oo], J.(;r(j ft= aJ:f (st dung baitap 6.4.19 a)).
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6.4.6 Xip xi mot tich phan, phuong phép hinh chix nhat, phuong
phap hinh thang

Cho (a, b) € R*sao cho a < b, va £ [a; b] — R thude 18p thich hgp. & day chiing ta

b
mudn c6 mot gid tri gdn diing cha J [ bing cich sir dung cic gid tn cha f tai cic
a

diém a; cha mot phan hoach déu [g; b] (n € N*, q,=a + i b-a ).
n

1) Phuong phap hinh chir nhit
a) Cho (a, ﬂ)eR sao cho a <,B vaf:la; ] = R 1amot 4nh xa

thudc 16p c'.
. — y=f(v)
Xét 4nh xa hing . y=e(x)
e:[la; S]=>R
x > fla) fta)
0| x
Ta cé:

(7 rea- |7 e(xmr’ - |jﬁ (S0 - f(a))dr]s [71reo- rlas.

Vi f thudc 16p C' trén [ ; f], nén theo dinh Iy 6 gia hitu han (52.2):
Vxela:ifl. |f()-fla)s@x-a)Mph,
trong 46 ta ky hieu M, (f) = | = s, TG
tela;

B —\2
Suy rar Iplf(x)—f(a)ldst,(f)I (x—a)dx=—(ﬂ—f)—M1(f)-
a a 2

b)Cho (a,b) € R? saochoa<b, f: [a; b] > R 1A mot fnh xa thuoc 16p C',
n € N*, (ag, -, a,) 12 phan hoach déu [a; b] duge dinh nghia béi:

b-
Vie [0,..n-1),a=a+i -2

n
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Bang cdch dp dung két qua cia a)
trén méi khodng |a;; a.,]
(0 <i<n-1)vacoOng lai, ta co:

“{I =

[ foote (@ - ansia)
q.

i=0 i=0

b n—-1 =1
._L f(-f}dJ—Z(am —a;)f(an‘ < z

n-1 Al
< _ZO (af+l = aJ) SI.IP lf.(r)l

rela;a ]

2 2
s%n(f"“] =" ).
n 2n

& day ta da k§ hicu M,() = |f] = Sup |f'()|.
re[a.b]

n—1 n=1
Mitkbic 3 (@ -a,)/(a) =22 f(a,).
=0 ". =0
Tém lai:

+ | Ménh dé: (Phuong phip hinh chir nhat)
Gid sit (a,b) € R, sao cho a < b, f [a;b] - R thuoe 16p C' , ne IV,
b~

2 (0<i<n-1).Knidéacé:
n

a =a+i

_ a2
C=Dpy(1).

' )dr-b"“”f: =
L X ps ,-=0f(aj)

Trong d6 M, (f) = Ifll. = Sup |f'(1).
1e[a;b]




8.4 Tich phéan va dao ham

Nhdn xét

1) Két qua trén déi khi duge goi 12 "phuong phép hinh chir nh4t bén trdi”, cdn
"phuong phdp hinh chit nh4t ben phai" 12 cAch xdp xi

b et -

.. b-—
Jf(x)dx bai —nﬁ E faq)-
a =0

2) Néuflien tuc va don dieu, ching han tang (khéng nhat thiét thuoe 16p C') thi

ta ddng céng thitc kep:
n—1 n—]
b- b b—
- EO fla) <[ fears>e §0 f@u)
= 1=

Ma bién d¢ la:

- aZﬂam)—b aZf( =2 az(f“"“) )

i=0 i=0

:%“(ﬂb)—f(a))

2) Phuong phap hinh thang
a)Cho (a, B) € R? sao cho a< B, v f [a; A1 - R 1a mot 4nh xa thudc 16p c?.

y

Xét anh xa afin

@ [a;b} > R tring vé6i ftai @ vd  f(B)

p (nghia 1
p=f(@vah=fB) (@

vaky hitu: g=f— ¢

R3 rang 12 g thudc 16p C* v

g'=f"g(m=gPH=0. -0_ a B x

—¥y=/{x)
- =0 (X

Cho x € [, 1].
Bing céch tich phan timg phin ta cé:

x X
gt)= [ g =[a-a)g' Ol - [ (-arg" i
= (x-a)g (- [ (-a)g" )t
VA tuong

x B
2 =(c- P~ [ - Prrrtr=-(f-ng'w =[5 -ng' .

221
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Tir do:
(- a)glx)=(F-x) glx) + (x - a) g(x)

x I
-2 -aod--af B -ngaar.
o x
Vi vy, véi ky hiéu My(f) = If'lle = llg"lls, ta duoc:
x B
(p- a)|3(.r)| s((,& - .r}J- (t—a)dr +(x - G}J {ﬁ—r)dz]Mz(ﬁ
a X
_ (f-a)(x-a)(f -x)

2
Nhur vay ta da chiimg minh rang:

My().

el fl . |f-pe] s EEE g ),
Tir day suy ra:
B I Vi B
I f(-tidx-j p(x)dx sj |f(x}—¢(1)|lir5%M2(f)I (x—a)f-x)dr .

Bing céch tich phan timg phin ta cé:

] £
B a2 B2
[C-ay (p-nax=| 522 (ﬂ-ﬂl+ -ay 4,
- 2 a 2

2 6 6
Ta két luan: M F(x)dx - I -?3(1)041 ”2 f).
Mat khc: L rp(x}dx=5(ﬂ—a) (f@+fB).

b) Cho (a,b) € R sao cho a < b, f: [a; b] = R 12 mot éinh xa thude 16p C?,
ne W, (aj, ..., n,) phép phan hoach déu ciia (a; b] dinh nghia bdi:

Vr’e{O,...,n-—l},a,- =a+!b—a .
n

Bing cach 4p dung két qua
cha a) trén mdi khodng

[a; a1 (0<isn-1)va
cong lai, ta thu duge:




y f@d+ @)
2

_a‘

i=0

—%(am —a)(f(g)+ f(@4)))

i=0

n-1
b- b
5;%(“&1““:‘ y S“P Ia (?)15— [( ~4 ]Mz(f)—( 2:) M, (f), trong

la, b]
d6 ta di k¢ hieu My (f)= Sup [f" ().
refa;b]

Mat khic:
n-1

n~-1
Z(ai-'-l_ai)f(ai)"-f(ai“)=b_aZ(f(ai)+f(ai+1))-
2n P

4 2
i=0

Tém lai ta cé:

¢| Ménh dé (Phuong phap hinh thang)
Cho (a,b) € R*sao choa < b.f:la;b] > RithuoclépC* ,ne N,

a; =a+ib“a,(OSi£n~l).Khi dé6 t3 c6:

) Ll ") My ().
2n

=0

trong d6 ta ky hitu M5 (f) =] /M= Sup f"(@).
tefap)

Nhan xét
Véin € N, ta ky hiéu:

n-1

R (n)-——Zf(a,) Ry(my =2

Zf(anﬂ) T(n)= —Z U(al )+ (i ))

i=0

b
a céc gif tri gdn diing ciia I F(¥)dx tuong ing v6i phuong phip tinh chi nhat bén
a
trdi, hinh chit ahat bén phii va hinh thang.
1) Rérangla: Vne N

1
T(n) = —2~(R,(n) + Rp(n)).
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2) Véi moi n thudc N* ta c6

H=1
b-a " fla)+[(ay)
T(n)= z :
(n] " i=o B

Vay T(n) 12 téng cdc dién tich
dai s8) cua cic hinh chit nhat ¢6
day 1 [a,; a;,,) vi chiéu cao
fla)+ fla,)
RS

a,=h

N6i cdch khac, T(n) thu dugc bang cich thay firen mbi (a4 g, ], [0 <P S0 = 1), bai
trung binh cdng céc gid tri cua flai g, va g,
3) Khi n tién téi 4 o

b b d
R, (n)=L f(ridr+0fﬂ. Rp(n}=L f(x)(mou],

T(n)= Lb S(x)dx + 0(—12—} .

n

Nhu vy, khi n I6n, phuong phép hinh thang, n6i chung, cho gid iri gdn ding cla
b
I f(x)dx 16t hon 12 phuong phép hinh chif nhat.
a
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Chi dan va tra 1oi

cac bai tap chuong 1

111 aj m? =20 = m>n . tirdé suy ra su tén tas cha p € N” sao cho m = n + p. Nhu
thém?=2n' < 2np+p*=n* => n’>p?> = n>p.vavibntarg € N¥saocho n=p+q.
R6i 2np + p? = nt o q2 = Zp2 . Diéu nay ching td ring néu mdi cap (m.n) thich hop. thi
t8n ta1 cap (pg) thich hgp saochog < n<mvip<n Viyg < m-1vap < n~L

Vi m, n, p. g 1a nhimg s6 tu nh1én nén viéc xay dumg nhu trén khéng thé ti€n hanh v6 han
duge

b) 2l2n*=m*va21a s6 nguyen 16 nén 2|m. Tén taim’ € N" sa0 chom=2m’, suy ra
n? =2(m"% Vé1 cing Iy do d6, 2 chia hét n,

2

c) n|n2 =m? - n?. Mat khéc, nfu moét s6 nguyeén d chia hét m va m — n thi n6 cling chia het

mvim=(m~ n)+n; t 46 UCLN (m, m — n) = |, cling nhu viy UCLN (n.m + n) = 1. Suy ra
UCLN(n, (m - n)(m+m)=1,n=1, m*=2, miu thufn.

d) m*=0hoic 1 [3)va 2n° =0 hoac 2 (3], vay m’ - 2n* =0 {3]. Suy ra 3, v6n 1a s
nguyeén 68, chia hét m va a.

1.2.1 Cho f:(x.y) xp : nfu (g.h) tBn ta thi;

VyeR, g0 +h(y) = f(0.y)=0,
vay h khong déi. g ciing vay va f cling vay.
0 Tralsi: f:(xy)—uy.

1.2.2

xt+ty=z

a) 2 :x2+y2+22=(x+y)2-2xy+22=0:x:y:z:[).
25 =xy

o Tralsi: Q.

b) Bangcachtr, suyra(x-y)(x+y~-2z-1)=0.
. Néux:y:z.hedéntdi3x2=x.

xx+2z-1)=0

2 =
e« N&ux=y=#z hedintt {x T2z =x , nghialé{
z=Xx+)

x+z-2y-1=0

, x+y=2z-1=0 _ |
s NE€u x,y.z khac nhau timg d6i, ta suy ra: tirdé v = z. mau thudn.
x+z-2y-1=0

16-GT1-T1



Chuong 1 S&thuc

0 Tralsi

\
<o,0‘0>.n,o\ox(o.l.ox<o‘0‘1>,(l.l.l. _1.12 .[— 1.3.-11, 2.0 0
3337373 U333 MNE s

¢) Rt y=72-xz vath&vao

(1-z2)x=82~722

(1-2)x=12-82z

x+(72-x2)z =Rz
xXt+7z2-xz+z=12

, ¢6 thé quy vé {

Rorang laz= 1, trd6 x= 12;—82 va thé urd lai : 22 +4z-12=0
-z
o Traldi: {(4‘6.2).[%(1.%9.-6]}.

2 - 20, 1\
d) Bing cich i, ta suy ra 0 xA-xT)+yy-Drz7(z-1) 0.
Q) yA-yH+z(z-D)+x2(x-1)=0

Thuc hien (1) — z(2): x(1-x)(Q+x+xz)=y(1-y)A+z+yz), va do hodn vi vdong quanh:
yl=-»)1+y+yxy=z(1-2)(1 +x+2zx).

Cic he thic trén chimg td réng, nfu (x,y,z) # (LL1) thi
(x>Ly>1,z>1) hoae (x<ly<lz<1).

Nhung trong ¢ hai trudng hop x+y* +2° #3.
O Tratei: ((1.1,1).
1.2.3  Vin dé thuc chit Ja nit gon mét dang an phiemg bing phuong phip Gauss.

a) 31’2 +y2 +22#Zx(y+z)=3(x2—-§-,{y__§.n]+y2+22

0 Traldi: ((0,0.0)).

b) Cling nhu véi a) ta cé:
2 2
8 k!
3)r2+4-y2 +1822—4Ay—12xz=3(x—%y-2z] +«[y—;z) .

0 Trald: {[3:,%-:, z]; zeR} hoac {(61,3r. 21}, 1 e R}.

-
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1.24  Kiém ching bang cach khai trién:
(x +y?- 2)2+(z +t -2}2+2xz Y (x +2z —2)2 (y + —2)2 +2(xy —zt)>

125 (q-xf +(n-xf+ (5 -5 + (0, -0 =

2
:2(.:,2 +..+x} )—2(1112 Fot Xy X+ XX, ) =0

1.26  a) Quy nap theo n:

ntl k n k n+l 2! - n+] -
(e 1)< [ ) [ i)t (o ) 2
k=0 k=0 x=1 x-1

b) Cdng phuong phép via) .

127 Ky hitufix) =x® - x5 +x* - x° +x2—x+%.
» N€uxs<Othi f(x) [x +x4+x2+4) (x +x3+x)

o NEux>1thi f(x)=(r5 +"3+")(“*')+% >0.

—

s NEuO<x<I,th f(x)=—x(1—x)(x4+x2+l)+% va 0Sx(l-x <7

0sx*+x* +1<3 vayfin > 0.

1.28 a)Kyhitus=a+b,vip=ab, bt ding thic cin chimg minh arong duong véi:
Y (sp) € (R (s> -4p20 =¢° ~3sp+222p+s),

2 —
nghia la: Vsp) € (R [32 —4p20 :pss——fi—z—} .
3+2

s2—s+2

2
s
hoac hép theo: Vs e R,, — <
e R 3542
V6i 520, bt ding thitc cu6i trd thanh: (s - 2)* (s +2)20.

0  Traldi:  C6dingthic khivhchikhi: a>0vab20via+b=2

by K¢ hiew: x=2>0: (n=1)a"+6" 2 na"'b o X" -1-n{x-1)20
a

o x-x"T+x" 24 F1-m>0

eN&ux>1,thix™ '+ _+1>n.

sNéux<l thix'+. . +l<n

229
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0 Tradldi: C6dAng thiic khi va chi khi a = b.

c) Phuong phdp 1@ nhu wong bai tap 1.2.3 a) :

. 2
02 +b2+cz—ub—ac-bc=(a— b;cj +3<b-c)2,

Qi
Phuemg phdp 2: Sirdung s6 phuc j=¢ 3

2

a2+bl+c2—ab—ac-bc:(a+bj+cj2)(a+bj2+q)= u+bj+cj2

Phuong phdp 3: al+b2>2ab b +c? 22be. 2 +at22¢a va cOng las.
0 Traloi: C6dingthic khivachikhia = b = c.

d) & NEéu trong v&€2, mét thitas8 <O cdn hai thita s6 khac > 0, thi c6 bat dang thie.

e N&u frong v& 2, it nhit ¢6 ha thiya s6 < 0, chang hana+ b -c <Ovab+c ~a <0, thi ta
suyra2bh £ 0,vayb=0vaa=r,

o Gid sl ca 3 thia s6 wong 2 v&€ déu 2 0; kihitwu y=a+b-c. a=b+c-a,
B =c+a-b; bit ding thic din t6i: (a+ﬂ)(,0+y)(7 +a)>8afy
Chi ¢ rang (a + ﬂ)2 > 4ff , hoin vi vdng quanh réi nhan.

0 Traldiz C6 ding thic khi va chi khi:

a=0 h=0 c=0
hoac fioac hoaca=h=c.
b=c ) o la=b )

1t

a=c¢

2) Ching minh rang
S+ —a%b-bre—cla= (a ~b)(a —c)(a +1:)+(b - c)z(b+c)A

C5 bt ding thic néw a khonyg ndm gitta b va c. Hodn vi vong quanh, vin c6 bit dang thic néu
b khong & giffa @ va ¢ hode néu ¢ khéng ném gida a va b.
0  Traldi: cédingthic Xhivachikma=b=c.
/)  Ap dung bit ding thic Cauchy — Schwarz cho (ab, be, ca) va (ca, ab, by 08 c6 bat dang
thirc dfu.

« B#t ding thitc tht hai suy ra tiY ¢) &p dung viio (&, b%, €.
0 Tra l&i: C6 ding thic & bat ding thirc thit nhat Khi vachi khiga=b =0 hodc b=c =0
No4c ¢ = a = 0, hodic @ = b = ¢, va & bat ding thiic thit hai, khi va chi khi a” = b” = ™.
P b]2 a b’

2) Chi¢rang (—E——— =—?+—1—2—‘i,u‘:déhoénvivbngquanhvacongla_\n:
c b ¢ c

2 2 2 b 1 b 2 2
LR £+i+£]=L [z__] +[__£] +[s_5] A
Y a b ¢) 2I\b ¢ ¢ a a b

0 Tralai: C6dangihic khi vachikhia=b=c.
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h) Quy dbng miu s6, bt dang thire din d&n N = O ma

N ={be(l+c)(1 + a)+ca(t +a)(1 +b) + ab{l + b)(1 +¢))(1 + abc)-3ab{) + a1 +5)(1 +c)  khai
trién va chi ¢ ting N = ab(1 + b)(1 - ac)? +be(l +¢)(1 —ba)® +ca(l + a)1 ~cb)> .

0 Traidl: C6 ding thie khi va chikhi: a=b=c=1.’

2 s 3

. + b
i) o Apdung [M] > off vao a= ‘;3 va f=— AL
2 b c ca

5 s

1| a b ab

—| ——+——| > ——: ho4n vi vdng quanh ré: cong lar d€ suy ra:
2[b3cj 0303] 3 i vong g ong 12 y

ab brc ca < PAFY LIPS

ISP b’

) Cing nguyén tac, p dung vao o =a_§> va fB= b—§ suy ra:
¢ a

ab  bc ca)b c a

—t et —
S ad B} ca ab be
. Tiépt\:lc‘vdia=—b—,ﬂ=Llasuym:
ca ab
i+-b_+L21+l+l.
be ca ab a b ¢

O Tra l¥i: Coding thic khivachikhia=b=c.

129 xy=3-(x+)z=2"-5243 V2 4y =(x+))’ ~(x-W> s(x+y) =(5-2> .
dé 4(22—52+3)S(5—z)2.G1'éjra.tathudquc —1525-1-3%.

1.210 Cdchgidil: a+B+y =(a+—1-)+(b+%]+[c+l) va chi ¢ ring x+lz2 vGi
a c x -
e
moixe R trdosuyrda a+f+y2z6 NEuMaxa+f+y <2 thh a<2, <2, y<2tirds
a+f+y<6.
Cdch gidi 2: @a st 0 <a<bxc, the th lslsi‘ w dé b+%5c+l=y;
c a a

nhung b+%22 (Vi(b-1)"20)nén y>2.

n n
1.2.11  Xhai trién ]_[(1 +a,) . 1am xudt hién téng [l +Ea,] va moi s6 hang déu > 0.
1-1 1=l

Ta cling c6 (hé 1ap luan bang quy nap:

ﬁ(l +at)=[lﬂl(1+a,)](l +‘1n+|:)2[1 +
1=\

1=\

M=

":}(1 +a,41)

1=1

n+l n n+l
=]+Za, +[Za']""+l 2I+Za,- .
1=l 1=

1=\
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Truong hop ding thic:

s NEux=1:hifn nhién.

) Néun22vnﬂ1+a >l+2a+ Za, }_I+Za,‘nénta<uyrn Za,a1=0‘

1<1< y<n 1=1 lede jon
vay (151'<j$n:ra,-aj =O).
0 Trd 16i: C6 ding thirc khi va chi khi c6 nhidu nhat mot 4, (1 < i < n)=0.
1.2.12  Ap dung bai tap 1.2.11 d6i v6i (8, 1) | <<

0 Traldi: C6 ding thirc khi va chi khi c6 nhiéu nhdt mota, (1 <i<n)y=1.

1 N
1.213 Dit b, = € [0 +e| , bat ding thire cn c6 twong duong véi:
- 2 < 2
[T0+5)21+—=-"5, . day1a e qui cita bai tap 1.2.11 (v <1).
1=l n+l4 n+1
1 x2n+] 2n r n-1 v
1.214 =Y A= +x2""‘)+x"

Vé ke [On.n-1]vax>0: x* +x"7F —2x” =x”(xk L
N

~
~

N ) . . *
chiyring -2+-20 véimoire R
!

Tasuyra x* +x¥"* 2 2x" sau d6. nhdy phép cong suy ra bt ding thic cin chimg minh.

1.218 z( ) Zx - Zx —-2(} Dx, —Z(n—!)x,

Isicy<n ls:<)<n Isi<y<n

=—(n- 1)n+2k ~1)—{r - ke +(n— v,
k=2

=~{n—1)q ~(n~3y -+ (=35 + (1= 1)x,
Ténp, nay dat gid tri 16n nhdt néu cac x, 6 he s6 < 0 déu bing 0 va cdc x; ¢6 hé s6 > 0 déu
bing 1. Ta phan biét 2 trudng hop sau tuy theo tnk chin 1€ cba .
e Ne&un=2p peN gatrlénnhdtbang: 1 +3 + ... + (2p -1) nghia |12 bang p*
» NEun=2p+1,pe N, gid tri I6n nhit bang: 2 + 4 +... + 2p nghia 1a bang p*+ p

2
0 Tradldi: p’n&an=2p p*+p nfun=2p+1.(p € N) hay E{%J

1.2.16 Quy nap theo n. Dat u,, 1a v& phai cha bt dang thic; ta c6:
2 2 2
2n+4 2n+4)
= 1+ >12n+3 =
sl ""[ 2n+3) ( )(2n+3} m+3

va chimg minh (27 + 4)° > (2n + 3)(2n + 5).
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=~ 1 1 N
1.2.17 Quy nap theo n. Truong hop » = | thdy ngay: néu Z T <—-- L thi:
o (x+1) x x+n

S N N B
x+n)2 X x+n (x+n+1f

:l— L + 1 + 1 Sl_ l .
x x+n+l ((x+n)x+n+l) (x+n+1)2 x x+n+l

n
vi Zx,- =0, sau dé
1=1

L

1249 oKy hiew u,=— LD

n

e Véimoipe N U, =+p+%.tﬂd¢$ O0<uy, suy =%A

2 p
e VéimoipeN:u S S
7 p - 2P+l 22p+l 2p+1!
1
NP T U S Y
3 T 2p+l 2ipl 8
1

[ 4 Va iy =_E.

Cubicing: Vn e N, —%:u,Su Suy =

#1(»

0 Tra iz Infy(E) = - % va Supg(E) =% . 46 ciing 12 phdn tir bé nhst vA phan i 16n nht.

n
_HEDT e
n

b) Ky hicu u,,
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¢ VneN, u, 52_,,25 2-n?, vay {1, n € N'} khéng bi chin dudi trén R.
n

o YneN-(l).u, $2-n* <2-4=-2vau =-1.

0  Tra l&i: Infr(E) khong tén tai v Supg(E) = ~1, 8 ddy bién trén ndy ciing I3 phén tir 16n
nhat.

1.2.20 aj A, B, A+ Bla nhiing b6 phan khong réng va bi chan trén cha IR, vay chiing cé céc
bién trén trong R.

. Choc € A + B; téntai (a, b) € AxB sao cho ¢ = a+ b, tr dé suy ra ¢ < Sup(A) + Sup(B).
Diéu nay chitmg t6 Sup(A) + Sup(B) 12 mot chan trén cha A + B trong R.

Viay Sup(A + B) < Sup(A) + Sup(B).

. Clobe BitacdVaec A, a+bsSup(A+B)(via+b e A+B). Vay Sup(A+B)-b 1a
mot chin trén cita A trong IR. Theo dinh nghia Sup(A) ta c¢6: Sup(A) < Sup(A + B) - b.

Diéu nay chimg t&: Vb € B, b < Sup(A + B) — Sup(4); Sup(A + B) — Sup(A) la mét chian trén
ctia B trong IR, tir 45 theo dinh nghia cta Sup(B): Sup(B) < Sup(A + B) — Sup(4).

b) ® Va e A, a S Sup(A) vay V a’ € —-A, a' 2 —Sup(A).
Diéu nay chimg t6 ring —Sup(A4) 12 mate chin dudi cia —A trong R.

. Cho m 1a mét chan dudi clia —A trong R: Va € A, m < —a. Thé thi —p1 12 mét chén tén
cia A trong R. Vay Sup(4) < —m, nghia 12 m < —Sup(A). Nhu véy -Sup(A) 14 chan dudi tén
nhér cba A trong R va —Sup(A) = Inf(-A).

c) Ky hiéu @ = Sup(A), B = Sup(B), y =Max(Sup(A),Sup(B)) . Tap hop cic chan trén
chia AU Btrong R12 [ +eo[ A [fiaco], e 13 {y;4+] - NG ¢6 6 bé nhit 1a y.

d) Vi A va Bbjchinnén A,, B,, A, B_ ciing bi chan.

@) Néu A, = {0} hoic B, = {0} thi théy ngay. Ta gii thiét A, # {0} va B, = p} va
kg hitu o =Sup(4, ), § = Sup(B, ).

¢ V(a, b) € A, x B,, ab < afiviy aff 13 mot chan trén cha A,, B, trong R.

o Cho M 1A mét chan trén ciia A,, B, rong R: V(a, b) € A,B,, ab < M. Gia s
beB, -—{0}; vi (Vae A,.a s%—) nen —-Abi 13 mot chin trén cua A, trong R. Vay
(theo dinth nghia cla a):

a <M, ap <M. Bit ding thic cusi van dtng khi b = 0.
M . . .-

Nhu vay — la mot chén trén cia B, trong R (chG y 12 « > 0).
a

Do d6 (theo dinh nghia ctua f): <M, ap<m.



Chi dan va tr3 13i

Ta di ching minh ring @14 chin trén bé nhit cha A B, trong R,

B)  Sup(A,B.)= Sup(~A(-B)) = — Inf(4,(-B)) = —Inf(A,)Inf(-B)

= ~Inf(A,)Sup(B.), sau kh1 o6 quan he gilfa c4¢ bien dusi tuong i nhu & d)a).
O Tralol: Sup(A.B)=~Inf(A,)Sup(B.), Sup(4 B,) = —Sup(A )Inf(B, ).
Sup(A_B_)=1Inf(4_)Inf(B.).

y) Sirdungc)
5) Inf(AB) =—Sup((-A)B) Vi (-A),=—A. (-A). = -A,.
0 Tral&i:
Inf(AB) = Min{Inf(A, )Inf(B, ).Sup.4, YInf(B ).Inf(4 YSup(B. ), Sup4 HSup(B )
e) LAp ludn nhu & b) sit dunyg phan tlr aghich dao, thay vi phédn tir dé.
1.2.21 a)Chiy: 5«/5+7=(~/5+1)3.
0 Traloi: 2.

5
b) Ky higu a=33+1’9+g, b=3—3+"9+]—?—, x=a-b.
27 27

Khidé 6=a -b* = (a~b)a? +ah+b2)=(a~b)x* +3ab)= x(x* +5) bdi vi:
ab=3—9+[9+£]=§-.
27, 3

Cubi cdng: x° +5x—6=(x~1)(x> +x+6).

0 Tralai: 1.
1.222 ¢ Tralek: [-l;l--—‘/—z—l—].
1.2.23 Trude hét: x € [ =313; 313], réi d&n:

Y13+x + Y313-x = 6 & P13+x + Y313-x = 36-2¢3137 —&?

y<i8

4 2 3 N
Ky méu y = $3132 - . Phuang trinh gquy vé .
g meay 4 626+2y2 =1296 - 144y + 4y?

O Traldiz {-312, 312},

St-p=1
1.2.24 g DatS=x+yvaP =xy he tuamg duong v&i R
§%-4P=§
. 3852 4+85-4=0
nghia Ja: .
P=52-1

O  Traléi: {(1.0). (0.1}
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b) O Tralsi: {(37.12)).

1.225 4) Tixc4c phuong trinh dé cho suy ra:
1 ={x—y+z)2 = x? +y2 +22 —2xy+2xz-2yz Wd6: xy-xz+yz=24.

1 1

N 1
Vi xy+xz+yz=xy{—+—+—}=0 nénsuyra xy+yz=12 va xz =-12.
x y z

ROi (x+y+2)° =x? +y? +2% +2(xy+ xz+2) =49 0 d6 x+y+2z =7 hodc 7.
0 Tralai:
{(—2,3,6),(6, )[ 154 y57).- 4, 3+J_)[ -3+457)- 4,-%(3+J5—7)H.
b) Kyhitw X =vx.¥ = Jy—1.Z=Jz—2 .khi dé:
Vr+2fy-1+3/z-2= (x+y+z+ll)

= 2(X +2Y +32)= x? +r2 +Z% 414

o (/\' -u) (}" -4}’]+‘rzZ —62)+14:

(X -1P +{r-2)* +(z-3)* =0.
O Tralai:  {(1,5.1D).

1.226 4 z+t=-x-yva zt=%((z+t)2—z2-t2)=%((x+y)2—x2.—y2)=;y vay

(—x.-y) va (z.t) 12 nhing nghiém cla cing mot phuong tinh bic 2. Do ds
(2="X va [=-y) hoac (z:—y va f=—I).

0 Tralsi: {(x,y,—y,—x), (x,y)e R2vaxc< y }

b) Dit p=-xyzt, 1a suy x* -2x=y? —2y=22 —2z=1*-2 =p. Vi phuong
trinh bac hai: u? —2u - p =0 c6 nhndu nhdt 12 hai nghiém trong R, nén k&t qua 13, chinh x4c
dén th tu, (x:y va z =t) hodcx=y=1z.

o Tralsi: {100k (~ L-1,-1,3)va céc hofn vi}, S nghiem.

1.2.27 Bt dang thic 1a tAm thudng néu n = 1.

V6i n > 2, bing cich khai tnén theo nhi thic Newton:

n
2 2
[1+J:} >1+4C2Z=p.
n H



Chidén va tra 13i

1.2.28 Cdch gigi |

Kyhieu P= []z; =xPx3x5xirfyiysys = l—[ i)

ced,

Vi (x5 20,y,20.x,+3,20).nén ta thdy O<xy, =x([-x,)<—. (1 d6 Pg—l—4.vi

4

- nl-

o € &, chiya 24 phén ti nén it nhAt mét trong cdc z, 1a khang [6n hon T
Cach gidi 2
Trude h&t chd ¥ rang x| ,...,X4, Y] »-- Y4 déu thude [0: 17,

o , 1 1 .
e N&utfntaij k e {1...4} phan biér sao cho X, S; va Xy S; thi t6n tm o € & , sao

1
cho a(1) =j, a(2) =k, 2,< Z
» Né&u khong, t6n tai it nhat 14 hai (vd ca 3) chi s6 j, k € {1,..,n} phan biet, sao cho
x, 21— \ Zl thi y S—l- vh y, $-1—, vi ta st dung hodn vi g € & 4 s80 cho (3) =j va
2 2 ) 2
o4) = k.

1.2.29
n-1

Jak_f va 1
IchJakH"'\/; tzn _r(J—- J—)

JZJ‘J—JZ

1.230 gj V@ e R, Jat+tb<ya +JE nhy ta thdy bang céch so sanh cic binh
phuamg,

: [zr] “Sxvr Tl e B wasmym 32 (5

by Jiel+ fla =8 = e +a- 2] > |Jd].

1.2.31  a) Quy nap hai bude theo n:

e Tinhchft)ahién nhiénvérn=1van=2.

"t <p, <o _ _
s Nén b Lt 0" P+ w)<g,,, <o (1+w), @ dS suy ra
a)n—l S¢"+[ so”

+1 2

o" <Py, 0" Vi lro=w".

b) on® >+ o @-Hnt-2m-150.

Tam thic (» -1)X? -2X -1 ¢6 céc khong didm:

———~I_J5 (<0) va HJ;
w-1 o~

237
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¢) Quy nap theo n:
e Tinh ch4t 12 hién nhién v&i n = 13.

« Nuo"2>n hin"'>onls> (n +l)2 (vin>1324)

d) 4,=n" =n*>0"?=n<12. Tinh do.b1 D12
0 Traldi: (neN:g,=r*1=(01,12).

1.2.32  Ap dung bdt dang thie Cauchy—Schwarz doi véi [LJ va [ak ‘/;]lq(_":
‘ -

S <[E2]Em)

e  Chung minh: 2 521/-
n

Phuung phép 1: Z% Jl"%sujl"%:zﬁ—lsz\/;.
k=1 x

Phuong phdp 2. Quy nap theo n. Néu Z—Ilc_ <2Jn thi:
k=1

n+1

TR LA € 2] i)

k-1

1 1
r———] S 24dn+1-
Jn+l+J_ n+l ] [Jn+1 nH}

_2Jr-[
<ofn+1.

1233 Kyhitu @, = fa,,1<isn acs

n n
] - - p
2 Za, = Jaf +4122 +o.tay +y0” +a§ +A.A+a',2I +,4.+‘/02 +...+0? +a,

< Ja,z +(2a,)% +... + (na,)*
theo bt ding thic Minkowski v6i # phin tir (xem 1.2.32).
1.2.34  a) Bét ding thirc 1a hién nhien néu xyz = 0. Gia st xyz # 0; ta c6:

wx+y) (x+y) x Y
)2 2 R _z[ +J

y x

(rong d6 ¥ chi t8ng thu duge bing cich hodn vi vdng quanh) va

2
X ¥, ']
y x xy

~ =

x|

[\



Chi d&n va trd 16i

b) Theo bt ding thirc giGta trung binh cong va trung binh nhan, 4p dung cho (f. vz ):
xyz —\[13)/313 ;( Tyt +z3).

1.2.35 Ap dung bt dang thic giita trung binh cOng va trung binh nhan vio
@ a4,
ay a3 a, Ta

1
— 1 1
n n NF . , -
1.2.36 o n+H,,=Z[l+l] zn 1+l‘ =n[£»é-...-n—+]]"=n[n+l) .
k . k) 12 n

1237 a) m+)'>22"n o [ﬁ("%)] nl —Zk > [nk}
‘( 1

Diéu d6 12 ket qua clia sy so sdnh céc trung binh cong va trung binh nhan cba (1,2.....n).

n(n+1)2n+1)

n
b) Cing nhua), vai (17, 2°,..n%) biet ring Y k? = ;

k=1
1.238 a) E@) <x<y<E®)+1,suyraE(x) < E®y). vi E(x) va E(y) d8u 13 nhifng s6
nguyén.
b) EMx)<x<E@x)+1=-E) -1<-x<-E).
¢) E(x)+E() S x+y<E(x)+E(y)+2.vay: E(x+p)e Ex)+E(),Ex)+EQp) +1}.

d) Ex)+asx+a<E@+1+a vaEx)+aecZ.
1.2.39 a) Ding biéu thic lién hop.
b) Cong cic bat ding thirc thu duge & a) véi n tix 1 d&n N (N € N*) ta thu duoc:

S i bl S LS - ).
nghia la; (m- l)(—%i—j:(ﬁ.

10 000

Truomg hop néng: (10 000 — 1 <% Y %<,/loooo =100
n=1 n
vay ({10000 - 1): 99,005 .

0 Traldi: 99.

239
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1.2.40 Xét 6 trudng hop ty theo 16p modulo 6 clian. Vidun€u n=6p +4 (p € N):

[3] 2Pl E[nsz] pere[ 24 p+15{2] spr2t{ T2 )= po

1.241  Kyghituf: Ry, 5 R
X E(xmi[l]
x

1 1 1
e Vixy—=1néntacs (x21 hoic — > 1), vay E(x) > | hoac E[—]Zl‘ttxdé S(x)21.
x X . X

-

0 Tralai: 1.

n n
1.242 V& ne N, kyhiéu u, = E[[%] ]e N* Vi [%] e N* (3" 12 56 1é) nén ta c6:

3’)
u, < Py <wu,+l.

n n n n - " N q
T d6 ta suy raz 0 < 3" - 2u, < 2°. Nlumg 3" - 2°4, va 2 la s6 nguyén, vay

2u+ <2”,
2

A 3\ ]
Tads: w,>(=]| -1+ .
2 2n>1

1.2.43  Chu ¥ rang, v6i moi k thudc N*:

kJri‘ﬁ21

k+:ﬁ<

2 k210.

4 nfu n=1
0 Traldi: S,=i2n+3 néw 2<n<9.
n+12 nfu n210

1.2.44 ZE( ) 21+22+ + Z(n I)+n

k=(n— ll
=314524+.-2n-)(n=1)+n

=i(2k—l)(k—l)+n = Zikz —3ik +2n
k=1

k=1 K
_2n(n+l)(2n+l) _3n(r;2+l) .
6

0 Tratgi: %n(4n2 -3n+59).
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1.245 Ky hitu u, =(J§ +1)2"‘v,, =(J5 —1)2". Bing cich khai trién theo nhi thuc -

~ls+2f +fa-208F <27+ Y o)

E| n '
=2"2 ch2n k(f)‘(} 2;11—! 2 C2k n—-k3k EQ"‘IN
kch:(n J
Pac hi¢t, vin, +v, e Zva0<v, <Inéntacéu, +v,=Fu)+ L.
1.246 Ky hitu ¢ va r 1a thuang va du cba phép chia Euclide E(a) cho n:

E(@)=ng+r. (g.r)e N*, 0<r<n-1.

Khi dé: Vk € (0., n-1}, q+r+k < a+k <‘H_r+l(<t-l .
n n n

Cho £ € (0,....n—-1].

. Ne’u1+—k+—ls1thlq<q+r+k a+k<q+l.v@yﬁ(a+k]=44
n n

n n
o New ZEEYL ol vk ze trde:
n
q+l$q+r+k a+k q+r+k+15q+2”_l<q+2
n n »n n

n

do dé E["+k)=q+1.

z [a+k) Zq+ ZqH =(n-r)g+r(g+)=ng+r =E(a).

£=0 k=n—-r

1.247 Cto (x.y) € R*saochox<y.

e Né&u x>0 thi J;::J;; 16n tai g € Q sao cho J;<q<\f;‘mdﬁ x<g’<y va
2
q° e D.

s Neuy<O0th .‘f—y<\f—x;tdnu;iqusaochO,/-y<q< -x.tﬁdé:,\%—-q2 <y
va~¢ € D.

e NEux<O0, vay>0thitaco thé chongq = 0.

1.2.48 Cho (x, y) € R? sao cho x < y. VI D tri miat trong R nén t6n ta1 4 € D sao
chox>d>y.,vayde Evax<d<y.



1.249 Cho(x.y) e R?saochox<yvae=y—x>0. Tén tai n € N*sac cho ¢ > 1. Vay

0<%<l=2.Kyhx¢u m=E[ "x)+1\ tac6 m=-1<2"y <m , wrdé:
2 n

m 1 1
¥<—<xX+—<X+—<x+e=y.
2" 2" n

1.280 Cho(x,y) € R*san cho x <y. Vi D trii mt trong R nén ¢6 vo <8 phin 1t cha D
trong Jx: y[. Vi F htu han nén t6n ta1 it nh&t mat phin 1 cta D - F trong ],r;y[.

1.2.51  Lap lvan phan chung.

@) Kghieu g=v2 +43+46 vigiasiige Q Taco g=v2 +V3 +J6
:>[J5+J§}z=(q—\/§}2+'@q2+1=2(q+1)ﬁa(42+1=0vaq+|:o) vi J6eQ

(nhu trong bas tap 1.1.1). Ta di ¢&n mot mau thuln.

by Kyhieu g=¥5-43 vapiasirlage Q Tac6:
2=V5-P e g+ 13) =5

¢ =543 3+ 33+ 3B =0

=g -s+sqf}’ ba?+43F V3
= qu +9q +25]-3l¢ +10q+l)./_ 0
:>q +10g+1=0

(vi ﬁ € Q . mau thudn vi g > 0).

1.252 Truwdc hétchiyrang cx+ d=0bdivi(c. d) € Q% (. ) = (0. 0). xe R ~Q . bat

y:%,tasuyraz(cy—a):b—dy. Néury—a=0.thib—dy=0,suyraad - bc=0,

cx+

b—
mau thudn. Tedésuy ra x = L ; néuy € Q thi x € Q, mau thuln.
—a

1.2.53 Datcs:x—ﬁ.y—z‘” 5=y-d5. Tacs

245 fo [-V5k+s-245 _ 2-45

x+2 x+2 x+2

b‘l

was: (o= L2 < L2y <y

2 l 3 |
1.254 \[7_—%>0<:>7b' > a?  vaciing vay ﬁ—%>—b = % >a’ +2+—.
a a”
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o Gidsira> 1. Vi 7b* va 4 12 nhiing s6 nguyén, dé ching minh 762 > a2 +2+le— , chi ¢n

chimg minh 7b% =a® +1 va 752 # a® +2. Nhim muc dich ny ta ding céc 16p déng du
Modulo 8, bi&t ring: .

n=0[2] = nt=0 hay 4 8
VneZ, (21 y []
n=1[2] = n2=1 [§]
) 76* at+ 1 42
—
@ chin 0 hoac 4 1 hoidc § 2 hoac 6
R o
b chin o8e oac ne
S
a chin
. 7 1 hodc § 2 hoic 6
b1e
‘ a lé 0 hoac 4 2 3
- He
b chan j
alé
7 2 3
b lé

TYd67H 2a*+ \va T 24>+ 2.
e Néua=1,th7¥>1, 727> 4.

1.2.55 Hai tap hop E, F durc goi 1a o6 cing lye hrong khi v3 chi khi tdn tai moét song dnh (i
Elen Fykhi d6ta ky hitu E «> F.

1) o [0;1](—)[4;b],v6ia<b: nhy dnh xa afin x> (b—a)x+a

o Chimg minh clng cich dé: 10; 1] & 1a; 5] . [0; )] & [a; b, 10; I[ © la; b,
]-©; 0} &]-m;:a], }-x; O & }-0; g, [0, +x[ &> [b; +o0[, 10, +0o] > 1b: +cof.

2) 10;1]€>[0; 1] bdi 4nh xa8 afin x+» 1-x . Chéng minh twong ar: 1~c0;, 0] & [0: +00[ |

1-c0: O] & ]0; 400,

3 {0; 1] © [0; +o] b3 x.-»lL.Cﬁngnhume,chm\gminhz
-X

10, 1] & 10; +o[, R & Y0; +o[.

1/-GTT-T1

- 00
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4) [(0:11e>[0; I[ b3i ¢ (0; 1] [0; I x4c dinh béu:

J—l— neﬁ.n:tintz_aineI‘T‘stxochox:l
ln+l n.

x néu khong

p(x) =

5)  10;1] & ]0: 1[ qua thu hep cba ¢ v6i ngudn 1 J0; 1] va dich 13 ]0; 1[ (¢0) = 0).

C 1.1 /) Tinh chét 1a tim thudmg v6i m = O ; va 12 hién nhién v6i m = ). N€u tinh ch4l di
diing v6i m € N, thi V61 M0 (). pmer ) € RH

1 1 1 Y2

mri m m
G(ayn ‘lzmﬂ)=(01---¢12m-~|)2 = (01---ﬂ2mJ2 (@ym -+ @ymey y?

= g](g(al \'---a2m )vg(azm +1 v--nazmd h))
S G 8 G Gy ) (0OTE DD = 1)
< —/4(—/4(01 5"'502”! )x-/4(02;ﬂ+l,-">a2nn-l )) = J(al“"sazm*l )

2) _/4(01 N -s42m+1 ) 2 g'(a],..,a2,,+1 )

1

L y L mvl 2“”
& Z"LI [za' I Lo n)aJ 2 [[n ai}ﬂ —n]
i=] i=1

1
(na+Q2™" - n)a) 2 [g(a1 el )a\ZMH - }2’""

1

o
2m+1

n n

1
Saz (G(al,...,a,,))zml a

-2m+l

R n

a2 (G(al,...,a,.))”'” = az(a....ay) -

C1.2 A I)a) ChoElamottap dfm duge Vi F 12 mot bo phin v6 han cta £ | 16n tai mot

song inh f: E 5N . Vidah xa F = f(F) |2 mét song 4nh nén chi cin chimg minh f(F) d€m
x> f(x)

duoc. Chimg minh cing @ : N — £ (F) x4c dinh bau:
&0) = Min(F)
(1) = Min(flF) - { 0)})

@n) = Min(flF) - (@0)..... n-1}})

12 mét 4nh xa va 12 mot song 4nh.
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b) Cho E, F 14 hai tap hop dém diroe.
Truomg hop 1: EA F = . Tén tai hai song anh : f: N — E , g : N = F: kiém chimg rang

h: N-oSEuF 12 mot song 4nh.

f(p) néun=2p, peN
"H{S(P) nfu n=2p+1,peN

Truomghop2: ENF#@ X4 E '=Ex (0)vaF'=F x {1) ching déu dém duoe va khong
glao nhau ; theo trudmg hgp 1 . E'=F .
Mat khdc, ditG=(Ex {0} U ((x.):ixe Fvaxeg E) ,
Anhxa ¢: EUF — G duoe xic dinh bai:
0) néu xeE
VxeEUF, ¢(x)= (x0) *
(x,)) n€uxeFvuxeE

12 mot song 4nh. G d€m duoc, vay E U F cing dfm duoc.

2} «Cho N € N ; t8n tai n € N duy nhdt sao cho (2" | N va 2" "' | V), rfi t6n tai m € N sao
cha N + (2m+ 1)2".

® N&u N = (2m + 1)2" thi n 12 s6 mfi clia 2 trong dang phan tich N ra thita s6 nguyén t6 . tir d6
suy ra tinh duy nhAt cia »n v6i cla m.

3) « N dfm duoc ( NN’ 12 mot song doh) ; theo A 2) suy ra N x N d&m dwoe.,
n=
eZ =N UN x (- N) U (- N) x @) U ((- N) x (- N)) 2 tap 4€m duoe (xem 1) b).

eTaphop Q= ((mn) € Z' x N ; UCLN(m.m) =1} U {(0.1)) 12 mit b6 phan v han cla Z°,
tap ndy dém duge, vay Q ciing d&m duge (xem 1) a)).

s Anhxa Q- Q lasong 4nh, vay Q dém duce.

m
(m,n)—>—
n

B /) ChoneN:Vi b, 2a,,va0,4,,d,5.08,,. 0, by by..b,,. ddula cic biéu didn
thap phanrigngcha @ () vaxntntacéx= O(n) voi bt ky ne N.

Vay 8 khong phai 12 song dnh.

2) Vi khong t8n tai mot toan dnh nao tY N )én [0 ; 1[ nén khong t3n tai m6t song 4nh nio tir
N ien [0; 1[. Vay [0 1[ \hong dém duge. NEu R dém duge thi (0 : 1] 12 mot bo phan vo han
cha n6 cling d€m duoe (xem A 1) 4)), mau thudn. Vay R khong d€m duge.

C13 ) a) o« ChoxeA+B,16ntai (ab)e AxBsaochox=a+b. Vi(gy<asa;va
bysbsbytasuyraagy+ bysb<a,+b, . T¥d6 A+BC[a)+a, b +b))
& Pio lai

Chox € [a; + 8, by + by). Chhi ¥ vang: a, + a, Say+ by < by + b,
Ntwa, +a;Sx<a +bythix=a +(x-g)véia € Avax-a, €B.

Néua, +b,<x<Sa,+bythix= (x=-b) +b,v6ix—-b, € Avib, € B.
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p) Patm=Mn(ahy, a\b,y, a,b. ayby), M = Max(a by, a,by, asb,. ayhs).
o Vitdt caa\b, ayb,, asb,. a,b, déu trong ABnénm € ABVAM € AB.

ay Las ay
eaCho(abye AXB:
b <b<b
ab S gmita aib va azb
Tasuyra(theodfuchab,a,.a,)18: g  Bpifta mb va aby
mb  dgita ayhy va ayby

Vaym <ab <M.
Diéu ndy ching td AB C [m ; M].

‘ - . [a: f] néu aSﬁ
o (I day ta ky hien, vér R*: la:f|=

y ta ky hidw, vé1 moi (af) € |e: B} {[[f:a] néu a=p
Ta c6:

AB D ({ai 1By U ({43} BY U (A(by ) U (A D))
=|ayby ; aby| O | asby : aghy| Ul ahy  ayb| U | aybsy : ayb|
= (apby i a;by U aby i ayby) U (| ashy gy Ul ayby ;s anby))
=(Min(a,b, . a}b,y . ayhy) ; Max(ayb| . a1by , ayby)) L [ Min(ayby . a,b,  ayb5)
Max(ay by . a8y | ayb4))
= [m, ML
2) Cac tinh chdt 1t @) dén ), duge th&y ngay, bing c4ch st dung dinh nghia A + BVAA 8.
g) NeuA#[0;0]vaB#(0:0]thitdntai a € Asaochoa#0.vah € Bsaocho b= 0. Do dé

“abx0Ovdab € AB, viy AB= [0 0).

h) @ eYaeR . [a;al+[-a:-a2)={0:0]
® NEuA ={ay ; a;] 6 phin u¥ d6i xumg B = [b, : b,) d6i v&i phép + thia, + b, =a, + by =
a,+by=a,+b,=0,viya =a, vab, =b, =—a,.
B »VYaeR ja:dlla':a'1=(1:1]
& NEu [ay ; a,] c6 phin tir d6i xvng, B = (b, ; b,] A6l véi phép. thi @b, = a;b, = a,h) = a5,
=1v6ia #0:a,=ay.by=by=a,""
i)sChoxe A(B+(C):tbntaiue A . he B,c e C saochox=a(b+c)
Tax dé x =ab + ac € (AB) + (AO).
& C6 th€ xay ra la A(B + C) = (AB) + (AC) nhu da thiy rong vidu A = [V ; 11. B =[-1 :0) ,
C =[0:1]:oongd6tact:
{B+C=[—1;+1],A(B+C)=[-1;+I]
AB ={-1;+1], AC =[-1; +]},(4B) + (AC) =[-2, +2]



Chidinvatrd igi 247

Jj) TagidstV(b.c)e BxC bc20.
Ding thic A(B + C) = (AB) + (AC) 1a hién nhién n&u B = [0 ; 0] hay C = {0 ; 0). Gia sit

B=(0:0)vaC #{0:0). Khi d6 t6nta1 by € BVSi by = 0vacy € C sao cho ¢y 2 0. Chi ¢ ring
trudng hgp by < 0 c6 thé dua vao trudmy hop by > O ( bing c4ch X& B v3 —C). Do viy gia sit
by>0.Vi(VeeC . byc20)tasuyraCc R, dac bty >0;saud6 . vi( Vb € B, bey 2 0)
tasuyraBc R, . Vay 8ntaia;. a;. b, . by ,6; ,c; € RsaochoA=(a, 1a)) . B=[b,:by),
C=[c1i63) a; £0,:0<by £by [0Sy S0y
Vi(a\b( < azby , @by £ asby  ayc) £ ayey . @\ £ 250, Nén La C6:
(ABRYHAC)=[Min(ayb,. a)by); Max(amb,. ash,) + [Min(a ¢, a;r5). Min(a,cy, ayey) )=l @y an)
a; =Min(a/b .a, by) +Min(acy . aicy)
Trong d6 1% 1By ay by eac)

ay = Max(ayby . by ) +Max(aye; aycy)
e Néua, 20thi a; = ayby + ayc; = a((b, +¢,) EAB + ()
e Néua, SOt oy =a1by +a; ¢y =ay(by +r3) € AB+C)

Diéu nay chi rarang a; € A(B +O), cling vay o, € A(B + C) shung A(B + C) 12 m6t doan,
vay lay: @) cA(B +O).
B /) Twch&t Xg R, vaX @ R vy X=(x); 5] voix <0<x,.

. : Iy =~1 x,=—%
Khids[2:3X=[-1:2]1 &35 ;3]=[-1:2]=
312=2 x2=%

viquala: —l-<0<3-
3 3

e [43]

2) Chimg minph Xc R, tird6 X=[x;: X;] Vi 0 Sx; S xp.
Vay: [1:21X=[2:4)[x:25]=2 4] =X =x,=2,

vaqualaO<2,

0 Tralai: {[2:2).

3) Ching mmnh Xc R, t¥d6 X=[x; ; x;] vé1 0 S).‘[-SXZ.
V@y:[l‘.4]X=[l;2]¢=>[x,:412]=[112]®(x1:l.x2=%)‘mmuhuin.
o Traldi: O

4) chimgmmmh X R, vaXc R suyra0 e X, r6i 0 & [~3 : 11X, méay thuin.
0 Tedlai: @
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5) e NeuXe R, thi:[-1:20X=[-2:4] & [~xy: 265) = [-2: 4] &> X, = 2 va x; 1a didm bt
ky wong [0 ; 2]. : '

e NeuXe R thi:(-1:2]X=[-2:4] < [2x:-x]=[~24] S (X =-1.x,=-4).voly

Min(2x - x9)=-2

e Nén Y vaXe R-thix, <0<ux,va: [-1:2)X=[2;4] &
gR vaXe 1 Xy va: [ X= ] {MM(‘X1\212)=4

Xét rieng hai trudng hop (2x; < -x, , 2x; 2 —x,), chiing minh rang ta 1 dén x; = -1, x, =2,

0 Tralsi: {[x;:2]:x € (-1:2]}.
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cac bai tap chuong 2

2,21 Kiém chung lai rAng vé moi (x, y, x', y') € R
{¢(<x+iy>+(x+iy')) = p(x+iy) + p(+iy)
o((x +ip)X+n')) = (x +iy}p(xX'+iy')
béng cach chii y: J ? = -I, hon nfa @(1) = 1.
Thdy ngay ¢ 14 song 4nh.
222 a) deg(X*+1)=2 vabidtthicchaX?+1 am.

b) Kiém ching ring (C, + 8 ) 13 m6t vanh, va 4 12 modt ding ciu vanh; tiép theo, i C 1A
mét thé nén C cfing viy.

223  Néu fthich hop, dp dung gia thi€t d6i vé z va -z d€ ¢ (1 + 22(2) = 1 + 2% Xét
riéng timg trudng hop 2z =i, z=-4, 2 #i,2» -1.

¢ Dao lai, xét xét xem cdc anh xa tim duge ¢6 thich hgp hay khéng.

O Traldi: b’:C—»C ;aeC}
1 név z#iviz#-i
2 a néu z =i

ia+l- npéu z=-i

2.24

Xm-l»lE":ykcfm_ ™ z(yk /c+1"bk e Zy ck , —xm iykﬂcf”k
=0 k=0
=X 2}"‘ Cooik =% ZJ"CM |

+1
_xmzy (Cm+k m+k l) x yn C;+n

(846 C;! =0 v6imgipe N).

Ky hiéu u,, , 12 biéu thitc c4n xét, ta c6:

n
kb +1 +1 !
Umn =xmzy Crikn _xmyn C:‘n*n +y’7 ZI CH+!
k=0

= XMZ)}C(M D)+k +y"+12x‘C"H

m-in-
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Suy ra u,, , = Upp, = ... =Ug, va dotinh d8i x¥ng, ug, =ug,  =..=tgo =x+y=1,

225 Véi(x, y) € B dit z=x + iy, ta c6:

YV eEnF o xt—y?+il2ay+ zytz = 2x 7 +31
x“+y x‘+y

T e =Ly

x+y z

o xt-y? R2igy=

& 3-3iz-1=06 13 +3ir2y- 32— iy} —3ix+3y-1=0

{13—3xy2+3y=1

& (Y)eGNH.
Ixly-3x-y3=0 Y

226 Kyhieu: S=x+y, P=xy'.ld‘lid6{ , vy P=-%,r61:

§1-2pP=2
B+ =83-3P5 = % 2 3.
0 Tra i Khéng.

227 x(x-D+2yz=y(y-D+2zx © (x-yYx+y-2z-1)=0
éi: 0= (x+y—-2z-D)+(y+z2-2x~D+(2+x-2y-1)=-3.

0 Tralsi: a.
228 Bingcichnhan, suy ra: xyz=0hodc xyz=1.
0 Tra i §0.0,0), @, 1,1y, (1,-1,- 1), (-1,1,- IX-1,-1,D)}.

229 o (f() = f[i’]:f(—1)=-1 . Vay tén tai & € {-1, 1) sao cho f{i) = & 1.

o Y(x, y) € RE, fx +iy) = f00) + Mliy) = Ax) + AP = x + €i .
2210 Kyhituz=x+iy, (xy) € R tach: 22+ 6% =3 +2i & (& =3, ~4y = 2).

o Traloi: {3-1'}.
3 2

2.2.11 Néuz:O,%:—zz'-eIR & 2eR o zeRUIR.

2
Il
O Tra loi: RUiR.
2212  O=a+brc=tqlyt_Berearab o6 a2 =—ap4c) . 16i a® =abe v
a b c abc
theo tinh d6i xitng cta a, b, c.
2213

'z+z12 4-|2—z12 =|z|2 +z;+22'+-|z12 +|2|2 —z;‘-Ez'-#-Iz'lz = 2[’2'2 +|z'|2] .

2214 o

2z +l|2 +|z - 212 = ‘z?‘"z + z; +22'+] +|z|2 - z; - Ez'-&-lz'lz = ['zl2 + 1]“:12 + l]
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¢ Tinh tuong y dGi véi |z 7-1]* —Iz—z']z.
2 - _

lz+;1 sz 422427 +1'7

~lz—;1=—zi+zz‘+;'§-;z'

ifz+iz‘ =iz22+2z-27+i27

2 - -
—l(z—l;‘ =1zz2+27'-17~iz'2

2.216 Véimoi(x.2) € (C—{i)x (C - {1})

x+i L z4]
T — X=1

x—i z-1
1+l

- z+l

Név ’zl:l va z#1 va x=iz+l thi x=—]i—=—lz
z-1 z-1 1_1

z

suyra {

2.2.17

& V6in =1 tinh chét 1a tAm thudng: v6i n = 2 tinh chat 43 biét

- 2i(|zl2—l)
T6ng quat hon, 2i Im(x) =x — ;=iz_+_l_+if+l =
z-1 z-1 |,__112

|z|=1

2%l

o xeR.

=: Quy nap theo n.

(xem 2.2.3, Tinh chit 5).
e Chone N- (0 1)vagidsk ¥ (2...2,) € c"

k=1 k=)
. el n+l n+l
Cho (2),-..2,;) € C™' saocho Yz, =2]zk|.
k=1 k=1
n ntl

n+{

Vi ZZ‘, < sz +|z,,+1| < led ta suy ra c4c dang thic

k=1

k=1 k=1
n n

k=1 k=1

n

o) 3| - Y
k=1

e B [

2 _, r6ichng lai.

2+]

sl—=x.

z-1

(1) sz +244] = sz +|ln+1|

Chi dan va tra 101

LI
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* Gid sif Zz,, =0 .Hé thic (2) va gia thiét truy h6i cho thdy tén tai ue C, (a;.....a,) € (R,)"
k=1

sao cho Vk € (1.0}, 2; = gyu. Viy hé thic (1) va két qua clha trudng hop u = 2 (xem 2.2.3,

n
Tinb chélt 9) cho et 6n tai @ € R, $30 Cho 2,1 =@ Y 2z, W d6 2,y = Bk, Vi
k=)

n
Qpyy = aZak eR.,.
k=1
n
e Né&u sz =0, hé thitc (2) cho thdly 2, =..=z, =0, vay:
k=1

(u =Zp . =..=a,=0a,,= l) thich hop.

2218 (14’ )(1ofof’)-|arbf® =V elaf'of* - aB -0 = s - .

0  Traldi: C6 dng thirc khi va chi khi: 1-ab =0 nghialaa =0 va b=ﬁ.
a

2.219 (1+').z3+‘|<2||3+||<2_1_3+1—3
2. | i izl € 2|z z 5 5_2

2.220  Laplun phin chung : Gid sit t6n tai z € C sao cho |l +2| < % va il +23 < 1.

Datz = x + iy, (v. y) € R% 1a c6: |l+z2‘ <le [x2 +y2)2 +2L\'2 —y2]<0 = x* <y2 va:

|l+z|<l®x2+y2+2x+§<0.
2 4

y
‘1+22‘ <1
T d6 =2l < 0.
|1+z| < — 4
2
. 0 mau thuin.
1l x Vin & quy vé viec chimg minh rang dia

{(x,y)e Rz;(,):2 +l)z +y2 < %}
va phin mat phing;
2
{(x\y)e Rz;(.)r2 +y2) +2(.\:2 —y2] < 0}

ndm beén trong dudng lemniscate khong giao
nhau.
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2221 Viéc Khéo st trudng hopa=0hoac b=01a dé

u
dang. Gia sta#0,vab=0vaky hieu u = || |__bl|) m+(1-20)d
a|

B4t ding thitc cdn xét tuong duong v6i:
R T
e+ Tl +

|u + vi v

Ky héu 1= e, m——(u+v] d=—(v u). ta lai

l
|+ 8
quy v& |m + (1 —24)d| = |m| . Cha ¢ réng Re(mc?):Re[:l{(m_»—tTv ] =0 vi |u[2 = Mz =).

Quan he |m +( —2)d| 2 m ciing thiy dugc trén so d6, bai vi tam gic tao nén bdi cac diém
c6toavi0, m, m+ (1 - 22)d 1a tam giic vubng, géc vuong tai diém c6b toa vi m.
2222 2z|-|zy +2| S 2g+ 2+ 25 < g 47| +|z + 2] L tix 6
2|21| < |zl +z;|+lzl +23|+[z2 +23| .
Ho4n vi vdng quanh, ta c6 4 bat ding thitc: cong v€ v6i vE.
2,223 bitZ=a+1b,(a. b) R’ =X + 1Yy (G Yp) € R%.
Theo bt ding thic Cauchy - Schwarz (xem 1.2.2):

- lobf = [ﬁxm]z < {zzJ[Zyz}

£=1 k=1 k=)

n % n :
Néu |q| > [ x,%] il < | D y2 ] ; tY d6:
k k=

=1 1

=b2+2(’"2= —yﬁ} < Z)’}%*‘Z(&% -yf)=zxf . mau thufin,
k k 3 P

1

n 3 n n 2

Vi viy: la‘ < [Zxﬁ] ; vacudicing Zxﬁ < [Z]x“l] diéu ma chiing ta s& thdy khi
k=1 PE| k=1

Kkhai trién bidu thire ¢6 dfu binh phuong.

nHl
2.2.24 biat: P= ZXk - X ——— € C(X) ,tacé:

zkzk 1—P( y= Jn+l)z +n2"
k=1 (1 2)2

‘1—(n+1)z"+nz"'l e
T R

n+l

Tix d6:

< g - 1- (n+1]z] +n|z|
2=

253



2.2.25 Ky hiéu M, M, |2 har v€ cira danp thic c4n chimg minh, va S =|al+|bk+|c| .
T=la+b+d. U =la+bj+|p+d+jc+a tacs: M, =(S+T-U)S+T)va

My = 2{a 8] +|alle] +|b||c|)+([a +8 b+t +le+ a‘z) ~SU +2ST =TU = M, +V
véi 1 = ~82 =72 + 2{(afl8| +}|] +|t:"a1)+(la . B +[b+cf* +] +a|2J

= Jaf* +lof +|42) ~2Refab + oz +b2)+( B} +|d" + 2Re(b?) + el
+laf” + 2Relea] +[af” +} +2Re(ab) ) = 0
b) e Néu la| +(b| +|c' +la +b +c| =0 thi a = b =r =0 va b1 dang thic 12 hién ntnén.

|b|+ic|—ib+ci =20

Ni€u khidnig, hiy chi ¢ bat ding tha ridc: .
¢ N khong, by chd ¢ ang thic tam &/ {lal—lb+cl+[a+b+cl 20

2226 |2-Y< ||z] —11 +|z—|zn vadat z= plcosd +isind), peR . ,0eR:

1 !
|z-[z]‘ = plcosf+isind-1f = p{(l ~cosf) +sin’ 9}3 = p(2(1 - cosb)) = p[%sin%] .
Ta bigt rang: Vre R, lsinr| < ]tl viy ’z - |z“ < p|6| = Iz”Arg(z)l
( & day. |Arg(z)|= Infﬂﬂ]; 0 = Arg(z) [27:]}).
Pat AM (2, N{2), 1aco: AM < AN +NM va NM < WA

¥

M ()

o] A(l) Nizh x

— (1 1Y}

2221 [epY a |k E_(”“ETE{C"’]ZE

- c~a) b |1 1| 1 \a-cb) a \c-aj b
a) b

1
c

2
Vay Arg{[% }%] =0 [r]. Tir day c6 he thite c4n tim,

K&t qua duge bidu di&n hinh hoe: g ndi tiép LACB bang mot nlta gé¢ & tAm LAOB.



B(b

A (a)

Cl(c)

231 (d-a)b -2)+(d—bXe -a)+(d - c)a - b) = ba - ab)+{ch - b7)+ (a7 - ca)e iR .

dza_ 1 (-o)fp-7)..
va b"'_]b—ciz(d 6 -7).

.Bién dién hinh hoc: trong mét tam gic, cac dudmg cap dbng quy.

C

A B
23.2 a)Kghitu z=x+iy,(x.y) € R\ tace: |z|=2[z—i| o xt+y? =4(x2 +[y—l)2}.
0 Trdidi: Dudng tdn tam [013] va b4n kinb %

i_ _ 22(2—1)

z+1 |z+i|2

R‘:(z2 (E— i)): Rc[lxz —y2 + 2ixy:(x— (y +l)i))]= x(x2 —y2 )+ 2xy(y+l)‘

=xx2+y2+2y .

va:

0 Traléi:  Hopcha(y'y) va dudng trdn tAm (0, -1) bén kinh 1 bd di diém (0, -1)

2.3.3 ABCIlatam gidc déu thuan khivachi khi BC duge suy ra tx BA bi

T
oE
phép quay vecto vér pée ——;i, diéu Kkién nay thé hién bdi: c~b=e 3(a-b). R&i dat
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241 Kghieuz=e?5ecR.

2 - - N . .
’23 .y +2’ =(e3’0 ~ it +2J[e—3'5 -8 +2) =6-—4cos6—2c0s20 +4cos 39

= 8—16c050-4cos28+)6cos36.
Xét sue bign thién ciia P: [— I 1]—>R

1 4(2—4:—124413)
0 Tratsi: 3.
242 ' 4@ 4 00HY) g oy (4o 4ol
l+cosx+cosy=0
o
sinx+siny =0

0 Tra ldi: {[52—;- + Qkﬂ,—ng- + 2lm); (e.k,]) e [— l',l]x Z x Z}

2.43 ) Tralsi: {e*ﬁc“”} néu 8=0 [x]. (1) nfu =0 [27)
(-1} néu =x [21].
b) Ky hituz =ix (x € R)12 mot khong diém thusn io:
2 +(1-20)22 + (1 -i)z-2i=0e ~ix® - (1-21)x2 +(1-i)ix~2i=0.

—x2+x=0
& o x=1

- +2x? +x-2=0

rdi: z3+1 21)22 (1-i)z-2i= )(22+(1—i)z+2)‘

{i, %[[-1-(17—4J+[1+JJ1— 1] %[(-1 Jﬁ-4]+[1- Jﬁ+4]i]}.

¢) Odng phwong phip nhu §a) va b).
o Tralgi:  §3,34,1-20,2-i).

dj JvAj2(=])langhi¢m‘r6i 14—23+12+2=(22+z+1)(22-2z+2).

0 Tralsi: {, j2, 1-i, 1+i1 X“—X3+X2+2={X2 +X+lx.!(2 —2X+2).
e) (22 -42-%5)2 +(z+l)2=0®(3£e{—1,1}, z2—4z+5+5i(z+1)=0).

0 Trast

fl-i1+13- 213+21}(X2—4X+5) (x 1) = (x2—2X+2IX2—6x+13).
N VaiZ=2-8z.taquy vé Z2+40Z+375=0.
0 Trald:  {3,5.4-3i4+3i).
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g) Khai trién: (z +i)°* (z2+l} +(z-i)* =0 = 324 ~1022 +3=0.

. - L
0 Tralsi: { V3, J}.ﬁ.ﬁ}.
k) k:2+32—1}2—(622+3z—l)(322+6z+1)+(322+6z+])2=0

(6:2 +3z- 1}+j(3:2 +Gz+l)= 0
<> |hoac

(6zz-+ 3z - \]+ j2(3:2 +62+ 1)': 0

0 Tralsi: {—2+J,—‘+2J,—l+j,]+2'l} hay cbn:
3 3 3 3

2 6 3 2

{-L BB LB iﬁ}
6 3|

2.4.4 Tru6e h&ttinh can bAc ha cha Z; ta thu duge 2a +(1 -a? )i va phdn tit 461 cha né. Sau
d6 tinh cin bic 2 clia hai s§ phirc ndy.
0 Traloi:

1 K 1 NN A ] i
{-ﬁ((l a)(1-a)) -L=((+0) (- o) 7;((1-a)_(m),),_ﬁ(_o_a)+(1+a)l)}

245 a) Newzz0,ditz=pc° pe R.:. feR:

c0sd>0 (cos @ <0
t=zti p4c4i0 =2pcosh « p‘ =2pcosfd hodc ,o4 =-2pcosh
46=0 [21) 46=2 [r]

11 Al
0 Tralow [0,25,2 3(-1-i) 2 3(-1+3);.

0 Traldi:  {-1.1,0 i)

(x+y)(x3 —y3] =819 (xz—yz) (x2 +xy+y2)=819
=4

(x— y)( o+ y3] =399 [12 - yz]

(xz - _yz](xz +y2] =609

(xz - yz]axy - 420

246 a

x?- yl x +y)2 =1029 "wl = 1029
o

)
52 - yzj x - y}2=189 u’v =189 ‘

/"_\/—\v

VOl u=x—-yv=x+y.
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Suy ra:  u® =(_]§2)i=3“ ,
1029
0 Traldi:

{5.2), (-20,-30), (5i,21), (~2ie,-5@), (-5,-2), 2.50), (- 5i,- 2i), 2iw, Sio)}.

]

2i— +
dy w=e 8 =L,

N7

b) Suyra x=y2=z4=x , Wdéx=0 hoac X =1

ko
o Tratgi:  {{0,0,0)} {(m,r o, m,, 6}} & day o, -e2 7.

247 Chuyring o} +agh, +b; =|a, - jb) . wde:

l—[(a,, +akbk+b,) H(a,,—Jb,,i .

n
sopnuc | |l - iby) c6 dang 4 - jBv6i (4, By € 7% (huydngi=1-1).
k=1

n
248 a) Dit P= Zx’f e C(X]. ta cb:
k=0

1-x" X /l-x"*" -+ 0" 4 "
P= CliX |va P=) X" =| =
T Y B B

k=t 1-X (-x¥

r nfuw =l
o —1

0 Tralei: ( l) )
En—;—né’uwﬂ

b) o7 = (a) = =0 nduow’=zl.
#=0 ko 1-w?

0 néu wP =1
¢ Tralai: new o=l
n név of =\

a 2% 2zY
c) E:Ci‘l k =(1 +a))" ~o" =[[1+cos-«)+isin—j -1

k=c n h

”n n
n T .
={2cos— | {cos—+1isin— | —1.
n n n

0 Traldi: -2"cos"Z -1,

"\
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n-1
= |na| .t dé: n[a| < z
k=0

249

a +a)kb‘ .

i(a +m"b1 =

k=0

n-1 n-1 n
Cing vay: nlb| < Zib +a)ka| = ZIaf"bﬂzI = Z|‘a)_("_’)b+a|
k=0 k=0 1=
n n-1
=Z\a)1b +a| = Z\wkb +a| .
(=1 k=0
ukn
2410 Chok={1.2.3,4)va e, =¢ 5 .Tacs: L)k-m:f=-2+m3 +w} 16

n-1
na +[Za)k ]b
k=0

(m,‘—m:)‘+5 k-m:)z-bS:—1+m,3‘+m2+’m;+2w2+a)f=0.
ur
Pitw=m,=¢ 3 .cickhtngdiémh o- ' 0’- (@) 0’ - (0H . 0*-(09*
2ir
0 Tralsi: %)—0)4,02 —(03,4)3—a>2,a>4—w} véi w=e 3 .

254 C,+iS,= ) el®®)= e“’ki 2) .
=0

£=0

{n9)
B . ”:»2 (n+ 1 (orth)3 (n+1p
Néu e® 21: C, +iS, =¢d.E r ~l=e"’ : 2 =cl‘ 2
* n n ib ) ] b
e - by . b sm—
¢ isin— 2
sau 46 1y phén thuc va phén 4o.

S
- el €u be 202
o Tralei: C,= °°{”+ 21 —p e

(n + l)cosa

(n

néu be 272Z

+1)b

. sin
P sin[a +n_2b}_%_ néu b ¢ 277
n- M

sin—
2

(n + l)sin a

néu be 247

252 cos3lo:=%(cos3kx+3cosb:) va bai tgp 2.5.1.

0 Traldi:
3 +1)x
1 3ax S0 2 nx
— cos—-—-—T+3cos—
4 2 sin —

sin &

. X
sin —
2

— 2 4| nfuxe27Z nnéuxelrZ.
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253 lemk( Z‘smkl Zsm k-—z —cos2k =n+l—-—2c0s2k
n .
sinl sinl

Zcos2k
n n n n
254 [ x* cosk@]ﬂ[Zrk sink&} = Zx"c"‘g = Z(xe"’)k )
k=0 =0 0 k=0

va

k=0
k=

Néu xeia =1, thi:

i(xem) ch.o }"* L nt ,i(n+1)0 ]( “L]

15}(1 —xe 19’7

_ (I—x cos(n+l) 6-ix sin(n+1 )6](]—xcos€+ixsin6)

1-2xcos O+ x?
161 14y phan thuc va phén 4o.
0 Trd lai:

[{x:l {x:—l
" n+l néu hay :
Zx"coskt):- §=0 [2”] b=z lln'

}

1-xcosf— " cos(n +1) § + x™ 2 cosnd
| 1-2xcos@ + x*

n&ukhéng

0 né [{x:l ha {x:—l
n u y
=012 =
D # sinke= ) o= r
¥=0 xsing - x™ ' sinfn +1) 8+ x* sinn@
| 1-2xcos@+x°

néukhong

Chiy: nfu lx{ <1, bang cfich cho n ti€n t5i +oo, ta thu duoe t8ng clia cic chudi san:

+a

M .
21"cosk9=ﬂ‘ Zxksink(): _ xsinf

o 1-2xcos8 + x* P 1-2xcosf + x2

¢6 thé coi chiing 12 cic chudi nguyén (d6i vSi x) hodc luong giac (déi vor £).
A n n
255 o A4,(x)=1 +(c"“ +e‘“)+ ,‘.+@"" +c""‘)= 1 +2Zcoskr =-1+ ZZcoslvz

k=1 k=0
n (n + l)x

=-1+2cos™®____ 2 (xem bai tap 2.5.1)
2 sinX

)



Chi dan va trd (8

(e ()
sin| | n + +sin—  sinl | n+— |x
s
=-1+ =
X T.X
sin= sin -
2 2
» sin[(";l)x]
e B,(x)= ZSin[(IH- ] ] sm[£+—"£} (xem bat tap 2.5.1).
. . 2 2 . ;
8in = k=0 sin sin =
f ) A+ :
S)DL YI+5 x sin —2— X
0 Tralei A,,(x)=—x. Byx)=|———2~<
sin = sin >
2 2
B3 sung
C.21 1) a) Tim c4c diém bat dong nucé chaT, 4
z=aZ+b b+b
Sab(2)=z & z=aZ+b & {_ _ _ = z=a z+b)+b & 222222
’ Z=az+b 1_|,,|2

ab +b
1-d

ab+b ab +b _
a 3 +b=
1-|| 1- 1a|

R8I Vz € C, gop(2)-0 =(aZ +b)-(a@ +b) = oz - @), t0d6:

DéD 1@.‘, dﬁt D=

b z)—wl = |d||z- o]

!Ars(gab(z)-w)wvs(z -o) = Asgla)  [22]

Ta chuyén tiY QM dén .QT:,‘biM} b&i phép hgﬁ giao hodn cha phép vi ty vecto V6i ti s6 ial va

phép d6i ximg tn giao qua dudng thang vecto ¢ géc cuc %Arg(a)

y

T,,(M)
/

(0] V X
[§]
(DJ/

261
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bj gg_b(z)=aaf+b +b=ial22+az+b=z+(a5+b)‘ vay T2y =12 & day i 1a vectw c6
N
toa vi E(Gb +b). bat U,p=T,p°t va hyp :C > C ladnhxamavéimbi, zeC ung

Véi toa vi ctia U, , (M), rongd6 M c6 toavi la 2.
1= 3 _ 1 1 - } !
Tact: hop(z2)=a 2-—(ab +b)|+b=az+=b-2ab . wds hyp(z)-2b=afz~—=b]|.
i 2 ) 2 2 ' 2 2
Nhw vay, U, , 13 phép d6i ximg tryc giao qua dudng thang di qua diém c6 toa vi —;- va géc

cuc lerg(a) [ﬂ] .

2) St dung nhdng lap luan & /) v6i cludu nguge lai.

C22 Ha) Tl ¢=—5 y=—2

b)Véiz=x+iy‘(x.y)€R2:l_-=-Lz-|r= T i
F4

c) Tralyi:

e Anh clia dwdng tron (bén kinh > 0) di qua O (bd di didm O) 12 duong thing khong di qua O.
» Anh cha dudng trdn khong di qua O 12 dudng tron khong di qua O.

s Anh cia dudhg thing khong di qua O 1a dudng trdn di qua O (b3 di diém O).

‘s Anh ciia dudng thing di qua O (bd di difm O) 1A chinh né.

2 a) az+b=£+ be - ad =g_+bc—ad 1 ‘
c

cz+d ¢ c(cz+dj ?

z2+—
<
b) Chi§ring T, Simp, oy . S(ey)s foys Ty bi€n dudng trdn hoac dudmg thang thanh

¢ a2 c

dwomg trdn hoac dudmg thing. Sy bién ddi dudng trdn - dudng thdng ¢6 thé xay ra “trong
chimg muc” cia phép nghich dio.



Chi dan va tra 15i
cdc bai tap chuong 3

3.1.1 e Néu(u,), c w12 diy dimg thi t6n tay N € N'saocho: Yn e Nogn 2 N = u,=1).R3

rang 13 (4,),,  w i tw 161 1.
¢ Dio lai, ga sl (u,), « 5 Ol tu V2 X¥ hiu 2161 han clia ns 12 1. Tén tai N € N sao cho

VneN.(nZN:blu,,—l[S%).

Khi 46 ta c6: Yn € N, (12 N, = |u, —uy| < |, — | +]/—u,| <1) vi u, va uy déu thuoc Z
suy ra u,, = uy. Nhu vay (4,), « i 13 day dimg (va hoi ty d&n u),).

312 VneN.Osa-u,<(@a—u)+b-v)=(a+b)—(u,+v,)va

(a+b) (u +v,,) ———>0. Dinh Iy kep cho phép k€t Yuan réng U, ———a réi

(u,,+v,,)*u,,Tbb ;

3.1.3 Strdung: Y(r.y) € R?, i
lnf(x.y) E( +}"|X‘J’l)

xp —-—>S»;{hmu,,, lxmv,,]

6 Trd s
Yn —bln lunu,,,lunv
neo

——1—' it 45, cong lai, Vn € N¥*

3.14 vk N*,
a) € k(k+1 k+1

ZW n+1

O Trald
n
23k+l)
3n +5n+2
”

("+‘) & suyra: Vn e N*,

. 221‘ +3)

0

n
b) Siidung Vn € N*, k=

k

0 Tralsi: ~3-.
2
n

< Prsinn < Y4

h
N4

0 Tratai: 1

c) Vrn e N*,
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3.1.5 Ky hiewx, = Re(u,) va y, = Imu,).

Chimg minh ring ¥n € N, (x4, =X, V3 y,,,1 = 251)‘ tir d6 suy ra u,, = x, +L,,}’OT”D .
s
0 Tra 1o (uy),en hoi tu d€n Re(iy).
3.1.6 Viét u, dudi dang luong gisc u, = o='% . (pe R, O (0: 2n] ), chimg minh bang
quy nap theo n: % = pe13 <>osE u, = £l cosgcos—g- cosi
3 Oty 2 veer My, 2= 5 22 yroon 2” .

Néu 6= 0 thi v6i batky n e N*:

.0 a8 sin 4 s
'y sing 3 ol oa sing sind
Uy, = pe 0 RS 7 = p¢ 7 oo 9 \
2sin— 2sin— 2sin— 2" sin—
2 4 M ke
) stn x
ap dung Tl .
0 Tralsi: (u,),cxhoitudén l“al snr;& (trong d6 G= Arg(u,) € 10; 2n[ ) n€u 5 € R, va

(4,) yen NOI tu d&n uy, n&u u, € R,.
3.1.7 a) Ténta iy€ (1..p}saocho Maxa, =a, .

1<i<p

1 1
Tacs: Vn e N¥, [i),-a,”]" =a; i),—[-:‘—] " , tirdé:
i=l i=) )
\ il | )
,lia‘-o s [il,—a,-"]n < [iﬂf]"olu
[E]]

nwo nwo
a,o
L !
-n n _1‘ n 4 ) , : l
b) Aa, = A\a r — Max|q, = Min g, bang cich dp
=1 =1 ' ne 1<isp 1si<p

dung a).
3.1.8 Bing cach vi&t mot tam thic du6i dang chinh tic, v6i moi n € N:

2 2
b 4ac-b
a(mz,z| +bu,y, +cv3)= [au,l + ;" ] +[——ac ]vz R

4
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\2
0< [au" + b;" J

o
OS(%”}g < ala? +bup, +o)

3.1.9 oA >0c8dinh; vi u"—”TH—ac .nén t8n ta1 Ny € N sao cho:
un

< a(auf +bu,yv, +cv,3)

suy ra: . Vidac - b*>0.

VheN,(n2 N, = 2 > 441,
n
uh

u
2A+L 2 5 g S 0y,

n~1 u, > Un,

Vay v6i moi n € N thod min n > N, ta c6:

1 —_
Tir d6, nhin va wec luge: —2- 2 (A+1)"™M vay up > (A+1) —2 "
uy, (4+ )

.

U n
i M »1, nén t6n tai Ny € N sao cho:
(A+1M e

)
A

uN I—i
VneN, [n2N, = L 2
=) > 7

1 ) -
Tasuyra Vn e N, (n2Max(Ny, Ny) = u)f 2 4). Vay uf! Pradhis

3.1.40 = Gidsiy sinna—"m—)lel.

Ta c6: Vn € N, sin(n + 1)a=sinna cosa + sina cosna,

tydé VYn € N, cosna = "‘“(" +1)a -sinnacosa

., ,l=cosa
- . Suy ra cosna »I' = 1 — .
8iD & et sina

¢CGng viy. néu cosa Tl‘ €R. ta suy ra (st dung: cos(n+1)a = cosnaons a-sinn osin ).

sinnaTbI=£Q__cLa).

sin o
- l'= U I'=sUlt )
0D?}ti=££.t&cé: = =/=0'=0.
sin & l1=-I"t I(l+r2]=0

s Nhung (Vn € N. cos’na + sin’na = 1), nén chuyfn qua gidi han khi # G&n & +oo
£ +1%=1, mauthuln véi 1 =1" =0.

0 Traldi: V6i Yae Rsaocho = ¢ Z, hai diy (3inna),, ¢ 5y V2 (Cosna),,  y Phan ky.
T

-_
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2
3.1.11 D& c6 ube luong can: (Vx € R, x—iz— S In{l +x)< x), ta khio st sy bi&n thién

2
cha x> Inl+x)-x va len(]+x)-x+~‘i- (xem $.3.1). Ap dung v&r .\t:lJrLﬂ réi
n n-

cong lai, v6i k oY 1 dén n. Cuéi cung:

i 1 & n(n+l) 3
—t— =1+ 2 o | 9
n n 2

oy 2n
1,
2 2
n
va 0 < Z{l+L2] < ,,[14,%] =i———>0.
k=l” n n pn n n<

0 Trala: 32,

3.1.12 e Nuae ]0; 1], thi v6imoi n € N*, (E{a”))l; =0.

e Néua =1, thi v6i moi » € N*, (E(a"))% =1.

1
o Gidsta> 1;v6i moi n € N¥, tacs: a(l-a'"); <u,Sa

{

va .,{(l-a—n);]=';,n(,-a-n)~_a_‘:_m;_,o..

no n

o TPb L (E(“"))}‘T{O nés Ocac<i

a nfy a2
3.1.13 a) Chi ¢ ring véi moi n e N:
(n+3)(n+2)(n +V)upsq = (n+2)(n + ), — (n +2) , 181 cong tir 1 dén n: ky higu
v, = (n+2)(n+l)m,, . ta suy ra:

n?+3n n+3

tyd6 u, =— .
2 b T )+ 2)

v =vo~(2 43+ +(r+1))=-

0 Tralsh u, — 0.
no

2 2

u,,=u,,_1+2"_l

. ] 1 1
b) {: =“’2'=1+E+'"+2n~1 =2_F

u% =uf +=

0 Traloi: “"Tﬁ‘

c) Ynx2, (n+l)u,m =ugt..tu, = (u0 +...+u”_,)+u" =nu, +u, = (n +1)u,‘ . VA Vit
(u,,), 1a diy dimg tai u,.

uy + 4y

O - Tratel: u, ——
Lol 2
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d) Ynz2, um,—[u1+—2+ + "‘]+—=u,,+fl "—Hun
2 n-1 n n n

T r6i (bang cAch nhan): Vn2 3. u, = "_ZZL .

Suyra:Vn23, u, = "
"—

0 Trald: u,——o.
ne

cosn] 1
<=—.
n n

3114 a)

0 Traldi: o

n

"< < )
yn?+2n E\/nT+2k \fn2+2

0 Traloi: 1

1

n 2
c) Z ! 2 =

n
k=1 Jn2+2k \.’nz+2n2 \ﬁ .

b)

0 Trd ¥ 4.
iikﬁ(fcx) < Zk2 ("” (2"”) , X
d) ?‘!3 e na 3
—l—-ile( )2 MZ@Q )_ n+1)(2n+l) _n+l ‘i.
3 P 6 Ton2 ™ 3
o Trale:: =
3

e) Chuy ring khi khai trién tich (xem bai t4p 1.2.11)

[, & =k 1
E!_[l+;)zl‘+§;=l+"; —— 4.

0 Tra 1ok 4o
3.1.15 a) Quy nap theo n.
o Tinh ch4t 12 tAm thudmg khi n = 0.

»” 2'”1—1
¢ Néu n[l ] Zz , thi:

k=1
ntl k » k nl
H[l+z2 ):[]‘[(Hz’ ]}{sz ]
k=0 =0
¥l gn+1 1 2.2m1) n+2

):z 22"*‘] YA T ‘zol

m—2"H

Ciing ¢6 thé hu ¥ ring mo1 s6 nguyeén thuge [0 I | ] c6 mét bidu dién duy nhat theo bé
cosd 2.
2""'1 l 2n+l 1
Zz =—_—

nec 1—2.
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s i
3.1.16 Bingcichdita=1-gq, a, =1-g° (k€ N), 1ac6, theo bai tap 3.1.15 a):
l

— 1
k
" 2 "
l_[ 1- H aaga.. an_ 2}‘ '
2&
k=0l1+4 0 =1
1
LI I - i
_1 o ag lao )y Aag @y an )
ag 1 _] l_
2
a? a? a}”
5 (R e 1
L, 2, o
a ay* a ay
1
2 J—
ca 2n+l( _q2n+l] 2"
+1\" : 1 1 2!
n n n+
Vi In (l—q2 27 = —nl1-42 ~ 9 — 0, ta di d&n k&t luan.
M na 2" nec

3.1.17 a) L4p luan bang phin ching: Gid sit u,,—j_o—)é .

Khi d6 t8n tai EER: saocho: YN eN,Ine N, (n> Nva

!
u,,—; > 2¢).
Vi 2u, +uyy —— 1.nén ton tai ¥, € N sao cho:
YneN, (nle = [2u,,+u2,,—l1ge).

[2u, +u3, -1 < &

[
-=> 2
! !
2[“,‘ - 3] +[u2,, —E]

-£>3¢.

Noi rigng, tBn tai n € Nsaochon > Ny va

A /
Z[u,, -—EJ = vy, —3‘ <

i
2[“»‘3\]

J

Khi dé: L £,

>

vay

2n ‘3

Chwimg minh, bang quy nap theo k: Vk e N,

: (Zk )
uzkn—+3 > +i]< ¢
! ! /)
2[112},"—5) - 2[u2kh--§]+[u2k-1"-§/

1 ! (2/: ) K+ )
,1”-5‘2 2(“2"n_§] -&>12 +l’g-£=[2 +1fe.

Nhumg k&t qua thu duoc tré1 v&i tinh chat bi chan cla (u,,), ‘2‘“ + 1)5 STt

Néb b4t dang thirc thoa min véi &, thi:

<E.

l
- <
"2k+ln 3 =

T d6




Chi dén va tra I8

~1\? 3 ; =3P
b) Trd I8i: u, = 2(-1)"n néu 16n wi peNsaocho n=2"
o néu khong

0 néutén tai (p. m)eN2 saocho.n=4p(2m+1)

c) Tra l&i; u, =
1 aéukhodng

2mel

3.1.18 4a) Hypu —Hya = Z % > (2m+1 _2m)2’:ﬂ =%_
k=2 +1

b) e Cong cic bt ding thic & a) véi n 6y 0 dén p (p € N), 1a thu duge:

p+l
Hypu —Hy 2 ~—, 0d6 H ——> +mo.
201 1 ) 2p+1 po
e Chi ¥ rang (H,), ting (xem 3.2.1, Dinh nghia).
3.1.19 K¢ hiéu /= Inrg v, . v6n tén tai trang R,
neN*
Cho ¢£> 0 c6 dinh; t6ntai N € N'saocha: 1<y <1+ %

V6i moi n € N 520 chon 2 N, bing phép chia Buclide n cho N, ta duge (g, r) € NP sao cho:
n=Ng+r va0<r<N-1,

Khidétacs: u, =ung,, Supw, < (uN )qu, , tr d6:

Inw,, < qinuy +Iny, < Inuy +lnu, <I+£+lnu, ]
n Ng+r N n 2 n

Ky hitu M)y, = Oshfg’_)lnu, , n6 c6 dinh d6c 1ap v6i n. Nhu vay ta c6:

ISV,'=

Yne N, (n2N=t5vn<l+-§+M ).
n

V‘ly——-—bo nen tén tai Ny € N sa0 cho: VneN‘(nZN,:ﬂ— )xyrueu
n

N, =Max(N, N)), cubicingtacs: Vne N, (n2N,=1<v, </ +8),vi v,,—m—bl ;

n n
321 Véimgine N kyhignU, =9 u va ¥, =D vp.Véimoine Ntacs:

k=0 k=0
Ui _ Uy _ (Un + un-ﬂ)v (V * "’n-HM: Ups1Vy = VaetUy
Vn+1 v, v Vn+l |/ Vm-l '

]

"
N _ — Up Uy
va ty WV, —vy Uy = (“ml"k ""n+l“k) = E "kvnﬂ( . __) z0.
k=0 k=0 Vn+1 Vk

o=

1
322 a) e LAS| (2"+2](2n+1) n+l = n+5 =[1+4( 1 } 1.

Hp a(n+1) Jn \jn(n+l) n2 + n)

Vay (u,), 21 tdng nghiém nga.

269
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1 1 1 111 1
¢ Inu,, ~Inu, ==Inl1+ < — = —| = - —— . ti d6 cong tai:
et 70 2"{ Wﬂ] <) 5 was e

n

Y finupu -lnu,) < %i[l - L] - %(1 -L] <q

= e p p+l

nghiald Inu,,; < Iny, +%.
!
Nhu vay (u,)"2l bi chan trén (bdi uef ).
Ta két fuan (u,,)nzl hoi tu.
b) » Vi (“n)nzl tang nghiem ngat va héity 191 / aéntacs: Vn € N* u, <1].
PRI
" tn 8(n+1)

Day £lnu,, +8L] gidm nghiém ngat va hoi tu dén In /, tir d65:
n

n=\

o Ta di thdy trong 101 gidi cha g): Vn € N*, Inu,,; ~Inu

i
V¥n e N*, Iny, +$ >/ . nghtala: Vne N* u, > e ¥,

3.23 (o £> 0 cBdinh. Tén tai N € N sao cho:

VneN,(n2N = 1"
VYasl ~Vn

<6)

Chop, ne Nsaochop>n>N. Tacs:

l(“n+l _lvml) "("n —Ivnl < E(vn _vml)

J(“p —va)— (up_, -lv,,_,] 4 s(vp_, —vp)
1r d6 cong lai: I(y, —va)-(u,, -}vnl < e(v,,*vp).

V6i n € N (sao cho n > N) c6 dinh. cho p ti€n Uh +xc trong k& qui trén, ta c6:
|, —v,| < &,

Un g
v

Nhu viy chiing ta da chwing minh dugc: Ve> 0, AN e N,vne N(n> N = se)

”

nghia la L,y
v no
n

3.24 4) ¢ Bing mot phép quy nap don gidn, ta duge: Vn e N (1, > 0 va v, > 0).
2 2 (V -U )2
o YneN, vi, —ung ="T" 20,0 d6: Vne N¥ v, 2u,

Hp =V

* VneN* Vel ™ Vp= < 0, vay (Vn)n Z1 gié-m‘
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eVne N%u,,, ~ J_ (‘/_ \/Z)z 0, vay (u,) . tang.

Vaytaduge: Vn € N*, u S .. Sy, Su, sy, Sy, <. Sy

N
(u,,),Izl ting vA bi chin trén (bdi vi) neén hoi tu t6i mét s6 thue /.
(v),5, 8idm va bi chin dudi (bdi u;) nén hoi tu t6i mot s8 thye I

u, +v

Chuyén qua gidi han trong (Vn € N, v, = 2y, tasuyra I' =1

h) 0< Vg — 14 = in *p—2 Un-¥n (E \fa) {vy '“n)
2 2 Ao o)’
Vi 2( vy +fup 22 202l Y =84ab

¢) Q) Yn —Un —0.

8Jap e

B Ky hieu 5, =In(v,—u,), a= ln(B\/_) véimoin € N, sao cho n > ng
ta c6:

bp <28, -a

Oyt S26,_ -

TR iy g6 ket hop fai: 5, <2705, -[1+2+22+...+2""’0“]a,

5n0+l < 25710 -a

n=no
o - ny 4
nghiala 6, < 2770 (5,,0 —a)+a LAY v, — [ 8‘/._"0 ] 84/ab .
3.2.5 Mot phép quy nap don gidn cho thiy, v6i moin € N, 4, v,, w, 13 1dn rai va duong
o Vne Nt Vo) Weet =Yy VW =+ .. =tpVpW
» VneN,
Yn n) +( ;1)2 +(unvn)2 —(V"W W,y ) _(Wn”n)(“nvn)_(unvn)(v»wn)

Vel “Up) = = 20

(v, W, + W, +u,v, (U, +Vv, +w,)

( xem bai tap 1.2.8 ¢)).

2 2 2
Uy F VT W, UV, — VW, — W
e WneN wy -v, =-—2—1= L
u, +v, +w,)

“n 0. (ciing nhur trén)

Vi { Wy =~ 5} + Wy (v, — 1)
s VneN,u, -y, = 20
VW, + Wyt + U,V

-, = % <o

Nhur vay, (4,,), > o tang VA bi chiin trén (bdi wp), nén hoi t1 t8i mét 58 thue 1> 0, (w,), » g gidm
va bi chin du6i (bdi ug) nén hoi i 16i mot s8 thue y > 0. Cudi cdng:

e YneN,w

v.=3w.,, —u,-w, —> 2y — A, ky hiéu 12 u
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Cho n ti€n 15i + o trong cdc cdng thic dinh nghia trong dé bai ta suy ra: 4> - 5Av+4v? =0,
trddysuyra(A=v vay = Whoac (A=4y vau=~-2).
1

Viy, iy Qu>0vau,v,w, = ugvow, nén takét ludn A= g = y= (ugvow,) 3 .
!

3.28  a) s uyyy-u,= ———— 20, VAy (1), tang
(m+1)? +}
i 1
S Vym Uy =~ 0.
n 2n e
11 ) 1 ~{n-1)+3
. V"_”—V":(u,"l“u")*‘————"—"3‘“‘_7: 2 ( ) 3 N2 £0.
ntl n 2n+1)F 2n 2(-—. +2n+ 23 (n +1)°
sau khi tinh todn.
1
b) & up,,—u, = ———————— >0, vay (&), tang.
T ) (n 41! i
o v, u, :-‘——ao.
n®y
o v, —V ! L L 9n

n+l

= + - = .
T mAE@A) )y p a7 (1) (n+ 1)

a+ 1

trong d6 a, = (n+2)n
3.27 g
1) Gid st A vaBké nhau, Vitén tai (a,. by) € A x B sao cho by— a5 < 1 nén A va B Xhong

r8ng. Hon nffa, A bi chan trén bdi by, va B bi chan dud bi a,,. Ti d6 suy ra A c6 mot bien trén
avi B c6 bién dusi frong R

e Choa€ A, Vi (Vb € B,a< b) nén ala moétchan dudi clia B, vy a < 5.
Vi(Va € A,a< f)nén 12 mét chan trén clia A, vay a<
* Chor>0cEdinh. T6ntai (@, b)) e AxBsaochob~a< e Tds, vifshvi-as< —a
nén 8 - a<é& Nhuvay: (Ve>0, f- a< o), trds f-a<0. Qubicing: a= S
2j Dio lai, gid sir 1a a= Sup(A) va A= Inf(B) t6n tai va bang nhau:
e Y@ byAxBasa=8<sbh

~mD**  cm+ o+ D -+ D= 0.

e Choe >0 c8dinh. Téntaia € A saochoa + % > a.vatln tai b € B sao cho

b—% <A Tasuyrab-a<e

b)

/) Vicéc diy (a,), e NV2 (Py), e n ké nhau, nén ching héi tu d€n ciing mot giéi han /, va:
(vne N,a,st<bh,).

Tadic6: V(a,b)Ax B, as<bh.

Cho £>0; t6n tai Ny, N, € N sao cho: [aNl-Il':—;- va ibN?-l‘<§.

Tude: by, -ay, =y, 1)+ -ay ) < &.
— T wmTmTW YW



Chi d&n va tra Idi

Diéu n2y chumg td ring 4 va B2 nhimg bd phan ké nhau ca R.

=1+(-1 b = 1+(-1)"

2) Xétvidu: ag,= > . 3

0 Traléi: Knhong.
3.3.1 Téntai T € N*saocho: Vn € N, up,r :;1". Chong € Nbatky, tacé:

Yk e N, Uy k7 SH, -

Cho k tién t6i + , vi (4,) gy hOitunentasuyra: timu =u, .
o 0

332 e VneN0O< uy, < E——»O,vﬁyuu —0.
"2 o : o

n+(n+1
¢ VneN,0 < uy, < ni(n+l) —0 . vy uy,,, —=0.

nin+1¥ no
Sau d6 4p dung Menh dé 2.

2
3.3.3 .u2p“=u2p+2p22pT>+co‘v@yu2pH — +0

¢ lpyt = Wap ~@p+1) 2P - (2p+ 1) e R VY iy —— .
K&t luan nhu trong Ménh dé 2.
O Tradl: u

>+ .
"o

3.34 Gia sbuz,, T}I] v Ugy gy T’h »unz TIB .

T p— Uy s, sl
. 4n 4n“+4n+)
Thi 1 neo va e

. ll'!dﬁll=12=13.
,‘4"2—’"00 13 u

4t +4n+l T peo 13

Két luan nha Ménh dé 2. .
3.3.5 a) Kyhitu) = lim u,. Cho £> 0; tn tai N € N sao cho:
nn

YneN. (>N = |u,-1| <.
Vi f 12 don dnh néntp hgp ' ({ O...., N}) 2 hfu han. K¢ hiéu:
Ny=Max ({7 {0,...,N)eN.

Tact: Vne N, (n>N. = (Vie (O.... N}, fn)=i) = fim>N = |uf(,,)-l|55).

Vay U (ny T’ .

273

b) Ky higu I = )im ug, . Cho £ > 0; t6n tai N € N sao cho Vn € N, (n > N =
nn

]uﬂ")—llsg). Tap hop f ({ O, . .. . N} 12 mot bd phan hiu han cba N: ky héu

Ny =Max(f ({0.....N})) e N.Chon e Nsaochon>N,. Vi f latrandnhnéntbntaip e N
sao cho n=f(p);vin> N.nén p ¢ {O..., N} viyp>N. T dé lu,,—ll = qu(l’) —II <e€.

Cuéi cﬂng 1a: u, T’ .

¢) Suy ra mét cdch don gidn tiY a) va b).
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3.3.6 Lap luan phin ching: gié sir g, ———+x. Téntai A e IR:_ sao cho:
VNeN 3IneN (nsNvag,<A).
Do d6 t6n tai mot ham trfch §: N— Nsaocho Vk e N, g5y < A
Nhung [1; A[ ~ IN* hitu han, do 46 t6n tai mét ham wich r: N— Nsao cho (g ) ) ren 12
day dimg. K¢ hiéu ¢ 12 s6 khéng déi 4.
Ta cé: Vk € N. p ro5 (k)= ¥ 108(k) 1 205 (k) —=
Day (0 ro5(k) )& e v N gid tri trong Z va hoity, do d6 (xem bai tap3.1.1) 12 diy dimg. Vay

tén tai &y € Nsaocho Vk e N, (k2 ko = p zo5(k) = x9)-

Vivay: Vke N, (k2k = UroS(k) =X)SUyrax e @, mau thuin.
Diéu d6 chimg ¢6: g, — 0.

VI (Vn e N, p,=q,u,) vaVin, —x € R¥ nentasuy ra [p,| —> 4.

341 barn= ~1-5 var = —I;Jg
tai (44, A,) € R? saocho Vn e Nou, = A4r"| + 4; 7", Tatinh (A, 2,) theo 4, (=1) VA u,, tiX

d6:Yne N u, = !
N

1A cdc nghiém cba phurong trinh dic tnng. Tén

((ry = u))r'y + (g = ry)r"y).

e Néury—uy 20,th,vi [n| > 1> || vAr <0 (-1)"s, ——> 4, Vi vy chc s6 hang
cha (u,) ,eN khong phai déu thuoe R,.

e Néur,~y =0, thiVneN u,=r"20.

o Tratoi: uy= B

2

342

a) Tralsk: u,= 2 tuy |t ¥ 2y tu
3 3(_2)Dﬁl nao 3

- (1-iY" (1Y 2 omx .
b) Traldi: u,=i - —-il— = sm—;—,(u,,),,eN hoi tn dén 0.

2) Wy

343

‘e Bing phép quy nap don gian: Vr e N, #,>0.

e Day (v,), ex Xic dinh bdi (Vn e N, v, = Inu,) 12 mét ddy trsy héi tuyén tinh ¢é hé s6 hing
1 2

s6:Vne N v, o= Ev,ﬂ, +§vn.

n

Taduge : Vne N, v, = %(Zvo-f 3v1)+—;-(3v0—3vl)(%)

2,6 3 (="

o~ —1 -
0 Tralal: u.=wd 5345 5377
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3.4.4 a) e Phép quy nap don gian cho thdy, véi moi n € N, u,tBntai vau, >0.

& Diy (v,) pepy X4c dinh bi (Vn e N, v, = L Ythodmin: Vn e N, v,,, = %(v,ﬂl + V).
n

Ta suy ta (xem bai tap 3.4.2 a)).

YneN, v,= v, +v, + 21
n 1 ()} 3(_2),,_1

-1
0 Trd i u, = ERNR I N L_L1 , Mot
nmoouy 3(-2)"‘1 uy ¥ e Qg

b) Vn e N, 164, ,,=12u, ., - (37, +iu, )= 124,,) +3(du,., - 3u,)+u, . xd6 Vn & N,
3 1

Mpia = 3“n+1 Uy

2
0 Traldi: w, =1-i+(+iR"——1-i.
no
¢) Ta c6 thé hinh dung mot sw trong ty v6i viéc nghién ciu cac phuong trinh vi phan tuyén
tinh cfp hai v6i he 56 hing s6 (xem Tap 2,11.2). _
o Tatim diy (), e n 580 cho: Vn € Ni v, , 3= vy, 1 + 2v, + (-1)" + 3" ddy ndy c6
dang: Vn e N, v, = (ant + S)(-1)"+ 3" ‘

Bing phép tinh 8o cAp ta cé: a=%,y =% (Be Ruyy.

¢ Diy (w,), ¢y dinh nghia b& (Vn € N, w, = u, - v,) thod man:
VneNw, ,=w;, +2w,
T 46 suy ra i8n tai (4 ) € R?sao cho:
Vne N, w, = A(-1)7 + 2",

e Nhuvay: Vn e N, u, = A(- 1)‘+,u2”+—n(—1)'+ =3". Sﬁdung(uu.ul)tasuym().‘p)

\

0 Traldi: u,,..—(—l}"+2"+ 3"“——>+oo

3.4.5 Mot phép quy nap don gidn cho thdy, v6i mei n € N, u, 1 tén tai va u, > 0. C4c phép
tinh trén c4c s6 hang déu tien cho thdy c6 kha nang 1a: w,, 4 = 4u,,9 —u, . Nu kg thic 46
duoe thoa min thi:
Unsstinsy =1+ thyqlpiq =1+ a{duyy - "n)=4“n+2"n+3 * (1 ey
= 4Up1gUne3 — Upsllpe2 SUpy2 (4“n+3 = “n+1)
Ty d6: Ypos =du, 1 —u

nl -

o V3 (1. uy, U5, 1)€Z" nén he thdc thy duge trén day chi ra ring (bing cach quy nap theo n):
Vn € N, u,, € Z Cuéi cing 1a: Vn e N*, u, € N*.

3.4.6 a) Ta giathi€t rang, v6i moi n € N, u, 8n tai va ”"Tl cR

Vi: Ve Nougu,—u,+2 =0 tasuyral> -+ 2 =0, miu thudn, vi & day biét thic < 0.

0 Tralai: (v,), pban ky.

PN

275
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b) Mot phép quy nap don gian cho thiy, véi moi n € N, u, tén tai va u, > 0.
« Néu u,—], thile R, vdvi(VneN 2@, +1) - ul-3=0), bing cich
chuyén qua giéi han, asuyral=1.
P kol
s YneN, —1=(u" =7 u, — | < —ju, -], 0y dé:
n e N pona -1 Ay +1) 2wy +1 pon =1l Shin )

1
vn e N, ‘"n“|5*27|“0'1f-
0 Tra l¥i: u,——1.

n<

c) Chof: RS R . Cic diém bét dong chafla -3, 1, 2.

x - YIx-6

6 6 7

Anh xa f kha vi tren R ~ {—}.vé‘v’xeﬂ&—{—}.f'(r)= >0.
7 7 756y

Jx)

Cic khodng lien ti€p xéc dinh bdi —0, 3, 1, 2, + déu 8n dinh d6i véi £, va trong méi khoang
dé f tang, suy ra (u,),.y don diéu.
Déu ctia Ax) - x duge suy ra dé dang:

X —0 -3 1 2 +0
Em——
L) ~x + - + -

o Néu 1y < -3, (u,), tang vi bi chin rén (bdi —3), va diém bat dong duy nhét cia f trong
}oo,-3) 1a-3.

« Néu u; = 3, (u,), khong déi.

II)II

o N&u-3<uy<1,(n,, gidm va bi chan dubi (bdi -3), diém bt dong duy nh4t ciia f trong
[- 3] 12 -3.

» Néuy, =1, (u,), khong ddi.

o NE€u 1 < iy < 2. (4,), 1ang vi bi chin uén (bdi 2) va diém bdt dong duy nhit cba f trong
fug; 2] 18 2.

o Né&u uy =2, (u,), khong déi.
» Néuu, > 2, (u,), gidm va bi chin dudi (bai 2).
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-3 néu gy <)
o Tra loi: u,——1  néu uy=1.
2 nf yy>1

d} Mt phép quy nap don gian cho thy, v6i moi n € N, u, t6ntai va u,, > 0 (biét thifc cha tam
thire X2 ~ X +1 12 < 0).

_1\2
« VneN, u,,_,_l—]:MZO.
Un

174 .

s VneN* g, -u,=
n

Nhu vay (2,), ¢ y+ gim va bi chin dudi (bdi 1), vay hoi 1 d&h s6 thue L. Chuyén qua giéi han
trong: Vn € N, ¢, (g ~ 8, +1)=1,tasuyra/=1.
0 Trﬁ "di: unT)l.
e) Dt vy =u,+1,tacé: VneN, v, =v) txdé:VneN, v,=v¢ .
to néy (40 < -2 hoic uy > 0)
0 Trai: u,——>]0 néu (45 =-2 hoic uy =0).
-1 néuv -2<x5<0
4, € L0
f) Chimg minh, bing céch quy nap theo n: Vn € N, {2" kL [.
W2ntl E]l': 2[
0 Traidiz (u,) , phanky.

g) Vne N¥ un,l=Ju,+\/u“_,+...+J;T =,/u,,+u,,=~/2-\/|:.

1 1
Py -1
Dit v, =%u,,tﬂd6tacét Vi€ NP, vy =97 W6 Vn € Y, v, =" —s1.

0 Tralsk w,—s2.
h) baa F: R=»R .

INNET

%—a néu g & J~; 0]

Ching minh: Va € R, F(a) = a2-a+l new ael0; 1] vasuyraVaeR, F(n)Z%.
néu aefl; +oof
Vay: Vn eyN. U, 2 U, +%.r6i cong lai: Vn e N, u, > u, +%.
0 Tralsi: U, ———> 4.

i) » Mot phép quy nap don gianchira: Vre N, u, € [0; 1].
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o Xét f: [0', 1]—)[0;1] va g: [0;1]—)R
X - s 2x x f(x)x
g'(x)=2cos2x-1

Anh xa g khd vi 2 14n trén [0; 1] va: Vx € [0; 1
re n(0:1) * [-] g"(x)=-4sin2x

Ta suy ra sy bi€n thién ctia g:
0 z I
£ =
12 &
£'x) - - -
s R -
X 0
') + -R_H_'
F{69] 0 \
0 !l <0

Dinh by v& cac gid tri oung gian vA sy don diéu nghiém ngit clia g trén {%, 1] cho phép suy ra

su ton tai va duy nhft ctia s6 thue a € [%’ l] sao cho g(a) = 0, mot phép tinh s6 cho bist

a=0948.

uy =0 12 don gidn; ta c6 thé gid
18 thiét uy € J0;1].

¥ /y=x e Viéc nphién ciu tudng hop
o P

Ta chimg minh bing phin chimg
~ ring t8n i N € N* sao cho

N
/I\ Uy € [‘E‘,l] R

Gia st Vn e N, u, € }0;%[ . Khi

d6: Vn € N. up, = f(u,)2u,.
Diy (u,), » o tang va bi chan trén

bai = Viay né hoi tu t&r mot s6
0 up u “2% Qeg] X 4

(N=3) -
thuc 15[“0;‘2]\ diéu khéng thé

duoc Vi f lien tuc trén [0; 1] va £ chi c6 c4c diém bt dong 1A 0 va a

4

f[[%, 1]] = [sin ); 1] c [% l] . nén ta suy ra: Vn € N, [nz N=u,e [%, ID

X 13
e Ta vim ching minh réing tén taa N € N sao cho uy € [—;IJA Vi
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Trén [%, l], fthudclopC'va: Vre [%, }], V-(g)l = |2cos2t| < 2cos2.
S1 dung dinh 1y s8 gia hGu han (5.2. 2)) suy ra:

Vxe [% 1} lf(x)—a’ =|f(x)—f(a)1é(lcos2)1x—a’ ,

t¥ 46, Vn e N, lu,, —a! < (2cas2)"|u0 —ai VAV 0<2cos2 < 1nén u,——a.

0 néu u;=0

) Trd 1&i: uw,——— , trong d6 @ 12 s6 thue thude 10; 1] sao cho
nomo {a néu uoeb,]‘] & ) e 10 1]

sin2a=a. (as 0,548)

3.4.7 « Mot phép quy nap don gian chira rang, v6i moi n € N, », t8n tai va u, > 0.
e o /R, - R, |, day 13 mét ham gidm.
[

X —
2+x?

2
Tacd Vxe R, f e f(X)= 3 +x . Bing phép tinh so cAp ta thiy:
+2°] +18

VxeR, fofiy-x= (x-1 ("Z)P("). trong 46 P = X* + 2X - 6.
2+ 5% +18

Trong R,. da thic P c6 m6t khong diém
duy nhat, k¢ hidu o Nhu v4y, tdn tai mot X J 0 +0 \
tam thie T € R[X] sao cho: q

{X3+2X—6=(X—a)T(X) P 6/

vVxeR,, Tx)>0

TiY 46 suy ra ddu cia fo f(x) — x:

+o

Mat khdc f o /(x) 12 ham tang, ta c6 bing;

X 0 1 It 2 40

+0

fof(x)




Dbl ~ S =g =

Nhur vdy, céc khodng lién ti€p xéc dinh b 0, 1, a, 2, +o 1a 8n dinh d6i v6i f« f. Cufii cdng f
gidm v2 ta c6 bang bién thien:

X 0 | o 2 +¢

fe a

~

0

NEeu g € (0; 1], thi:

& (ity,), > o tang va bj chan trén bdi 1, vy né hoi tv dén diém bat dong cha fof trong
[0:1]. tic 12 603 ty den 1.

® (ly,), 20 g£ldm va bi chan dudi bdi 2, vay né hoi tu den didm bat dong cla £« f  trong
[2, +ce[ . tc 1 hen ty den 2.

y

™ a

[ ]

y=fix)

0 utal « 2 uyy X

Cic trudmg hop khdc khio sat tuong tw 1, € (1; of , 4y = @, Uy € 1a; 2], 4y € (2: +oo|.
(u")" phan ky nfu uy *a

u, ———a néu 1y =a

0 Tréldi:{

trong d6 a 13 khong diém duy nhét cia phuomg trinh X +2—-6=0. 4n 56 1a2 € Ry
a=1.456.
3.4.8 ¢ Chimg nunh bang quy nap:

0 0 2
#, =hCos oS -..COS——c0s” —
vn e N+ 2 Y
' g 6 6
v, =hcos—ros—.. CcOS——CoOs—
2 2 2n—1 27
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. 6 .
e YneN* =b sing_ "y o ! bsiné bsind
4 n - wes = —_— > N
25in§— 2sin£- 2sin—9— 2n sini e 8
2 92 v %

"y , 4 bsing
ro1 sau do: Uy =V, COS———" S:

0 TrA8E: (uy),0 VA ()00 cOng hoi ty 163 bsing

3.4.9 ¢ Ching minh bang quy nap réing véi moi n € N, 4, va v, t6n tai va déu thuac [0; 3]

I=y3-r
o« Gidstriéntai ((,7') R? sao cho u, —! vd v,——/['. Khidd 3 .
nm hao 1,:J§+—1
Q+M-r+1)=0
Suyra < |

va: [=1val' =2,
I==3=7

o Vaimoine N data,=u,-1vah,=v, -2

Apq1 = f1-b, ~1= b,

,fl— b, +1
Tacs: Vne N, ,
a,
by =yd+a, -2= —2—
"4-1-:1,, +2

|2y < |B]
trdé: Vne N i .

lbn+l| < §|an|

Ky higu g, = Max {iaan"l } tacs: VneN,0< S ! En

Tir 46 nit ra: y,,TO,sau 46 a,——0 va b,——>0
0

Tra loi: u,,——;m—-’) VA v, ———32

€ 3.1 I /) Cho £>0 cd dinh; vi uHTl,nen tdn @i N| e N sao cho
Tne N (nzNy = |, D).
Chon e N,saochon> Ny + 1. Ta cé:

1 "
b = 1= ;fV: w ~1)

Z'u& I"’il“k_}l'*_ z e 1] .

k =N+l
MOthl — Z 'u‘—l’ N|)— -;;,
k=N +1
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Mat khéc, do —2'@ —Il——bO nén ton tai N, e N sao cho:
k=1

N
VYneN,(n2N, = ‘lZ‘u,—ll <%
n & 2

Ky hi¢u N = Max(N{. N,), tac6: Yn e N.(n2N = |v,-l| <), nghiala Vy——1.
2) Diy (u,),» dinh nghia bdi (Yn € N¥ u, = (-1)") phan ky nhung v, ——0 i
v, =0 nfu n chin

v, = L néun 1&.
n

0  Tralsl: Diéu dio lai cla tinh chat & /) 13 sai.
II 1) Apdung ket qua chal /) vao day (u, —u,_, >y VOi chu y rang:
u, g

1
v « 1 - =2y —y )= tn_¥o
n e N¥ ;l(“/: up.y) n( uy) a—

2) Ap dung mét c4ch thich hgp phép ching minh k&t qua 31 7).
3) Ap dung mot cach thich hop phép chimg minh k&t qua &1 7).

T 1) a) Ap dung b dé bac thang (1L 1)) vao day (Inv,),»;, n€u ! = 0. Xét riéng trudng hop
I=0.
n+l
n

b) e

cih por1) _ (pn+ p) n'(pn - n)l
Con In+l)!z_pn+p—n—l)! W

- (pn+1)pn +2).(pn+ p)
("']XI; ”ixpn n+2) (pn n+p- l) et (}7 ])P"

1 n+l no
=

Cl+))  #"nt @2n+)2n+2)n” _20Q2n+1) 1 4

RO ol P Y o7 Y el PR R [Hn]" e

»
o Tralei 1.—2 2

G-

2) a) Phép quy nap don gidn chi ra ring, vdi bat ky n € N, u,, 160 tai va u, > 0.
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Mitkhic: VneN, u,, = u"2 Su,..

T+u,
Day (u4,) 5>0 £1dm v bi chin du6i, vay né hoi ty t6i mot s6 thuc ! va I = ;- a6 suyra
1+]
1=0.
11 j+a2f 2
b) VHEN\U,,+1—U"=—E————= =24u, —2.
neo

c) Theo b8 dé bac thang &—»2 ty d6 l —— V2 .nghala u, ™

1
hn nwo unﬁ no mo Jz—n_

€ 3.2 1 Trudc hét ta chy § rang, Vi (4,) .0 bi chan nén v6i moi n € N, tdp hop {u,: p 2 n}
bi chan, vi th& v, va w, tfn tar.

v, SV < w,
1) VdimgineN,{up;pzn}c{up;pZn}c{u,,;pz();vay {n n+1 0.
Wy 2 Wpy| Z Vg

Vidu

M bminfu, = imsupu, =0
nac nec

) liminfu,=-1, limsupu, =1
it neo

(@ liminfu, =-1, limsup u, = 1.
nec nao
2) » Gidsir liminfu, = limsup u,,.

nw no
Vi(¥ne N, v, < u, < w,)néndinh Iy kep cho phép két luan ring u, hoi tu va:

limu,, = liminfu, = limsupy,, .
nwo nes 7o

¢ Dio lai, gia s¥ u,—leR

Cho £> 0 c8 dinh; t8n tai ¥ € N sao0 cho VneN‘(nanlun—I]s%)

Chon € Nsaochon 2 N. Tacé:

VpeN.p 2n=p2N = ]up—lls% = l—%s:zpsngy

tir d6 chuyén qua bién duth va bien trén: | —%s v, S W, < l+§ :

l-e<v, <l+¢
Viy: Ve>0,3Ne N, VneN.[n2N = R
' l-c<sw,<l+e

va cubi cang: v,——1 va w, — /.
n na
3) o} K¢ hitu M = limsup u,,

na

\
g
Cho £>0vaN e N; tBn tar n € N sa0 cho: [nzN va |w, - M| S;J

e G
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Theo dinh nghta cha w, = Sup{up; pz n; . t6n tai p € N sao cho:

[pZn va wn-§<up5w]

IA

U, <w, < M + M+e

p n

Vaytacé:pzNvaM—-¢e <w, —% %
Diéu ndy chimg td rang: V>0, VN e N, IJpe N.(p=2 Nva |up —M‘ <), vy M la mot
gid tri dinh cha (&) ,,-

Lap luan tuong t cho liminf », (hoac con dung 4) a) ).

neo

b) Tén tas mot ham trich & N — N sao cho u,(,)———a.
ne

Vi (Vne N, v (,) S tg(n) € Wy(n)). NED bing cdch chuyén qua gi6i han Kl 2 4&n t6i +oo, Lu

suyra: limnf u, <a< limsup u,.
noe o

4) Sirdung cdc k&t qua cla bai tap 1.2.20.
a) 1) YVne N, Inf(—ap)— ~Supa,,.

p2n

b) 1)vne N, Inf(/la Yy=1Infa, néu A120.

p=2n

c) 1)¥ne N, Inf +b ) > Inf + Inf(b,).
) 1) pzn(ap ) pzn(ap) pzn( »)

0 Ted i Vidy (2,),,, va (v,),,, 12 4-tudn hoan.

n20
uy=0.uy=luy =2 uy =1
va 0 1 2 3 ]
vo=2,vp=1vy=1vy =0

n
PN

Il 1) a) YVneN, |"n| = l
n
=1

S =) |ug| £ Supjuy|.
”kzll k] keNl |

b) ChioN,n € N saochon > N. Tac6:

N
et S (et S -E g
k=1

E=Nal k2N +1 n k=N+ k2N+

1 N 1 & N
tix d6: ;Zuki- ]—-n— VN 41 < Cp < ;zuk'f 1—7 What! -

k=1 k=1
Véi N c6 dinh, cho n ti&n t6i +wo, ta suy ra:

vyt S liminfe, < limsupe, < wpyq.
neo oo

rdi cho N ti€n t6i +¢: liminfu, < hminfe, < limsupe, < limsupy,, .
na neo net yiet

2) o Trudmg hgp m = M, khio sit d& dang. vi khi dé (u,,)nzN ho tu.

o Giasim<M. Tadabiét (xem[3)) VA [(u,,)MN] C [m; M]
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M-m
P
I =[m—£;m+5}; I, =[m+(k—l)£;m+k€],v(xike (2v..p=-1) 1, =[M—£;M+£].

Cho N e N*vap e N saocho p 2 3: ky hiéu: £= . Xét cac khoang Yién ti&p

Ta s& ching minh ring m8i khodag d6 chwa it nhat mot trong céc u, ma n> N.

1 I, I, - I
¢—r¢—> “— ¢ —>
m-—g m m+e m+2& M-2 M-¢ M M+e

. Nz N
¢ Vi g,——>0 nén tdn tai N* € N sao cho: .
o ; VneN,(n>N'=>055,,<£)

N1 >N
Theo di rhi = lims : .
eo dinh nghia M lm;;upu,,‘n&n t8n tay N, € N sao cho {M e<uy, <Mts

16i, t6n tai N, € N sao cho: .
m-e<uy <mte

Pat E = {4, Ny < n £ N,): ta s& chimg minh bing phin ching ring méi khoang
1, (k € {l...., p}) déu giao voi E.

U= {ke {1,..., W LnrEzo
Xet {V = {ke {1,...,;,}}, IL.NnEzQ

Gid stV @;tbntaike (1..p)saocho N E=B. Vi uy €/, vi uy € I} néntace:
2<ksp-1.

. 12 nhiing b6 ph4n bd nhau cha (1....p}.

Nysn<N
XétS:{neN:{l " 2};SlﬁmotprhAnhmhgnkhOngangcﬁaN(viNleS),
U, > m+ ke

vay ¢6 mét phén tir 16n nhdt, ky hieu N, VIN, € S.tac6: Ny SNy + 1S N,

Theo dinh nghia ca No: uy, 4y Sm+ke.

N ] ) N >
€ ¥ y >

Uy, mtk-—Ne mrks uy

285
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Nhimg u,l‘/u,,} gl MIAS=0).vay uy, 4 <m+(k -1)5.

uy, >m-+ke

Do dé6: L dé uy , —uy < ~£,mau thuldn.
[uNa+,<m+(k—l)s Noxl = FNe

k=1
sao cho: n > N va u, € I} (chiing minh tyén day).
Viytacs: |u,-a|<2s.

n>N
Diéu ndy ching t4 ring: V6> 0, YN e N,3n e N, {i |:;2 . VAy 212 mot tri dinh clia
u,—a|s 2¢
(un)n‘
Cusi cing: [m, M]< VA (), n)-
3) YneN,v, -V, = n(u,,+1—u,‘)-u,, > g, , V6 &, = Un )
) T i g u,) Vel en (1 +u,py)n+u,)
TacG:VneN‘OSa-":-——]——»——Ls—l—.
ntl+u,  n+u, n+l
(Ta c6 thé ap dung 2)).
€33 !/)a Yix,y) € [R—{-i}]x[R —{5}]‘ y=ax+b = x=b—dy,
c ¢ cx+d cy—a

Uy # lo
b) (u,,)neN dwoe xdc dinh khi v chi khi {4y tBn tai vA uy # 1), diéu nay quy V€ ug # 1,

v6imei n ma s, xéc dinh.

2) Vn e N, u,, (cu, +d)= au, + b, tx 46 chuyén qua gisi han khi n tién t6i +o:
el +d)=al +b.

3) 0 Trdlosk: (”n)neN phan ky, hoic (u,,)"eN khong x4c dinh tiy mot s6 hang nao d6.
Vide: G daya=1,b=1,c=-1.d=2,vayA=(d-a) +4bc=-3<0.

Trong vi du nay (u,,)”EN phan ky.

4} a) Gid sit 14y = a. ta s& chimg minh bing quy ngpr?mé vreN, u,=c

N&u u, = a thi u,,, =r=—r=a (wu ¢ ring ta +d =0, vi nfa khong thi

ca+d=0viA aa+b =0, trd6 ad - bc = 0. loai).

-1
by Upyy = 2mt1 =8 =[___"“"+b_.._~"ﬁ”’][""~+b "“”’]

Upp1-a \cup+d cf+d ||cu,+d ca+d

_ca+d (ad—bc) (u,,—/i) o
T cp+d lad-bo) lu,-a) "
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c) Theo b): Vn e N, U, = A"U,.

A<l = w,——p

O Traldi: § |A|>1 = u,——a
Heo

e (,), phinky véi cac gid tri ug va u, xen K&, néu uy = 8
(%), —=7~ oy p néu wy=pf

(trudmg hop A = 1 bi loai).
Vidy. a=1,b= Oc—ld 2;4=1,a=-1,4=0; 8= 5 Vay u, —— [ =0.

5) a) Ciing l4p luan nhw ¢ 4) g).

-1
_ i 2
b U = — 1 - au" +b - a a = Zc(“un Al .
) n+l (un+l a) [cu,, +d 2¢ (a+ d)u,, +2bc—ad+d2

ViA=0,1ac6 2bc—ad+d* = 2( d-~ 0)2 2ad+2d2)=—c(a+d)a.u‘rd6:

Aeu, +d) _ 2e(w, —a)+2ca+ d)

(a+d)u -a)  (a+d)u,-a) Un-
véichi y la 2{ca+d)=a+d.

¢) Vipgz0tacéd lU"lT"'w‘
V) Tra 18i: u,,—mn—)a.
Vidy: a=1,b=0,c=1,d=1,4=0,a=0; u,,T—)O.

- R \
(Valai ta thay dé dang réng: Yn e N, y, = 1 ).
n+
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cac bai tap chuong 4

411 Giasrtdntai (a.b) € R’ s cho fla) #fth) : ta c6 g(aj = g(b).
(f(@~ f())@g@)-g(x) =0

(fS(B)— fx))g(b) - g(x))=0

VI g(b) = g(a) , bang phép trir ta suy ra (f{a) - fib)) (2(a) -g(x}) =0,
tr ds g(x) = g(aj .

Di€u nay chimg to g 12 ham hang.

R61, v6imoi x e R : {

4,12 a) Thay x bdi 0,rbi bdi -1, d€ c6 mau thuin.
0 Traldi: O
b) Gid st f thich hop. Ap dung gia thi€t cho x v cho (1-x), suyra
(xl -x+)fix) = (x2 ~x +1)2 61 f(x) = ()c2 -x +)).Kié.rr!‘chli‘ngph5n dio.

0 Traleiz f: IR—)R

[x - x2-x+l
¢) Tac6 lién tiép:
¢ RO)=0
o Yy € R.jy')= jiory) = f10) + fiy) = fiy) va f05°) -5

o Yy e Ro=f=Y)+y=10")+fv)
Cubi cdng f(y) =0

0 Tralsiz {0)

d) Phép dibicn song anh:  R? 5> R? ching t3 rang didu kién
(x. ) (xty, x-9)

clia dé bai tong duwong véi: V (X ¥) € R S0 -f(Y) =xX-Y

Dibu kien n2y quy vé snhxa R - R 12 4nh xa hing.
X b f(Xy-x?

x>+ A

0 Tra loi: [R—»R :léR}

e) Chimg minh hién (lgp:

o f(l): % (bingcéchléyx:y:z:[)
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+ M2 =2=D

Anh xa thy duoc hién nhién thich hop.

0 Tra i R——)lR.

-
2

413 D sy(g- Nt =f+Sup(g - f.0)=Sup(/ +(g - /), f +0) = Sup(g, /)
2)Cho x €X

o NEw f(x) 2 0: (f*—f ) ()=firy-0=fiyva " =) (x) = f(x) + 0 = fix) = fx)l.
» Néu ix) S 0: (f"—frm™=-(—fx)=fx) va f*—f7) (x) =-fx) =1Ax).

3) Chox € X.tac6 f(x) < g(x), vdy Sup(f(x), 0) < Sup(g(x). 0).

9 SIS = T T =S D= S )=

5) (f+8)" (x) = Sup(f(x) + g(x), 0) S Sup(f(x), 0) + Sup((x), 0) =1 *(x) + g*(x).
4.1.4 Tathu dwoe d€ dang cée k&t qui sau d6i v6i f g

f chin £
g chin fg chin fe 1&
g ¢ fe 1& fg chin

4,15 o Néu fchinvd g batky thi g » f chin.
e Néu f léva g chinthi f o g chén.

e Néu f1Eva g 1&thi fo g l&

418 Xyhitu f: R, >R

X x‘s+x‘0

M6t mét, f ting nghiém ngit, mat khéc ta thdy A2 )= 27 +2% = 544.
o Tralgi: (421

4.1.7 Cho(a, b) € R® saocho a < b; gia vt fla) <f(b).

s Vi foftangnen (f of) (fle)) S (f < f) (b))

® Vi f of gidm nghiém npat nén (f of o fi(@) > (f of » H(D).

Suy ra mau thuln.

Didu nay chumg td f gidm.

Vi f o f o f gidm nghiém ngat, suy ra f gidm nghiém ngat.
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431 a) Choxye RViQviaR-Q déutrd mittrong R, nén lim f(x)=cosx, va
X—)lo

xeQ
lim f(x)=sinxy.TUrdésuy rald fix) liénwuctai x; khi vd chikhi singg = cosyy .
f 235

reR-Q
0 Trd 1&i: f lien tuc tai moi didm /4 + nm (n € 7) va gisn doan tai moi diém khéc.

b) = Cho x5 € Q,; I R,— Q, 1) mat trong R, nén tdn tai diy (v,), € Nuong R, ~ Q,
VreN, f(v,)=0
J(xg)#0

» Mot mat: Vu € R, - Q, . fluw) =0, mat khic, git sir (»,), 12 mot diy trong Q, sao

830 cho v,,—,m—)xo.\n{ .tasuy ra f gidn doan tai x,.

cho n, —=—> x5. V6iméi ne N, tdnwi (p,, 9,) € NxN* saocho:u,,:ﬁ va

n

UCLIN (p,, g,) = 1 . Theo b2i tap 3.3.6 , p, — (5> +o VA g, — > +x,

w0

vay flu,) = — 0.
" Pntay, e
0 Tra I&i: flien tuc tai céc diém thude R, - Q, , vA gién doan tai moi diém thude Q. .

432 o) Gidstt f phd hop, ta chimg minh d& dang (bing quy nap theo r):

Ve R VneN, f(.r}:f[—J

X
3"

Cho n ti€ntdi +o va sly dung tinh lién tuc cira f 1ai 0.

Phén dso 13 hién nhien.
0 Tralai: {”R"R* “R}.
XA
b)pat ¢ :RHR vavéimoine N, g,=¢@o ..o @ (nl4n).
’HT;‘T '
X

Cho x € IR, ; climg minh bing quy nap theo n: ¥n€ N, Ax) = (@,(x)). Mt khic
@o(x) —55—> 0 (nhrtrang 3.4.3, Vi duy). Do f lién tuc tai 0, suy ra Rx) = f{0).
Ciing lap luan nrong o d5i véi tnrong hopx < 0. ‘

Phén dio 12 hién nhién.
o Trh i {f:m_’m‘ "ER}
XA

c) o Trude hét ching minh f 12 hAm chiin.

» 1 1 1 TN e
o ChoxeR tacd:fl)=-Rx2)=flxd)==fx8) = =(-1)' Nx*") v6i moi
n € N (bing céch quy nap theo n).

1 1

Vi x™ ——>1va f lientyc tai 1, tacé: flx?" )—=—> 1)

20-GTT-T1
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Néu fix) #0 , diy ((-1)" fix)), en PhAn ky, mav thudin. Vay f(x) = 0.

* R0) = (0", vay f(0) = 0.

Pndn dio 12 hién nhién.

0 Trdai: (o).

4,33 Giadsir f phd hop

1) Ching minh bang quy nap theo n: Vn € N, Vx € R, flnx) = nf(x).
2) Stdung nx + (-nmx) =0, suy ratr /): Vne Z , Vx € R, f(nx) = nf(x).

3) Chox e Q. t8n tai (p, g) € Z x N* sao cho x = E.ThcoZ)tacé:
q

S =f(p)=pf()
f(p)= f(qf) = qf(f)

Suy ra f(x) = zf(l) =x f(1).
q

4) Chox € R. Vi Q trd m4t trong R nén t6n tai day (1), « w trong Q sao cho:
Uy =2 % VA f lifn tuc tai x, suy ra flu, ) ———> f(x).
Nhimg theo 3) Vn € N, flu,) = u f1). Vay fu,) —=—> xf(1).
Cuéi cing, Vx € R, fix) = x A1).
Phén dio 12 hién nhién.
RoR; 1e R}
x> Ax

4.34 Gidst f phid hop.

Loy (x=1,y=0), suy ra {0)=0.

Liy (x=1.,y=1),suyra (0)=a,viya=0.

Tacé: V(x,y) € R® Sy = ) - ().

Ly x=0tathdy f 1&. T d6: V(x,y) € RZ, fix+2) = fix) — f(2) = flx) +ﬂz)

va ta trd lai bai tap 4.3.3

0 Trdldi: e & nfua # 0.

. R-oR;1eR
x> Ax

0 Tra Idi:{

} nfua=0.

4.3.5 Phuong phdp 1. Vi UCLN (p, ) = 1. ta c6 thé gia thi€t, ching han, p I&.
ﬁf’ lien tyc nén f= {/f? cling lién tuc .

Phuong phép 2. (C6 gi4 tri, t8ng phat hon ddi véi fva g nhan gié tri phire)

choxy € 1.

o Truomg hop I: f(xy) # 0.

Lic nay f? (x;) # 0, tixd6 vi £? lién tuc nén t6n tai @ > 0 sao cho
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Viel (|x-x| <a= fm=0 = fx)=0)
Theo dinh 1y Bezout, tén tai (&, v) € v A sao cho pu + qv =1 . Do d6 v6i moi xe taco :
be-xo| <@ = fo = (Y oy,
VI f? va f? déulien tyc tai x, ta suy ra f lien e tai x,,
o Truing hop 2. f(xy) =0
Tén tai y >0 saocho Vxe/, (|x—-x0| <=0 —f’(xu)l <eh
T d6 Vxel‘(|x—x0| <n= |ftx)|"s.€p=> |f(x)| < &), Vay f(x) lien tuc tai x,
4.3.6 GidsirE= [0}, vachof e E~ (0). Theo gia thi€t, tac6 V x € I, f(x) 0.
Cho g € E; X€t h = flxg)g — 8(xp)f. trong d6 x; € 112 mot phdn 4 n2o d6 c6 dinh. Ta c6 :

he Eva h(xp)=0. Tdds h=0vag= ji’o; J € Rf. Tinh chat lien tuc khéng ddng dén .
X0

4.37 o) Tralsi: f: R R

1nfux € Q
e [Onéux eR-Q

b)Trdldi: g R R

Onéu xeQ-{1)
x B {2néux=]
{nféuxeR-Q

4.3.8. Anhxa f« R, 5 R lién tyc trén R, va cé it nhft mét gid i < 0
X .r”—xn—l
(R0) = 1) va mét gid tri 2 0 (f(2) >0) . Ap dung dinh Iy céc gis tri trung gian.
4.3.9. Cho 2 € R, ; 4p dung dinh Iy c4c gi4 tri trung gian vao 4nh xa
oL [0;1]—» R
x5 95 (x)=1{x)-2g(#)

4.3.10 Tal4p luan phin ching; gid sit f# g vd f# — g Khi fy t8n tai (a, b) € I* sa0 cho
Ra) = g(a) va fib) # —g(b).

Suy ra: f{a) = ~g(a) # 0, fib) = g(b) # 0, mOt trong hai tich fa) fAb), g(a) g(b) 12 Am.

Cu6i cing 4p dung dinh 1y c4e gié trj trung gian d&i v6i fhay g trén (a; b] d€ c6 maw thudn,
4311 VreR, [fxl=gl-xy=flx)= |, & d6 (r-x))> = )y’ > 0.

Theo bai tAp 4.3.10, suy ra : (Vx € R, fl—x) = fix)) hay (Vx € R, fl—x) = — f{x)) nghia 1a f
chén hoic 1& . Nmmg fkhéng thé 1€ w1 f> Q.

4.3.12 Ap dung dinh Iy céc gi4 tr trung gian vao g: [a', b] >R lién tuc trén {a: b]

: - f(x)—x

VA thod min g(a) > 0, g(b) < 0.

4.3.13 Cho (a,b) € 12‘ c6dinhsaocho a<b, va(x,y) € I 320 cho x <y. Xétdnh xa
@ :[0: 11 — R, dinh nghia bdi: Vr € [0; 1), ¢ (t) = f((1 = Db +1y) = A(1-1) a + tx), lién
tuc trén [0;1). Ta cb @ (0) = f(b) - f(a), » (1) =) — f(x).

Néu (i) - fix)) (Ab) - fla)) < O thi theo dinh Iy céc gi4 tri trung gian , tbn tai t € (0; 1)
sao cho @ (7) = 0, ti day suy ra, do f 1a don 4nh ; (1 — T)(b - @) = — T(y - x), mau thuln.
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Chuong 4 Ham mat bién thuc I8y gi4 tri thue hoac phie

Vay f(y) — fix) cong dfu nghiém agat nhu f(b) — fla), cuth cdng 1a f don diéu nghiém
ngat.

4.3.14 a) Giasiti8ntai f phit hop; f of gidm nghiém ngat, 12 don 4nh va do d6 f cfing
12 don &nh. Theo bai tAp 4.3.13, ta suy ra f don diu nghiém npat nhung f of lai tang
nghiém ngdt, miu thuln, '

b) Ap dung a) v6i ¢ (x) = - x.
0 Tralyi: Khong.

4315 Anhxa o: [tr,b] — R lién tuc tren doan [g; b] va Vxe [a: b], @ (x) > 1
X

alx
Theo 4.3.4, M¢nh 44, tdn tai 4 € ]1; +eo[ sancho : Vx € [a; b], p(0)> u.
Tally A=p-1.

X

) - |vxe }hao;Al f(x) = £0)
4318 TéntaiAd e R, va B € R, sao cho: {Vxe [B,+ao[, () 2 1)’

Mat khic f lién tuc tren doan [A; B nén tBn tai x, € [A; B] sao cho :
Vx & [A:B]l. fx) 2 fixy).
Dicbist ASOSB tac6fi0)> fixy).
Cu6icing Vx e R, f(x) = fixp).
4,317 Lap luan phin chimg: ta gid s moi phén tif cha [0 1] déu c6 dung 2 di€m ngudn.

¥ Trudmg hop rieng, tn tai (4. b, c. d) € [0; 1)
! N {a<b va f(a)=f(b)=0
sao cho. ' .
y=5(x) c<d va fle)=f(d)=1
N60a<b<c<d.tadma=%(a+b).
o
k= —flx).
| 2)"0)
k Tacé k>O0vakc6it nhét3 diém ngubn
thude Ja; @[, 1a; bl ., 1b; <[
ol a be¢e 4 1 X

Lap luan tuong hr trong cac tnrdng hop khAc.
4318 1) Giast g R-R hdy ching minh f o g=g o f = 1,

s [x+l néu xeQ
x-1 nfu xreR-Q

(chiy:xeQ & x+1e€Q & x—1¢€Q.suyra f 1asong 4nh).

2) Cho x, € R. S¥ dung tinh t) mat cia Q va R - Q trong R d€ ching minh
f(x)—x_fm—’f("o) hoéc f(X)—fo(Xo).
x€Q xcR-Q

4319 Ve yel-L1I{xR y=ix)e yx2 +x—-y=0).
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14y 2
T xe]-1; 1{ suyraring néu y=0 thi x:i;‘ri.
y

0 Tralgi: yeR. fy)= 2y

1+;;l+4y2

4.3.20 ) f ting nghi®m ngat, lien tuc, [m f = - , lim f = +e0 .
b) Cho xe R.
e Néu flx)=f “l(x) thi f o flx) = x; n€u x < fix) thi f(x) < f o f(x) = x, mau thuin. Cng
tuong tr nén x> f(x). Vay fix) = x.
_ 1
e Diolai: fx)=x = {Auf CORN fixy = £,
Sx)=x
. ﬂx):rc:bx5=l & x=1.
¢ Tradlal: {1}
4320 o) D sl -|slen) s |- sy
2) (4 +X2) = (A + X2 s |AS(2)- £) +|2(x) - g (")
1 1 g -g) 1
3) =)= =G") = < —{g() - g(x"
4) Xem4.1.2.va 1), 2) &tren.
b) Cho £>0.Téntgi >0 ssocho V(y'.y) € P, (y~y} < n= |g0)-g0") s o
San d6 t6n tai a> 0 saocho ¥ (X', x") € X2, (lx‘—x‘1< a= |f(x')—[(x")| <.
Ket qui 12 ta o6 : V(x', ) e X7, (Jr=x] < a= [(go S XX)-(go S Xx") S &.
4322 1) Gidsi f pha hop. “

e Cho (', x") € R? sa0 cho x’ SX. Cho £> 0 vA > O tuong dng trong gid thi€t. Ta
ebx' —x” <05 7 vey fix) - (X" < 5. didu ndy chimg td rdng: (Ve > 0, fix") ~ fix”) € &).
Vay, fIx’) < f(x). Ta 42 chéng minh rdng f tang.

s (ho £> 0 va 7> 0 tuong ung trang gia thi€t Ta c6 v6i moi (x’, X € R’:
-x"< x)-f(x" <6
lx'—x"lSr] = x" , ﬂ: /¢ “) f(x', :>|f(x')-f(x")| <S¢,

x'-x's'n fG)-f(x')<ss
Di€u ndy chimg tb f lién tuc déu.
2) Ching minh ménh 8é dio .
0 Trd 18i: Tip hgp cdc ham f: R — R ting va lien e dén.
4323 Anhxa x> ¥x dien tuc déu trén [~1; 1] (vi lién tuc trén mot doan, dinh ty
Heine) va Lipsit trén ]—oo: =11 U {1: +o[.
0 Tralsi: f: R>R.

VX

43.24 o) 1) |F) A s/ - £ < Mo - x|
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2) |(f +gXx1) - (f + gXx3)| = [(F (1) - f(32)) +(g(:) - g(xy))| S [f(x) - S (x)
+|gta)-g(x) € kix - xo + B lx; - x| = (k4 K)lx, - xy)
3) =)= (A X = |4 G) - ()| < Ak = xg] -

g(x) ~ g(x)
|g(x)]g(x2)|
5) fx) < Ky - x|+ f(x) < K]x - x|+ (Sup(£, ) (x,) va

8(xy) < kjx — x|+ (Sup(/,8))(x;) -

Ta d6: (Sup(f. £))(x1) S k|3 = x| + Sup( £, 8)(x,) -
Vay: (Sup(f. £))(x,) = (Sup(f, g))(xy) < k|x — x| .
Sir dung vai 1rd d6i xung clia x, va x, d& k&t luan.

1 1 k
4) ‘;(xl)—}-('rZ) < Fl)ﬁ —12l .

Chii ¥ ring khi sit dung cong thite Sup(f, g) = %( S +g)+|f - g| dudng nhur chi cho mot ket

luan y€u hon : Sup(f, g) ¢6 tinh 2k—Lipschitz.

b) | (goSXx)~(go/Yn) S Kf(0)= ()] < Kijn - x|

4.3.25 Ky hitu K= Max(k. k). Cho (x,. x,) € [a; c]°

o Néu (xy, 1) € [ b]2 . thi Ih(xl)—h(xz){ :-If(x‘])—f(x;)l < k’.q —xz‘ < lel —x2| .

o Tuong t véi trudmg hop (), x,) € [b; €]°

o Néu chang han, (x, x,) € [a: b] % (b c] . tac6:

[ ) = k()| < G ) - BBY +[H(B) - h(x, ) = £ ()~ S () +|g(B) - g(x )|

<kx -4+ k)b - xy
< qu“—y;tJb ~xy|)=K(b-x +x,-b) = K(x—x) = K|x; - x|

4328 Tralsi:f: RoR

J; néu x 21
X qx neu|x151
—J—_x nf x < -1
y
1 " y=[ty
-1
(8] 1 X




Chi dén va tra 16i
cac bai tap chuang 5

544 J@ti)-fa@+h) _, f@+¥)—f@ [@+h-S(a) )
A P % P o - f(a)

0 Traldi: -f'(a)
5§12 viQvaR-Q dutrdmacttrong R ,vavi(Vxe R.(x+1=3-x & x=1))
nén trusic hét ta thiy f khong lién tuc tai 1.
RO NN (55 ()

x-1 x—1 x-1 x>}
xeQ xeR-Q

»—1. Vay J khéng kha vi tai x = 1

51.3 Anhxa h:! — R.xdcdinhbdi Vx e, h(x)=fix) g(a) - f{a) g(x) khé Vi tai a
va h(a)=0.

0  Tradl: f'(a)g(a)-fla)g'(a).

4
5.1.4 a) 4p dung cOng thoc Leibniz va chd ¢ 1a nfu k& = 4 th -d—4(x3 +x2+)=0
dx

0 TRAIN: 1) (-G + Q@ -5myx-(r-an+3n-1)e "

5 -1
b) Phan tich thanh cdc phén tif don gian : Vx € }-1: 1, fix) = % >t Ya + Y
, (x-1) r-1 x+1

%(-1)"“(“1)' L1l Y L(-1)"n!

0 Tralyl:
(I_l)n+2 (I I)Ml (I+1Yl+1

5.1.5 Theo c4c dinh 1y v& dao ham cba mgt tich va vé dao himn cia ham s6 hop, [, khd vi
VO han 14n wén J-1; oo . :

Quy nap theo n. Trudng hop n = 1 12 hidn nhien,

Néu cong thie ding véi s6 nguyen n, thi theo cong théc Leibniz :

FARRIE >- (xfn(x))— £ ey 4 € 757 ()
1
=(n-1lx = T+ - D)
Z ,‘Zl(l-rx)

-k k n+i
=(n- 0'2 rt T k]

A+t Q+p (1+x)
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bing cAch phantfch x=(x+ 1) - 1.

n n+l
j-’(’:iﬂ)(x) = ("_1)![2ﬂ+1—k +2 I-1 ]

Sa+nf  Sa+xy

n n+l
= n n _ 1
(= ')'[1+x 22(l+x)"+(1+x)"+1]_n!kgl’(l+x)"

Chi §: néux # 0 ta ¢6 thé bién ddi 1iép ket qua :

1-—1
1 (41 ey’ _ (n=D(@+x)" 1)
-1
B

§.1.6 Vi Arctan kha viwen R, v2 (Vx € R, (Arctan)’ x= )véx -

1+x2
v6 han 14n trén R, nén ta két luan : Arctan kha vi vo han l4n wén R,

e Quy nap theo n.
1) Véin=1

(=1yp-1(n-1)
D Al !sM(nAmanl)=ﬁl sin(Amtani)~ L
(l+12)% ¥oNlta? *

i

1+x2-(Arctan)x

2) Gié sit cdng thiSc ddng véi mot a6 nguyen ». Khi d6 ta c6:

;:n:) ——(Arctanx) = —(i-(Arcunx))

= (-1)a-1(n- l)![-—%(l + 4:1)-%1 Z.ISin(nAICtB -_1;)

_a 1 2
+Hl+x2) 2 ncos(nArcmn-;)—“—
1

n L 1 1
=(¢-D)"m1Q+2") 2 sin| #n Arctan— | + cos
;1+.1:2 * 1422

n+l

= (-1)"nl (14 xz)—Tsu{(n +1)Amanl)
X

X

1 1 1
vi = cos(Arctan—) vi = sin(Arctan—)
:}1 +22 x 1+x2 x

1+x2

" 31+x2 1+_]-_ -

12

5.1.7 ) Ta chitng minh bing quy nap theo n (» € N) tinh chat P, sau day :

kha vi
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o f khivi n lintrén )-1;1f
P -t
o thn tai P, € RX] saochoV x € ]-L:i [,f(")(x) =(|~x2) 1p.(x)
Py 12 hién nhién (A= 1)

Gii sl A, diing v6i motL n € N c6 dinh. Thé thi f khé vi (n+1) 1dn trén 1-1; I[ va:
Vxe)-1: 1,

=1 _p-3
S = (DY) =152 P )= (X =) TR (2P0
~(n#1)-1 3 )
-x ) [(1=%“)YP', () + 2(n+ 1)x.P,(x)]
Ky hieu: P,y = (I-X WP, + (2n+1) X P, , 12 mot da thire thudc R[X] ,tacé:

[}
Ve L1 £ =0 -8 " e (). diéu tiet \ap £,

1
b) @) Vxe)-1(. f'w= = =——f(x)
(l-12) 1-x? 1-x
p) Dao ham n Min k€t qua & b), @), 4p dung cbng thic Leibniz:
Vxe }-1;1[,

a- x’)f(""')(mn( 2x) f(x) 4 2D ( D )/ Dy 2 f My = n g D2y =0

san d6 thay £ 7™ ™D bing cac ham cda P, , P, . P,., theo a)
Y) Proy = 20+ X P, =n*(1-XH P,y = (1- XD P*  theo b) f) vi &) .
8) Theo bj B) v6i n-1 thay cho n: P~(2n-1) X P, ~(n-1)> (1-X ) P, ,= 0 .

n
c) Thay X boi O trong két qua cia bj B), tacé: P, (0)=~-n*P,,(0). Vi Pp=1vaP =X,

ta c6 : Pg(0) = 1, Py(0) = O, va suy ra gia tri P,(0) bang cach phan biét hai tnidng hop tuy
theo tinh chin, 1€ ciia n.

0 TraWE: VYpeN {5,,(0) (NP2 (ply?
Pyp+1(0)=0
5.1.8. 2) Phén thuan 45 r3 rang.
D3o lai, gid st thu hep cda J trén moi doan [a; b) clia I d8u kha vi trén [a; bl.
Cho x; € I; nu xq khong phii 1a mot miit 6 thé c6 cha 7 thi t8n tai (a; b) € ] % saocho a <
Xo<bwi f I[a-,b] kbd vi trén [a: b] nén f khd tai x, COng v6i phuong phap nhir vay, xét
trudng hgp xp réi vao mit cla 1.
b) Cling l1am tuong tu nhu a).
51.9. Vi fthuselopC Pten Ronéntacé: Vne N, PP0)=0"0) =1 "©)

N N

Kymew P= Y apX* 0= Y 5X¥ (ongds N e N, ag....ay. by.... by € R).
k=0 k=0

P"”(m _o®0) _

Tacé: Y ke (O..N] m k!

b W Vay P= 0.
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5.1.10

v=folx)

S thuée 16p € ren R¥,
va gidn doan tai O vi fy
khéng c6 gi6i han tai O.

A

\ / fi lien tuc ten R (vi

y=h |x A-'mll < |x| ——>0)
X x—0

0 *

thuée t6p C tren R¥,

nhung khong kha vi tai 0 vi

)

khéng c6 gi6i han khi x
G&n t6i 0

y .
' f, lién tc wen R, kha vi ten R
PAE hw-£O) ;
(V?—x_—=f1(1)—;$)0)‘
thude 16p € P tren R*. Nhung f,'
o ¥ kh6ng litn tuc tai 0, Wi v6i moi
s 1
xe R* [, (x) = Xx sinl—cos—
X X
khong c6 gidi han tai O.
v
o0
thuée 16p €~ trén R Vi
vefi  BEOSIRET HEEY
N S S § A
(=) =3x sm“r xcosx?—[)—)() v
X . AW-fH0) S
o vi ; =f1(0)——>0. S
thusc 16p €' trén R.

)
(0]
\J :
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5111 batg:R > R 12 4nh xa thubc 16p C tren R (khio s&t viec
- 0 nén ¢ 20
e
r nfur<0
“ghép n6i" tai 0).

Vi h=f + @og, hclng thuée [6p C2.

) 4
§4.42. 1) Gidsit [ )2(fy)=@. Patf = iff ti fe C'(LR) va f>0.
k=1 k=1

Ly u, = L;

2) Dio lai, gia st tén tai Wy g € "1, R) sao cho iukf;, =1
k=1

p
NEéu t6n tai x € ﬂZ(fk), wes (Ve {1..,p}. f(x) = 0) va iuk(x) =0, Mau thuin.
. k=1 k=1

p
vy (J2(h) =2
k=1

5.2.1. Si dung v2 didu chinh cho thich hgp phép ching minh cla dinh 1§ Rolle (5.2.1).

_ <xgp <<
5.2.2. Theo gia thi¢t t6n tai x5 ..x,, € ] sao cho { ol = %02 ok

Vie {1"'*k}lf('x0.i ) =0
Ap dung dinh ¥¢ Rolle d6i véi f trén cac doan [xq ; Xg3)--[%0 513 Xg.] ta duge

1.1 < X172 <..< X[ k-1

Vie {l,k..k —1},{'(,‘141.): o Lap lai .

X peF -1 c I saocho {
Khong difm chha f
Khéng diém cia f°

Vidw: k=51=2
Khéng diém caa f™

x1,1 X1,2 X1,3

5.2.3. Apdung dinh ly Rolle d6i v6i ¢: {a:b] > R

- x ) (fib) —fia)) gx) —(&(b) - g(a)) fix) .
trén {a; b).
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524

y Y rxela bl f()T[f(a)>0
tén tai ¢ € 10; b — a[ sao cho :
B . Vxe]a:a+¢z[‘ﬂx)>0.
0 L‘Z C'3 /-\b -2 ) )
aa+%c] ‘NZ h x Dacbiét fla+ 2‘)>0
Twong tu, 8n tai B € }0; b —af sao cho

f(b—g)<0.

Vi f lién tuc trén khoédng [a +£;b —%] , nén dinh ly cdc gi4 tri trung gian dim bio su tdn
a

tai mo6t phén t& ¢, € ]a; b sao cho fic)) =0.
Ap dung ti€p theo dinh 1§ Rolle d6i v6i [ trén [a; )] vd [c: bl .

525 Xéig: [ab]->R va ky hiéu m=g(b)=w
- —a
N LLEEE R
xX=a
(&) néfu x=a

Trudng hop tha nhat: f'(@=f'b)=m

y
y=f) Dinh 1y Rolle 4p dung cho g trén [a: b] chiing
t& ring t8n tai ¢ € ]a; b[ sao cho g(c) = O
nghia 12 sao cho :
f)-Ray=f’(c) (c - a)
[4)
a c b x

Trudng hop th hal : f'(a) = f°(b) <m (trudng hop f "(a) = f '(b) > m cling tuong 12,
bing céch thay f b&i~f).
v Gid sir Vx € |a; b{. g(x) < m. Chuyén qua
)l it han khi x ti€n 161 a vé ben phii, ta suy ra
Jf’(a) < m. Mat khée:
Vx € la; b[ , flx) — f(b)
<sm(x-a)+fa)-f(By=m(x-b)
Vay: Vx € la; bl , &Z(—b)z

¥~
Ohuyén qua giGi han khi x ti€nt6i b & phia
trdi, tasuyra f(B)zm.
f0) Tuds f'(a)=f"(b)=m . Mau thudn.
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Diéu d6 ching minh ring tfn tai d € la; b{ sao cho g(d) > m .

Vi g lien tuc tren khoang [a; d] vA g(a) <m < g(d), nén tén tai e € ]a; d[ sao cho g(e) = m.
Cu6i cang 4p dung dinh 1y Rolle cho g trén [e; b) .

5.268. e Né&u g(a) = g(b) thi 18n tai d € )a; b( sao cho g’(d) = 0. mau thuln,

Vay: g(b) - g(@) # 0

o Tac6 thé 4p dung dinh Iy Rolle cho: ¢: [a, 6] 5 R

x> (fO)-f(@)g(x)-((d)r-g(@)f (x)
Xem thém baj tap 5.2.3.

527 hos>0c6dinh. Vi AG) ———!, t8n tai a> 0 sao cho:
g'let) %
< e] .

Viel-ixy), []z-xo|5a= L:('—)-z
g

Chox € I — [xg) sao cho |x—x0| < a. Theo bai tap 5.2.6 t8n tai C, € I — [xy] sao cho:
lcl - x0| < |x - xol
S = fGo) _ Siley) -
8(x)—g(xg) g'(ex)

r@-se) e
Tach: <z
| g(x) - g(xp) [2'(cx)

Diéun d6 chimg t5 ring : V& >0,3a>0,Vxe /- {xo} {‘x-xJ Sa=

S f(x0) ,| 55]

£(x)-g(xp)

ngnia ja; L2=/(x0)
g(x)-g(x) *>x

>]

Ap dung :
giny  siny -sind
= »s5in’(0) = 0)=1
L S -0 0 sin’(0) = cos(0)
S x> 1-cosx i 1 1 - cosx 1
gixPHx g(x) 2x anZ 2 .0
x x)? \
2sin?= lsin—
Ta cOng ¢6 thé chi ¥ ring 1-cosx _ =—|—2
aclng 2 = 2| =
2
) o _ . )
. V& fix—x ;ll'l.!‘ v f(X)zl cosx_._l_ ta suy ra s;n.x 1
g:xk>x g'(x) 352 6 x x>0 6

Thue ra, 8i dyng céc khai trién hiru han (xem tap 2,8,3) thi t8ng qudt han va hidu qua hon.
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5.28 Cho £>Oc6dinh.Wf"HT>l .tBntai A € ]0; +o [ sao cho:

Vielore @2 A= |r0-sS)

Cho x € 1A;+ oo[; éip dung dinh 1y s6 gia hitu han vao f trén [A; x] | ta suy ra su 16n tai clia
C, € ]A; x[ sao cho M = f'(Cy).
x-

f()

Ta tim c4ch gén viéc khio s&t == véi viéc khdo st PAORMC)) v6i bit ky x € JA+o[ ,

x_

f(x) _ f(x)- f(A)L )J@ . Vivay, ta suy ra ;
X

x x-A
|f<x> ,‘ @SN | SD-sp A A e ([l'l ] A+ A)l]
| \ x-A xl x

x_

Vi ;[(Pl +§)A +|f(A1)H—+w>O . nén t8n tai B € JA; +x[ saocho:
Vx € ]0; +%f [x B> [(|’| 54 +lf(A)|] < ‘]

Tl]dGVXE]Ojd-CO[‘[xEB:N&_[SE]‘ Vay f(x) N !
X

5.2.9. Cho A 12 moét s6 thyc xdc dinh bdi:
[0D=f-R= 27 h 441 @+ [ th)- oA
vd @: [-h: h] > R 12 4nh xa x4c dinh bai :
Vx € [-h; h], p(x) = fO0) - (-x) — %(j‘(— x)+4f:(0)+f'(x))+—9‘ioxs )

o @ thude 16p C* tren [-h; ] va ¢(0) = @(h) = 0 . Theo dinh 1§ Rolle t6n tai C, € 10; A[
sao cho @’(C,) =0 vi:

Vi [-hi R, g = 2w -2 00 £ -0} 2 - fren) e el

s @’ thude 16p Cétren [-h h], v @'(0) = ¢’(C) = 0. Theo dinh Iy Rolle t8n tai C,€10: C\(
sao cho ¢'"(Cy) =0 va:

Vx € [-hi b} ¢'(x) = %(f' (x)-f“(-x))-%[f‘”(x) +fO )+ %;3 .
e ¢ thudc 16p C? en [~A; bl , vA @'(0) = ¢'(C,) = 0. Theo dinh )y Rolle, tdn tai
C, €]0: C,[ saocho ¢™(C,)=0 va:

Vx € [—h: h] . ¢3)(x) = —;;_b'(‘](x)_ f(4) ("X)]+ 2_;"‘2 .
F0CH- 1P =Cy)

2C,

o Dinh Iy 86 gis hftu han, 4p dung cho f© tren [-C,; C,] chimg to tang t8n tai
C € 1-Cy: Cy[ saocho A = f9(c).

Nhuvdy: A=
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I ] T 1 r x 1‘ : ; : 4’
c R

§.210. Ky hi¢u ay, ..., a, )a cic diém (1dy trudng hop) ciia )a; bl trén d6 f khong kha vi,
dugc sip theo thi 4 a <a; <4, <..<a, <bh.
Theo dinh 1y s gia hiu han, 4p dung 1én cdc khodng lién tiep
la; a)), [a,; ay), ..., [a,; b, 1én tai :
¢ € la; a [ saocho f(ay) - f(a)=f'(c;)a ~a)
¢y € laj;ay| saocho f(ay )= f(a) = f'(caay — @)

Che) € la ibl seaocho f(b) - f(a,) = f'(cXb-a,)

ay—a _ay—a b-a,

Ky hiéu: a = b_a ’ a; = b a e Oy = 2

Vie{ L..n+l}a; € R,
Tacé: n+l VA:

Za,-=1

i=]

1=l

n+l
fib) jﬂa) =({fth) —fla,) + ... + (fla;} -fla)) = [Zaif '(c;)](b—a)

5§.211. Cho(a,b) € I * sao cho, ching han, a < b vaf'(a) <f'(b), va k € |f '(a); F ()]

Ky hidu r= M , U (twong ¥ng, V) 12 khoang déng c6 mit 1& : T vi f *(a) (twong '
a

ing : 7vaf'(h)).

Vig: laibh] > R lien tue tren [a; b] VA @(a) = P(a)
—f(x)—f(a) néu x#a
x> X—-a
f(a) néu x=a

@ (b) =7, nén dinh ly cdc gi4 tri trung gian ching t6 ring U C @ ([a: b))
Cing vay, VC ‘Hla; b)) véi ¥:la:bl > R

—f(x) /() néu x#h
X x—b
M) néuv x=»b

Cho y ring |f'(a); f'(b) [c U UV (phan biét 3 truting hop tly theo vi tri cia 7 d6i vé6i
f’(a) vaf’ (b)), ta thay riing, ching han, tén tai ¢ € |a; 4] sao cho & =@(c) =M
c—~a
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Cufsi cing, dinh 1y s6 gia htu han 4p dung vao f trén [a; c] cho théy su t6n tai che
d e la; c[ € Ja; bl c I sa0 cho k=f"(d).

5.2.12. Theo dinh g Darboux (bai tap 5.2.11), t6n tai (a, ) € R sao cho :

la; gl (lablyc Ja B[

Gid st a# —oo.

Tacéngay: Vx e Ja; bl . (’(x) 2 a

Cho ¢ € Ja; b[ va x € 1a; ¢ . Theo dinh 1y s6 gia hitv han, t6n tai u € Ja; b( sao cho:
f(x) = fle) = (x = ¢o).f(u), th d6: fix) S flc) -(c -x) a

Nhimg diéu nay mdu thuln véi fix) — ™

Nhu vy ta da chtmg minh, @ = -, ciing cdch 1ap ludntacé 4 =+ .

Cusi cdng f'(la: bl)=R.

5.2.13. Ap dung dinh )y 58 gia hGu han cho f tren (a; b], [b: cl, [c; d]. ta thiy t6n tai
fBy-flay=(b-a)f'(a)

(a,f,7)e la:b[ x )b. c[ x lc; Al saocho { f(c)— f(b)=(c—b)f'(B)
fd)-fley=(d—-a)f'(y)

. -b b-a .,
Vay ftc) —fla) = (c —a) k v6i k= c—-f‘(lB)+ af(a)
c—a c—-a
] c-b b-a c-b . R
v €(0:1] va =1-S== k thugc doan d6ng. k¥ hi¢u 1a U, v6i cdc mit 1a

c-a c—a’ c—a
f(a) va f’( B). Theo dinh ly Darboux (bai tap 5.2.11) U S ([a: b}).
Vay 16n tai u € ] a; ) sao cho k = f (1) nghia 1A : f(c) - f(a) = (c — a) f "(«). Lap luan
tuonmg ty chi ra ring tBn tai v € [8; 4] sao cho fid) - fib) = (d - b) f"(v).

Nhurvay tacbu < v.
Néu u = v thi ta chiimg minh duge u=v= £ va:
f©O-f@ _ [ -fb) _fd)-f(b)
c-a c-b d-b
Viy ta c6 thé thay (u; v) b5i (e, ') thdaman a< ¥

f(xz:ﬁ(y) < 8(|*‘J’|)T° .nén [ kha vi tai O va
f'w=o.

§32 Vif”20 nén f' tang, Gidslrtdntai c € R, saocho f(c) > 0.

V6i moi  x € ] c; +90(, theo dinh Iy s& pia hity han, t6n i u € ] i x { sao cho
JX) - f(e)=(x-e)f'(u).

Khidé: Vxelei+o[ . flx) 2 )+ (x—c)f'(c) — +o

X+®

=f'(P=f@=f)

5.3.1 Cho x € R c6dinh. V1

mau thuln véi gid thigt f  bi chan,
Vay: Vxe R,, f'(x)s0,vadod6 f giam.

53.3 Quy nap theo n.



Chidanvatra |8 307

¢ V&in =1, phuong trinh cdn xét tuong duong v6i Ay + A4, x™ ™ =0 c6 nhidu nht mot
I

nghiém —ﬁg;l:;nu—-l—o—
et [[ A.} “-35)

e Gid st tinh ch4t ddng v6i s6 nguyén n thude N*, vi cho ( B Bus1) € R™? sao0 cho

Bo < o< Brit VA (Hoa sy ) 580 cho Hpiy #0
. n+l
Ky hieu: f : R:_ — R la4nh xa x4c dinh bGi: Vxe R, | f(x) = Zpkxﬂ*'ﬂ"
k=0
. n+l g
anh xa f thuéc l6p C 0 tren R°, va: VxeR,.[(x)= Z#k(ﬂk - ,Bo)xﬂ* Po-
k=1
Ta c6 thé dp dung gid thi€t quy nap; phueng trinh f‘(x) =0 ma 4n s 12 x € R’, c6 nhidu
nhdt » nghiém, ky hiéu x,,.., xy ( N S n vd x;<..< xy ). Theo dinh 1y Rolle, phwong trinh
J(x)=0, v&i &n s6 x € R’, | chi c6 thé c6 nhiéu nh4t mot nghiém trén mbi khodng 10; x,].
(%2 X5] .oy ] Xy i +0]. Nhuth€ f c6 nhéu nhit N + 1 khong diém, do 46 nhiéu nhdt 13
n+ 1 khong diém.

53.4 LAy ham d6i véi x hoac / vi v6i dBi v6&i y, va suy ra cac diéu kién cén thiét. Cu6i
cling chiing minh ménh d& dao bing c4ch kiém chimg lai ring cdc ham thu duoc déu thoa
min diéu kien ban diu.

a) Néu f phd hgp. thi (14y dac ham d6i v x) : V(x, p) € R? LSy =f(x) vay f°
khéng d8i.
So sanh vGi bai tap 4.3.3

R ?
OTraldd : { R ).eR}
x> Ax

b) Gidsltt f phd hop. Bang cich daoc ham d6i v6i x hodc y:

L'+ ()= L'+ SN (x)

v(x, Rz,

(e {f‘(x+f(y))f'(y)=f'(y+f(x))
suy ra: V(xy) e R?, f(x+ XS (S () =1 =0
e Neu tén tai yysa0 cho f ‘(o) = 0. th1 Ux € R, f'(x+ f(yp))=0
Do R-> R Ilamdtsonganhnéntasuyra f’=0,va f khéng déi.

X =X +1 (Vo)

o Néukhong tac6 Vye R, f'(y) #0.6xd6 Y(ry) e R, f'f ‘n=1.
Dic biet 1a Vx € R, J /() = ﬁ‘va J c6dang: x > Ax+u
R-R,; ce R}U{R—»R; ,ueR}

X e X x+u

0 Tralot : {

c) Giastr f phd hop:

21-GTT-T1
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e Tac6é: VteR®, ['(t) = %[f[%].‘. f[é\

R* (va thuée ca 16p € en R¥).
¢ Dao ham d6i v6i x va y:
ST (x+ )+ (x+p)f(x+y) = f(x)
Y(x; R*}", .
(el )2{f"(x+y)+(x+y)/‘"()=+y)=f’(y)

]:Ef[é],diéuchfmgtb J kha vi 4 14n trén
t

T ds Y(x,y) e (R*},/(x)= J'(y).Vay f’ khong déi trén R* .

¢ Vi f khi vi hai 14n trén R nén /' lién tuc tai O, vh do d6 f ' khong dBi tren R vay f
cSdang x > Ax+pu

6 Traldd: (0)

d) Trude heteha ¥: V() e 1-1; 105 252 e -1;1(
1+ xy

¢ Dao ham d6i v6i xva y , r6i két hop dé suy ra:
Vinyye -G 1L -2 £ '@ = (1-y) 'O
Dac biet: Vx € 1-1; 1, f'(x) =L &

1-x2
Viy t8n tai A € R sao cho VX E J-1; 1(, S = L;ﬂlnr—x va [ c6 dang:
-Xx
xl—-)aln1+x+A
1-x

o Khio sit m¢nh dé dio.

- 1-L5[>R; aeR
O Trald: 14+x
~ X b= aln
-x

€) Tuong tynhud d) ta suy ra sy tén tai cla (a, A)eRl sao cho :
¥ xeR, f(x)=aArctnx+ A,
Sir dyung gid thiftv6ix=y=0 tac6 A=0.

Sit dung gid thi€t véi y=x € )1:+00[, tacé Vxe 11;+00[ , 2f(x)= f( 2"2]
' 1-x

Cho x tién t6i +o,tasuy raaz=0
O Traloi: [0)

535 Tac6thé:

o Khio sat sy bi€n thitn cia mot ham s6. “bang cich chuyén tAt c4 sang phia trdi cha bt
dang thic mong musn”.

o D6i khi &p dung dinh Iy s6 gia hitu han.
a) Khao s4t suybifn thiencia f: R, > R
x P " — (o n
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x 0 1 +a0
|
£y - 0 4
T
I AW ’ Wl
0

b) Ap dung dinh )y s6 gia bt han vao 1 > In(2+¢) trén [0; x] ( néu x> 0) hay [x; O]
(néu x < 0), trudng hop x =0 13 tAm thudmg. Tén wai ¢ & gida O va x sao cho

In(f+x) = =
1+¢c

Né&u 0<x th <

1+x 1+c

<x.

Néu x > 0 ta c6 cing k&t qud nhy trén.

1 x 1 1 1 4-x &-1-x 1 (A-)x(e" -1 <8(e* -1-x)
< k—2 <———<—
2 8 x &y 2 8  geF-1) 2 2" -1-x) < x(e* - 1)

¢ Chof:10:+0[ > R
x> 8" -1 -x)«4 -xjx (&' -1

Six)=(x? - 2x+4)e* —2x-4
£ thuse 16p C° trén 10; 40 [, Vx&10;+0[, ) = (52 +2)e* -2
FUx) = (2 +2x +2)”

va f'(0)=0,f(0)=0, f(0)=0

Tir d6 6 bing bién thién cha f
X 0 +0 ‘
1@ . %
f“ (") /
' 0 +
f‘ (X) /
0 +
. —/*
0 +
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Takétluanf 20
Khio sét twong tyddivig:10; +o[ —» R
X e —1-x)-xe* -1)

7 s s )
dybat += —-x vigiasuxe )0, 1[ ; xcosx= 1—: sinr=d = —1 ! .
2 2 2 2 !

sin t

Chéng minh; V¢t e 10; %[, 0< <1 (xétsubi€nthiénciat > sins—t

\ 2 2
Matkhae vee}o; 20, Z-1|s[Z] =2
2 2 4

Cudi cing, bat ding thic 12 hidn nhién néu ¢ € {0‘%}

e) Vai su thay ddi bién s6 8 = Arcsin xtac6:

X
\JI-M2

L ¥ ring {\7‘6 e [0;%[‘0 <sind <8< %] va tan tang trong khoing [O;%[ .

[Vx e[0:[.tanx < ] = (VG € [0;Z[.tan(sinf) < tanﬂ)

f) Bang céch d{nt:%.ta quy vé ching minh rang: V¢ E}(T.;-[ . fcotan f—ttanr<r.

Cho f:)0; %[ — R, dinh nghia bdi f{t) = s cotan 1 — 1 tan’f ~ )

2

2
1 !

Tacé Vte ]0; 1{‘ £(t) = (cotanz — tan’r) - ¢ +3sm‘ <0
4 sm“f(  cos t

Vay f gidm nghiem ngat.
Mt khc, v6i mgi t € ] 0; [ : fit) = ———rtan®£-1 yo vi Jan! »1.
4. tant

Takét luan: f<O.

1 1 1 1
5.3. Th: i — vao két i 535b): —<lnjl1+—[<—
3.6 2) Thay x bdi P qui bai tap ) vy n[+k] :

Y d6 : kln[l+%]51 v 15(k+1)ln[1+];],

n

K+l n
(k2 +£) S ink? +k) [ 0 N k+1
b In} {1+ = Yin(k? + k) In—.
).E k+1 <Z k+1 " kJ En( )in k

k=1 k=1
n n
= Y (nk +1)+ ink)(In(k +1) - Inky = D" ((In(k + 1)) - (Ink)?) = (In¢n +1))?
k=1 k=1
o Lap luan tuong ty d6i véi bat dang thitc can lai.

2
5.3.7 a) Khio s4t su bién thidn cha x > Incosx +IT dd suy ra
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2
Vxe ) —lzz[.lncosx <-X.
22 2

2
Dé khio 84t su bi&n thién cla f dinh nghia bd1 x - Incosx 4—"T+3x4 . ta chuyén vé khio
84t s\ bi&n thien clia g ¢ x > 6x ~tan x trén [O; %] ching han.

C6 thé c6 cach gidi khac bang cach khai trién hitu han: ¥ > hcos x dé€n bac 6.
b)Theoa): Yne N, a, <-Inn, < f,, rong d6

n J]: 2
[ 3 M | —_—= 4
Traloi: lim Hcos "

naew k=1

53.8 =) Do cc vai trd d6i x(mg clia x va y, ta c6 thé quy vé trudng hop y > x (bt déing
thiic 12 hién nhien khix = y). Datt=2 e 1; +of | tacé; '
x
E" "YY<+ Y Y @ 1+ M <min 1+ & f(H) <0
trong d6 f: ]1: +00{ —> R dinh nghia bdi: f(f) = nln( + ™ —mla(J+")
mn(t m-l_{ n-l)

a+1"Ma+t"

Anhxaf khdviva Vee ]1:+00[, f'(D= >0

Tasuy ra f tang nghiém ngat trén ]1;+00(
1
Cuicung : fir) = n ln(l+—"—') -m ln(HLn) S 0
t t
Piéu nay chimg td: Vee J1; +00[, f(1)<0.
b) Ap dung dinh 1y s6 gia hity han v2o Arcsin trén [x; y)
c) bat z = Arcsin y bit ding thitc cdn chimg minh duge quy vé:

Yee 10; %{ . Vze j0; %(, (sin 2)(x—2Z) < cos8z—COs X .

e Né&u x < z, theo dinh 1§ s6 gia hu han, t6n tai 4 € 1x; z[ sao cho :
cosz—cosx=(Z -x)(—s1mmu)
inu <sinz )
ViO<cx<u<z< z nén ta cé st <sin , tW¥décosz—-cosx 2 (2 —x)(~sin 2)
2 2=x>0
e Lip luan trong tunéu x > z.

o Trudng hgp x = 2 12 tAm thudng.
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dy- Xétf:10: %[—)R . fkhAvi trén 10; %I va:

tan x
x

X+

x(1+ tan? x)—tanx . g(x)

x2 x*

vee 10 Z[, fo)=
4
trong d6 g : 10; %[4 R duge dinh nghia bdi  g(x) =x(1+x2)—ta.nx
anhxa g kha vi tren [0; %[ va Vxelo %[‘g‘(x)=3x2—tan2x.
Vi ham s6 tan 18i trén ]O; %[(tm" =2 taﬁ(l + tan?) 2 0, xem 5.4) nén ta c6:
T 4
Vxe 10; —[, tanx £ —x
4 Fid

Tasuyrax\/_ — tanx >ix—mnx20‘mdég‘>0. g tang nghiem ngat
z

T ds fix) < fiy) . nghiala L <202
x lahx

Hon nda, vi (Vx € 10; Z [, tane>x); tacs 1 <fix) < f(y) <, vay LD 4
4 n flx) =

nghiata 20 (2 Y

tanxy 7T x
539. x'+36 <137 & 45759 o 2<|¥s3

Kghitw: f:R— R

7.75
- -x +—x
4

do f 18 nén ta chi cdn Khio sét sy bién thiga cla f tren (2; 3] .
o Tralm: 2
4
) Vxel-li-1+a] f(x)2 f(0)+1
3.10. T : o; 1 ho:
33.10. Tontas (@ /e 1011 ssoche { Vie(-AI  f(0)2 fO)+1
Sau d6 f lien tuc trén doan [-1 + a;1 - 8], f bi chan va dat duoc c4c bién trén va duGi. N6
rieng tdntai c € [~1+a:1- B ] saocho f(c) = Inf f(x.
X E[~1+ad- g]
ViOe [-l4+al-8] tacsé f(c) s f(0)
Difu nay chimg td rang : Vxe|-%1[: flc) < flx).
Vay f c6 mt cuc tidu dia phuong tai c.
Vi fkhiavitai ¢ vi ¢ € )-1:1[ ta k& lwan f'(c) =0.
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a f(a) 1
541 b f(B) 120 a(f(b)-f(e)-b(f(a)- f{ch+ce(f(a)-f(b) 20
c f(c) 1
af(b)5°:bf(a)+b:“f(c).
va bat ding thitc cubi duge suy ra tix tinh 16i clha f (J.— e[on 2-1-2)
[t -a

542 (ho@a b)e 12, sanchoa< b, Ae(0))e=Aa+(1~A)b . Tacé:
A(f)ay+ (1 = A)(fg)D) - (fg)c) = Af (a)g(a)+ (1 - 2) f(b)g(D) - f(c).g(c)
2 Jf(a)g(a) + (1 = 1)f (B)g(b) = (Af (@) + (1= A) f(b))(Ag(a) + (1~ A)g ()
=AQ-D)(f (@ - fd)(g@) -gb)z0

5.4.3 Cho (x, y) € [0; %]2 sao chox < y; t6ntai A € [0; 1] saocho y= Ax+(1-A)1~x)

Mx<y<sl-x).

Tacs: 1=-y= A0 -x)+(1-A)x

T SAHX)+(-1f(1-x)

SA-NSAA-x)+A-2)f(x)

néntrdé  @(y) S Ap(x)+(1~ A)p(x) = ¢(x)

544  Ching minb ring ¢:(0,)] —> R 12 ham 16m i dé6:

x o fan 2

w[;)z-z-(qxo)wa))

545 Vi f 18itrenl,f c6 giSi han phéi tai a, hih han hodc +00; vy t8n tai zeR;
sao ¢cho f bi chin dudi trén [a; a +a] hay ]a; a+a] (a chi mat trdi cha 7

V]fléi:{

Cling vAy, t6n tai B € R, sao cho f bi chin dudi wen [b— B : b] hay [b— § : bf (b chi mut
phdi cdia ). Cuéi cdng f lieén tuc trén doan [a+ a,b~ £, vy y bi chin dudi (Vi b chan).

5.4.6 Theo gia thiét, tn taic € [ sa0 cho Swpfix) = f(c)

xel
VxeIN)-w,cf , '/(") f(c) .
Tacé tit d6 chuyén qua gi6i han khi x ti€n 6i ¢
VIE In]C.‘i@[ ) f(I) f( )
x-c¢

hay ¢": f'e) 2 0 vaf’y(c) S 0 (chc gi6ihan do tén tai vi f 18i).
Vi f 16i (xem 5.4.2, Ménh dé) nén:

Yvye 0w, i(",{%c—’

SPEOSfyO%

2
‘ wdé f/(cy=[,(c) va V(uv)e (7N = 0: ) x(1e;4<0), ';((“;2 ?Ezz
A

PIORI{O)]
v-=C '
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didu nay chimg minh: Vx e/, f(x) 2 f(c)
V1 f dat cin trén diing tai ¢, tasuy ra f khong d8i.

TW I fh - f()

< £ (h)
4.7 V& moi (x; bR y=x bh-x
5.4.7 Véimoi(x;y) € la; b) sao chox < ytacé For-f(0) . f@)- fx) . .
T ST ez 2@

dat k =Max ([f°,(a)]) i) 1 suy ra £ o6 i k-lipschitz. wen {a; b).

548 Vi f khiviva 16 nen £’ t@ng, do d6 v6i mei diém x; cba / tén tai gi6i han hitu
han trdi va phii tai xg,
Theo dinh ly “'gi&i han clia dac hAm” (5.2.2 Hé quai), a suy ra:
Ljamf'=f'y(xo)=f'(xo)=f',,(xo)=f'(xo)= L‘i[ﬂf'f'
“*a

va cuéi edng f thude 16p Cl trén /
54.9 Anhxa g khavihaildntren R va:

g ==e2 feF)—e 2/ ™)

N~

VxeR,
VLo e Ak
g'@=—e2 fcT)+e 2 [ F)20

-

5.4.10 Anh xa g, khi vi hai 14n trén ]0; + e va:

a+1
2

a* -1
2

x"fl F(x )y ~ax aflf ')

g'(x)=
Vxe |0; +00f,

g ()= xn?f(x'")+ a*x 1@iﬁ)""(fa)zo

5.4.11 1) Gidsr Inof 18i. Khidévéimgi ae R,dnhxa g :I—=> R
X > ax + In(f{x))

14 16i . Ta s& ching minh expo g, 14i.
Tacé: (V (xy) € I\ VA € [0 1], e8alr+(-1y) < 2c8a(3) 4 (1~ 1)e8a())
=M@ e® I Vie@l], a*f ™ sia+1-)p)
vi bt ding thirc cudi ndy 12 he qua cla tinh 18i cia 4nh xa ~1n (xem 5.4.3,2)
2) Do lai, gid sirvgimor a e R, f,16i. Ta cé:
VaeRY(x:y)el2 VA el01], f(Ax + (1= A)y) € 20D p(x) 4 (1~ 2)e4 Dy,

Pt = MO In(fCx)
x—y

fGx+ Q-0 Y (fNT, vay Inof 16i.

(wudmg hap x = y thdy ngay) ta suy ra:
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5412 a) f haildn kha vigen |1; +00| vi Vxe }i; +of f"(x)= 1+lnx2 >0
(xInx)

b) r[f%] < %(f(x)+ FO)

§4.13 a) f hailin kha vi trén ]0; + OO vh Vxe |0; +00[ f"(¥)= 1 20
x

a -
a+h

b) Ap dung dinh nghia tinh 18; cla f vio cdc diém LEVY % vél 1=
a

a x by a x b ¥
4 Lig =+ 24
f[a+ba a+bh b] a+bf[a] a+bf[bJ




Chi dan va tra 1oi
cac bai tap chuong 6

i 1 1
6.2.1 I o A0 =j0f_j oﬂ =0, f(1-f)20.f(1 —f) lién we tren [0; 1]. Theo
6.2.5, He qua 4, ta suy ra f(1 — f) =0, nghia 1a: Vx € [0; 1], f(x) € {0; 1). V1 f lién tuc trén
khodng [0; 1], nén dinh Iy c4c gid tri trung gian ching 3 ring f = 0 bay f = 1.

n
b .
6.2.2 Bat f=Y /7 f tientye .S 2 0./ %0, vay | £>0. Layu= 4.
a
i=1
a

6.2.3 a)Anhxag: [mM]>R  thueclép C' trén [m; M) va:

Iom
t —4—
M ¢
, 12 - mM
Vie [m:M]. ¢'()= I
Mt
Tir 46 suy ra bing bi&n thién clia @
t m JmM M
[40] - ) +
1+ 1+2-
M M
o) AW 7
3 |
M

Vay ta c6: Vxe [a: b], 2 n < f(x) +L$[l+ﬂ], tir 46 bang tich phan, ta thu-
) M M f(x) M

dugc k&t qud mong mubn.
bj 1) Ap dung bt ding thirc Cauchy-Schwarz:

[fff][lfly}[j:(‘/f_-ﬁqz —b-ay?.
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1
b 2 b L2
2) Chi § ring [Iaf]z—,/mM“a%]? 20, tasuyra:

A 1 1
2JmM b Y2(pb 132 1 b C¢b 1 m
o [Iaf] [1“7] sﬁjaf+m1075[l+v](b—a) (xem a)),
1

1 1
T d6: “:sz[[: %Jz < ;J%(b—a).

6.2.4 Tal4p luan phdn chimg: gid s\ t&n tai x, € ]0; 1[ sao cho f{x,) # 0, ching han
fxo)>0.

- ;1
Vi f lién tuc tai x, nén t8n tai > O sao cho; [xo =% + 71 101
Vxe [xg —mx0 + 1), S(x) 2 5/ (%)

Ky hi¢u e: (0; 1] — R 12 4nh xa bac thang x4c dinh bdi:

0 n&u 0<x<xy-7
e(x) = 41 n&y xa~-n<xSxy+9
0 néu p+n<x<l1

Khi d6 ta c6 : L:fez(Zq)[-;-f(xo)] > 0.

—-— j | COnlnghan, tacé thé chon ;

{0 nét 0Sx<xy~-n

gixed
1 n&u xp—-np<x<1

Onéu 0<x<xy+7
h:xm
1 néu xpg+7<xs1

—J A

_____ -
+

0% N2 X

n 1 X

. . 1 ] 1
Theo gi4 thi6t: jofg_ ]’th_o,mao Iofe =0, mau thuin.
Diéu d8 ching t5 rdng (Yx € 10; 1], f{xo) = 0). r6i f=0W f lién tyc trén [0; 1].
B.2.5. V&ik e (0.4}, dat], = I:f(.t)cosl:xdx VA Jy= ]:f(x)cos" xdx

Vay I = I:f(x)(Zcoszx—l)dx =2y -Jy:

cling tuong te Iy =4ty -3, Iy =8J4- 8/, +Jy

y —_-¢ Nhung mit khéc, tén tai g, b : [0; 11> R
__________ -——-g 12 4nh xa bAc thang, ting sao choe=g — h.



Chi dan va tra 16i

Sllyfﬂ: Jo=1, Jl=_3‘ Jz=3\ .13:—4, J4=4
_[: S )1 +cos? x - cos® xydx =Jg+Jy-Jy=0

va (Vxe[0;7], t+cosZx—costx=1+cos?xsinx> | >0)

Apdung 6.2.5, He qua 4,

6.2.6. J’ > Pox  X-x 4o
x (lm) (n()?  9(nx)? e

0 Traldi: +o

6.2.7 Tén tai mot phan hoach (ay.....a,,) t;ﬁa la; h) sao cho v6i méii e {0,..., n-1}. Thu
hep cia f trén ]4;; a;4[ c6 théc trién lién tuc 12 f, tén [ a; a,, 1.

Theo hé thite Chasles : 0 = J f= Z J"‘“

Do (Vie{0.,n-1} [** r20) suyrs: vie{o,.,n-1[** f=0
i

nghiala Vie{o.., n-1}, [ 7 £, =
a,

Ta c6 thé 4p dung 6.2.5, He qué 4 cho f; va thu duge: Vi € {0,..,n—1}, f; = 0. Didu nay
chimg td f bing khong, c6 thé triX ra tai cdc diém 4;.

6'2'8
1)
yi
/ f Véimgi ke (1,.. n-1} dudng cong biéu dién f tren
[ k+1] & phfa dwéi day cung. Do dé:
K+ |
[, S5 {f®+ fh+D)
0 Kk k+l X

n-1 k+1 n-1 1
T dé: J-‘”fzkz-‘?j': fskz_:l%(f(k)+f(k+l))=%f(1)+f(2)+...+f(n—))+;f(n)
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2)
v
! A
Vé6i moi k € (1, ..., n—1) dudng cong biéu dién £ rén
(k; k+1] O phfa trén cdc niva tiép tuyén tai k va k+l.
Tix 45 c6:

Vke (.-t} Vre[kk+],| SO x-bIE

""" ) ) )2 fR+FD) +(x =k -1)f'(k +1)

Suy rarangvéimei k € (1, ..., n-1):
1

v Yy " kel
fr=fr+fr=[" ek - B[ O+ (5= k=D 4 s
k k k+l ‘

2
k+1

BACERY)

e+

k+l

(x-k) 2 1 (x—k
f(k)+[ 3 ] f(k)+2f(k+1)+|:—2 :l

R DR I
--2-f(k)+-§f(k)+2f(k+1) 8f(k+1)

k

(xem 6.4)

Cong lai, ta suy ra bat ddng thifc mong musn.

6.2.9 1) Apdunghaitsp628vio f:li +o[ >R
(3

12 ham 16i v thudc 16p C, ta o6
(11 31D+ f@) 4t S+ 250

suy ra:
n n n n n
Z k J' f+= f(1)+ ST = I FUPLILINL S .20 | R T |
s n 2" 2 p®| n+1d It 2
n 1 1 1 1 n 1 _ 3n+l
= 4o — = — 4=
n+1 [2 n+1]n" 2 n+l 2 2(n+1)

2) Chimg minh ting: Vxe[0;1],l -x <&~ *, biing céich khio s4t sur bién thién cla

xP e ¥-1+x.
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AN .
Tdds: VneN-{0; 1},we{o....,n-1},[1-L] < e 161 cong lai v6i moi
n

n n nl Anon=l _n
neN-(0:1): 2[%] =Z[n-&] sz:'=11;_l<_1__l=L

k=) =0 e S C A R A

£ L4
6.2.10 Ta l4p ludn phan chimg, gia si IOZ J(x)cosxdx = IOZ S(x)sinxdx =0 .
£ A x .4
Thé thi : IOZ J(x)sin{c ~ x)dx = sin cIO2 ‘)“(.sr)cosm:bc—aos::_l‘a2 J{(x)sinxdc =0
Nhung Vx e IZO;%] JSix) Sin(c—x)-z 0 (Xét cac u"trbng hopx<c,x2¢)
Québi cing x > flx)Sin (c— x) lién tuc trén [0',3'2-] . Ta suy ra (6.2.5, He qua 4) ring:
L4 .
Vxe [0;-2-] ; f(x)sinfe-x)=0

Viy Vxe [0;%]— {c] Six) =0, mau thuin.

2n & 2
k 1 . 2 x
8.2.11 a) = - 2 > dx:[-h +1':L
kz_")k +n? nkg(%)z“ o onl +1 (‘tz
0 Tra s %ms
{
no1 g1 1 n = 1
b) 1+] de(n a4+ a)=—2[_k_]‘ +12[-] __,onadxl Edx
| =\" =1
.
_,37"1 J!a'+l !
1 Th a+l |’
a o .
O Traldi: 1
M 2n
A o r
) Ky hies 4, = zsmF VA v, = ZT
k=n ken

= I 7« 1 7
o v, = zn’:-l=;z1+l’; = >j —dx=/r[ln(1+x)l,=)rln2.

Ol+x
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n
o UneN*Ju,-v,[<)
1=0

. n n
sin| —— |- .
[1+n) l+n

3
+ Chiing minh ring: Vxe R+,x—% <sinx < x (ching han bing cich khido sat su bi€n thién

3
i R . x
cha x P sinx~x vacha x l—)smx—x+?)

3
Vaytacé: VxeR+,'sinx—x*is%.th6:

2 # ©n
R i e At

v, —rin2
nm

Ta di chiing minh rang : " [ tir day suy ra k&t luan.

u, = v, —0"
n id na

0 Traldi: zIn2.

B ) n+k2

d) Vé6ine N* datu, = E s tacsd: WneN¥*
'S
k:’n +

1 k

1 ;+(;f ( )2

uy= =3 Xét v, = v6i n € N¥. Khi d6:
”k=11+i!r;i k-ll (

0 Tra I8i: %mz

-l n-1 1 =

Vei *, Kk hi = = VA Vn =

e) n € N¥ ky hién u, z 2%k +1 z2I+2n+l o 22“’2"
k=n 1=0 =0
. V"i‘ 1 _112 1 ,li' _[1nl+1.:)]}J ~—ln2
"+ 2nf i+l w2
=0 0
n-1 1

n
—v.|= < >0
N I§0(21+2n)(21+2n+]) M2n+1) 7

0 Tra sl Lin2.



Chi d&n va trd 16i

n 2a

1
a - —
+ak+b)" va v, = Zai E k

k=1
2a 2041
{
. v, = l E [£J —>J‘ xzadx= x = i
i o 0 2a+1 o Ja+1

e UneN*y, <u,

H Véine N¥

s Choce N*cEdinh ,tacs:

. 2 262[1
Vike N* |k +ak+bs(k+c) ©2de+ci2ak+b <= 1,4

N\
K¢ hieu: C = E[Max[%,ﬁ ”H A c6:

ke N*(k+cl} 2k +ak +b

T d6: Yne N*, u, S o” vsi

1 n 2 ) c+n ! 2a
@y = —azr 2k +0) =;EH
| =c+,

1 n+c

Cubi cdng @, -v, = — Z
n

l=n+1

0 Tra (o

2a+1°

4
‘n 2
g K¢ higu: unzn’[]']k"] " tacs:luu, -th-—Zklnk
k=1 n? k=1
Anhxa f: [1:+ao[—)R tang, vy VkeN—{O,l},

x5 xinx

fo sssms] My

cong lai :
n
vne N-01}, [:xmxdx < S kink < I:Hxl.nrdx
k=2

Phép tinh nguyén ham (xem 6.4.4) cho ta :

2 X2
IIIDId.X ——lnx--4l—.

" .
Suyra: Vrne N%v, < Zklnk So, mi
k=2
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2 2 2 2
"
v, =71nn—£47-+—=£2-h\n-£4—+0(n2)

(n+1)?

2 2 2
o, = 0D : O - (n+Y) n“+2n+1

~2In2+1 =——-2—(1nn+o(1))-"7+o(n2)

n2 2

n 2
=Inn-"—+o(n
2 g to)

n 2 2 '
Ta suy ra: Zklnk =L -2 +0(n2) réi
o] 2 4

2 2

ntty = 2nn - (" lnm - +0(n?) =1 40()— 1
2°2 4 neo

n

O Tralyi: e

- 2
h) Ching minh rang : Vxe R, 0se* -1-x< iz—e"

L
Ky hi¢u u,:[Ze""‘]—n v6i ne N* taco:
' k=1

'S
n ] n
u,, - z s kzl[e'”k_l-n_'_k]sz entk

vne N
k=1" An+k)?
)]
S _ne >0
2n+k) neo
Mt khac:
1i 1
==) —— = +x)] =In2
Mn+k ”kal“’% neo 01+x [lnﬂ )]
0 Tritdl: In2.
A . =Ny k+1
6.2.12. V6in € N*, kg hin u, = — gl 2 =—
e S (SR o)

M =0

Vne N* Jun—vnls-n‘j\l_—k:r m
SN LA )

(xem bai tap 1.2.30)
1 % k+1 k
Sl
L Jwr n

Vi g lign tuc trén doan [0; 1] nén g lien tuc déu.
Cho &> 0; t6n tai 7> 0 sac cho:




Chi dén va tra |di

V(i< x")el0; l]z,(|x'—x"|sn:|g(x‘)—g(x")l5£2)
ChoN:E(l).Tacd,véi moi n thude N :
n

k+l &k

n2N = [Vk efo,. .n-1},
n

gt
= [Vk e {0,...n-1}, Hk—:'-] - g(%] < 52]

1! 1
=|0<— L—ne=¢
2 .

™ k=0

’k+l] [k)
(24

n n

bidu nay chimg minh : u, —v, —nm—yo

1
* V"Tlo”f+g

6.4.1. Trwéc hét chi ¥ ring % duge xdc dinh trén 10; +oo (vl Ve e 10; +o [, G(x) >0
Anhxgg khé vi trén ]0; + o , va (%) Fe-f5

Gz
Ta cé, véi moi x thude 10; +ao (:

(G- FG'0) =100 [ g0t~ g0 ) e = [ g(r)g(x)[ﬁ% -1

néu i 13 ham ting ( <0 néu —‘L gidm) .
g g

6.4.2
AnhxaG: R — R xéc dinh b& x —o 0 +o0 }

2
G(x)‘(-[:f] thuoc 16p C'ren R~ G°(x) \‘““\

va G' = 2g. TIr 46 1a cd bang bién thien
cla G. Vi G(x) 2 0 va G(0) =0 nén ta

suy ra G =0, réi (VerR,rf=0)vh
o

cudicung f=0.

G(x)
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6.4.3
fo=s@+ [ f o
Vxela: bl "b =>Vxela, hl, 2|f(x)| = f(a)+f(h)+J. f>_J‘ f'\
fo=sm- s cT
x b b
< | s@+ 1o |+ [ e [lri=lr@e s+ [ sl
6.4.4 Anhxa g:[0; +ao] —» R thude 16p C' tren ( O; +o !

X e""‘!‘;f

vh Uxe IO;+ao[.g’(x)=e_b[f(l’)—kl-;fj50

vy g gidm, vi g(0), @ suyra g < 0.
Matkhic g5 Ovif5 0.

X
Viy g =0,suyra(Vxe | 0; +oof, Iof=0).cudic0ngf=0.

2x
6.4.5 Giasirf phd hop; Vi f lién tuc VA (Vxe R, f(x)= f(0) + £ ) ta suy ra f thudc

16p C' ren R, réi bing mét phép quy nap don gidn, chimg ring f thude l6p Ceo trén R .
Dao ham d6i véi x: V(x,y)eR ,f'(x) =2 fA2x + y) _flx + 2y) , rdi néi riéng khi dao ham ddi

V6iy: Y(xy)eR* Qe+ y)=1"(x+2y) fhay xbd _2ycs: VyeR f'(_3y)=f"(0). Diéu
nay chi ra ring f* khong ddi. Vay f¢6 dang :

R >R (A e R?

v Ax+p

2 2 s NIRET P -2,
« Diolaicho(A,)eR” va f: RS R  lahamlién tue. Ta 6 véi mor (xiy) o &

X o A+ pu
2y [ T a4
[raZrm| 2@ ue-n
I+ 2y 2 v+3y 2
fx)~f(y)=A(x-y)
ng:
A+ 3
[V(x.y)e Rz-f(x)—f(y)=_|' 2yf]©[v(x,y>e Rz.(%<x+y)+ #—A)(x—y)=0)
X+2y

3 =0
&3 9 e A=p=0
u—A=0

o Tralst (o).
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6.4.6 Ky hieuA: [0; +a[ —> R 13 énh xa xc dinh bdi: Vx e [ 0; +o [ , ACt)= j' e
0
Tacéd: Vxe [0+, MS (x)
C+ A(x)

J(x)glx) _ _A(x)
" CHA(x) C+AL)

J"‘ elnde > [ L
0 0o C+A(x)

Nhing: Yxe [0; +00[

TordovéimoiXe [0; +o] :
dx =In(C + AX) ] =1n(C+ A(X)~InC

W X
Ta suy ra, véi moi Xthude [ 0; +o [ : A< C+AX) S é,InC+[0 ¢

6.4.7  a)Déibién: y= %—x

([ 7
Sln[z'i'x] COS{Z—X]
b) Vxe[(},%:'.l+(anx= =2

T X
cos z COsX co

tir dé ; j In(1 + tan x)dx = J_[2 In2+ ln(cos(—;5 - xD - ln(cosx)] dx

=£ln2+ J-Iln cos| Z—x||ax- J‘zln(cosx)dx=11n2 theo a)
8 4 0 8

0

0 Tralai: %ln2.

6.4.8 Bing cich ddi bien: y=a-x:

e_1 a1 a ?_f
de=- = dy= d
j‘01+f(-'f) J-al*ff(a—y)dy J‘01*1’(‘1—)') Y -[0 L ) 1+ f(y) »

1+

F»
Teds: 2 [ ——ax= J'q L gy [ D dx=rdx=a-
o1+ f(x) o1+ f(x) o 14 f(x)
oTralsi 2.
2
6.4.9 Bing cdch déi bién: y = iy :
e AP
\/n +x3 " n(l+y) n3 =7 3



T

WIWUUVINg @ I RAl plriae!

%7 1?y3SI;J£yy3S ;dy=l
-[1 1+y J‘ yidy 2——27<2

T ds: YVne N* Q<

[l
l\jn2+x3—"%

6.4.10 agjAntixarF:[0; ] R thuoe 16p C' trén [0;1) va:

X = j:f
Vx e (0L F'(x)= f(x)>0
Nhu vay £ ting nghiém ngat va lién tuc trén [0;1], do d6 1a moét song anh tiy [0; 1] va [0; A]
1
61 ky hiéu A =

Vi kY hie N
Chone N *va(x, ..., x,) € [0; 11™, v6i moi k thude {0, ..., n~1} , tacé:

Tesy

s —af f© Flxp)-Fxg) = —A

yo =0
1 +1 2
H¢ phuong trinh {Vk € 0..on—1}ypq =y =—A | dn 812 (¥ ..., y,) € R™! | c6 mot
n
m=A

nghiem, duy nhat : Ve P}y, = L
n
Tix 46 tén tas va duy nhAt (x,, ..., X,) trong [ 0; 1 ]! sao cho :

Vke . .n-1) f:"f = %Ef

x5 =0x, =1
Tacs: Vke (0, ..n).x=F" (%J
Hon nifa , ta c6 x, < X, < ... < x, Vi F' tang nghiém ngat trén (0; Al
b) —2f<xk>=—2<f F*)( J—»— j feoF!
Nho phép d8i bién 1= F'(x):

1 A ( _ 1 1 . ~ 1 1 2
;[0 (f o Fly()dx = XL F@OF (ydt = ;jo Jayid

j(j(f(x»zdx
o Tralgi; o
_[Df (x)dx



Chi d&n va trd i

6.4.11. aTraldl:P=X-a)(-X)+1
b) Vi (Vk € N,I;xkf(x)d.x = O] .Ta suy ra, do tuyén tinh, VA € R[X] I;A(x)f(x)dx =0.

<) Lap lugn bing phin chimg: Gid sl f = 0. T6n tai C € [0; 1] sao cho f(c) = 0. Ta c6 thd
gid thit 13 flc) > O ( néu khong thi thay fbd —f). !
Vi £ lién tuc tai C, nén t6n tai (a,ﬁ) & (0; 11 sao cho :

ascsp a<p

[vx ela.s] Fio2 —;-f(c)

Vi f lién tuc wrén [0; 1], n@n f bj chan; ky hitu M = "f"oo , ta cé, v6i moi n cos N:

f g(P(x))"f(x)da{ < M[(PooYax.

Chiing minh rang t8n tai A > 0 sao cho Vx € [0: a] , P'(x) 2 A

Tu ds: Vn € N, j:(P(x))"dx < llj :(p(x))" P'(x)dx = %[(P(x))"ﬂ r

n+l1

-
T An+l)

1

a8y
(1-(1-ap) )SA(QH)'

vy | P/ i—0.

Tuong tg: [ (PO f(a)x——s0

Cu6i ciing: '[ﬂ (P(x)" f(x)dxzj s J(x)dx 2 -l-(ﬁ-a)f ().
a a 2

Ta suy ra: f ;(P(x))" f(x)dx khong ti€n t4i 0 khi ' ti€n t6i +0, MAu thufin.

6.4.12 Ky hitu v, (fuong 1mg: v,) la md rong trong 16p C chav| {a; cf (tONg Ung :
v | 1.5 1én [a: ¢] (tuong Gng: [c: b] ). Thi :

[Puve ] ave | Pave] m ] =l wlnst [ o

a a

c b
= (u(b)vz(h)-u(a)vl(a)){ JLwnt] “"'2]"'“(‘)("[('5)“"2(4‘»-

Ta cé6:
o vi(a) =v(a), vy(b) = w(b) .

c
. Ic w'| = I uw vi v’y vaw tring nhau teén [a; c[
a a
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b b
. I uv'y = I uw cfing vy
c c

& v(O)= limv, vy(c)= lin:v
c <

6.4.13 Bang cich Iy tich phan timg phén: I: e Intar =<:"Imr—J‘:r E-d:

llxcr Intds
R6i :

1 ! I x x_
1= Ixf—dxs 1 I e’dt:e cs 1 0
e“lnx eXlnx’l e*Inx eflny Inx x>t

8.4.14. Bing cdch d8i bién w = r* 18i tich phan timg phin, ta c6, véi mpi x>0 :

2
x+l =8 - (xt1)? g e (e+D) x+1)2
:I—tj‘ Bin(t2)d1=x (x+1) sinw o X [ cosu] __l_j'( ) cosu
x 2

202 W 2 | W B

5[ -cosu (x+D) 1 x
[ J— } =-—‘(cos(xz)——cos((x +1)2) — 0
u

2 xl 2x x+1 X—>+o

x17€ ¢ (x+1)? cosy y (x+1)? du _ 1 ) 0
4 12y W b (xa X
0 Trdlgi: o

6.4.15 Ap dung cong thitc Taylor v8i s6 du dang tich phan vao r I ¢’ trén [0; x] hoac
[x: 0] dén cp n, taduce: .
”
e* = Zﬁk—+fx ﬂc’d’
=0 K 40 n!

x (x )n ‘ e ox x"ﬂex

e Neux20thi:0S J sm,l‘o(x_t)"dt= (n+1)!

¢ Néux <0 thi:
_an+l eyl —x
x (.r l) d{ IO(t—x) S%jj(l—x)"d!=( 2" S( x) e

(n+1)! (n+1)

6.4.16 Diéu kign diroc xét din dén: Vn & (0, .. 5}, o™+ = | :cos" 846

e V&in=0, hé thic trén trong duong v6i a=%
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. 'lhaynb('rill.&'l‘acé:a+b+c=0.al+b2-rc?'=%\a3+b3+c3=0 suy ra abe= 0.

V3 V3

Tac6 a=- BN b=0.c= - (n€u khéng thi chon hodn vi thich hop cla a, b, ¢)

o  Thir lai 12 h¢ thic vin ding v6in=4van=5.

6.4.17 Def(f)=R*
Do d8i bién u=-+¢

vx e R* f(-x)—l‘_2I ’ dt——j- __u? du = -f(x)
’ =x 42 4 gin2y x 42 4sinty
Viy f 1a ham L&.
o Theo 6.4.1, H& qui 2, f thudc 16p C' trén RS va:
8x? 2 ~ J:2(4.7r2 +¥sin2x- sin22x)

Vxe R. S = - =
* 4x% +sin22x  x?+sinlx (4::2 +sir122.:r)(.v:2 +sin21)

X 0 +o0

Tabi€tring V f € R, |sint|<¢|

. " (x +
TYd6: Vxe Ry .4%-sin'2x 20. /7

Vay: Vxe Ry. f'(®)>0 Sx) . /
Khéo sét tai 0.

a 2
o Vxe R,, |f(x)|5I: dt = x. Vay f(x) TO‘ Ta b8 xung cho f lién tuc

tai O bing cich “d&t” f{0) = 0
x*(4x2 +8sin” x - sin? 2x) 1
(4x? +sin? 2x)(x2 +sin2y) 0+ 2

s VxeR,.['W=
Vay f kha vi phdi tai 0. va f* (0)— —;viflétasuyra f khavitaiOvaf’ (0)-%
Khao sat tal + . y B
Ve Ry fx)-x=

2 2

I ’ 2 ‘ 5, e
X | t“ +sin“t
__sz sin’ ¢

———d 1o X
x 42 +sm21

(Cy

Viay: Vx € R;_ Sx) < x

J(x)- 11 I _sin?t 2 <Jztﬂ— ! 0

VX ERy. x 42 4 gin?y r 2 2x X




332 Chuong8 Tich phén

Diéu dé chi ra rang dudng cong (C,) biéu dién f nhan dudmg phan gidc thii nhat B, 1am tiém
can, va (C;) & phia duéi B, (véi x > 0).

6.4.18  a)K¢ hieud, =X"(1- 2" - (-1)"4", chi § ring A,(i) = A,(-i) =0

(n"“‘ M- o184

b)VnEN' a,=
1+x2

(R dr+ 4]

1+x2

) JI"_l I 0 1+x?

1
Vi J¢1+ -[A:clan]o=— v chi ¥ ring (Vx € (0: 1], 0 < x(1- ;)s-} 1a cb :

I (x(1-x)) 4" IRCANTLIR IO Y
Vae N, |z-a,|= u—l.[ Tox? d'ts“n—lk,;] Iulnz‘ds::—l?‘ds:u—l

6.4.19 a) Anhxa A: [0; @] = R xéc dinh bai:

) x flx)
| Vx e [0;a], Alx)=| S+ S =xf(x)
fla); Jor+ls
| thute 16p C' trén [0; a] va: Vx € [0; al,
7 1) g A =04 POY WO~ f () =0
ID ' Viay A khong déi, hon nita A(0) = 0.
NG
0 A ,{-J—‘I
b)
v Choxe[0;a),4nhxa B,:[0;fla) )= E
f(a)' xac dinh boi ;
x ¥
. Vye[0:f), BO)= [ S+ [ -xy
I.I"f_l 0 0
0 thude 16p C1 trén [ 0; fla) ] va :
¢ Vye [0 i@, B0 =) —x.
ol Tir d6 ta c6 béng bién thién ciia B,




Chi dan va tra (i

y o ) fa)
BY0) N
B, W el

Vay: Vy € [0; fla)]; B,(y) 2 B(f(x)) = 0. (xem a).
6.4.20 Vy < [0; fla)l, g») = (UM 217 (), tir dé:

X X X y -1
j0f+log2j0f+]-0f Zx.
6.4.21 Theo bai tap 6.4.19 a) Vx € [0; +x], I:(x)f_l = ,y'(x)—_‘-:f . Didu kién duge
xét din dén: Vx € (O; +w{,mx)=(a+1)j: 7. Biden: Vx € [0; +o0f , f’ (¥) = afx).

Srdung g:10; +of > R , ching minh ring diéu kién trén wrong duong voi:
x = xaf(x)

IC e R, Vx € 10; +[, fix) = Cx”.

0 Tralsii| [0;+o[> R, CeRY
x o Ce”
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172
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22
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69
49
160
163
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59
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49
209
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51
33
34

89
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99
99
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47
139
37

94
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59
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69
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Chiu trach nhiém xudt bdn :
Chi tich HDQT kiém Téng Gidm d6c NGO TRAN Al
Phé Téng Gidm dé&c kiém Téng bién tap NGUYEN QUY THAO

Bién tdp va sia bdn in :
NGUYEN HUY DOAN
Bién tdp tdi ban :
PHAM PHU
Ché bdn :
NGUYEN HOA ANH



GIAO TRINH TOAN TAP 1 (GIAI TICH 1)

In 1.500 cuon khé 16cm x 24cm. Tai CONG TY CO PHAN IN ANH VIET
Giay phép xuat ban : 194 - 2006/CXB/1 - 323/GD.
In xong va nop luu chiéu Quy Il nam 2006.



GIAITICH

(130 trinh va 300 bat tip co lon gra

Gido trinh Todn - Tép |

Muc tiéu cua bo giao trinh Toan nay la cung cap cho sinh vien

nhung nam dau cua cac truong dai hoc khoa hoc va ky thuat

mot tai liéu hoc tap, tra cuu thong dung va co hiéu qua. Voi

nhiéu bai tap co loi giai, da dang, bao quat moi khia canh cua

ly thuyét, cuon sach con nham giup cho nguoi hoc ren luyén ~ 819349807640166
nang luc van dung ly thuyét duoc hoc.

Tap 1 dé cap viec nghién cuu so thuc va s6 phuc, day sé va cac ham s6 mot bién
so thuc ( tinh lién tuc, dao ham va uch phan ), ung voi phan dau cua mon Giai
tich'nam thu nhat.

Tap 2 de cap viec khao sat cac ham s6 thong dung, viée so sanh cue bo cac ham so, nguyen
ham, cac ham kha tich, phuong trinh vi phan, cac ham sé hai bién va bo sung vé phep unh
tich phan, ung voi phan hai cia mén Giai ich nam thu nhat. @

f \} Gia : 34.000d
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