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Dai Hoc Quéc Gia Ha Noi Mon hoc: DAI SO DAT CUGNG
Truong Pai Hoc Khoa Hoc Ty Nhién Hoc ki 1 ndm hoc 2018-2019

PE THI HOC Ki

Danh cho 16p: K61 Toan tin,
M3 hoc phan: MAT3450, Thai gian lam bai: 120 phiit.
Khong st dung tai ligu.

Cau 1 (1 diém). Tich tryce tiép Z/2 x Z/4 ¢6 phai 1a mot nhém xyclic? Vi sao?

Cau 2 (2 diém). Cho hai phép thé trong Ss:

(12345 5
*={3 452 1) "7 \2

2019

—_
w W

(SRS
— Ot
N——

=N

(a) Tim cap, dau cta phép thé o va tinh «
(b) Tim phép thé = trong S5 sao cho azx = f3.

Cau 3 (3 diém). Xét nhém thay phién A, bao gom céac phép thé chin trong nhém déi xing S;. Ching minh céc
khing dinh sau day.

(a) Tap con V; = {Id, (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)} clia A4 13 mdt nhém con chuan tic.

(b) Nhém thuong Ay/V, dang cdu véi nhom cyclic Z/3.

Cau 4 (2 diém). Cho I # {0} 14 mot idean clia vanh da thie Q[X].
(a) Goi f(X) € I 1a mot da thitc khac khong ¢6 bac nhé nhat ¢ thé. Ching minh réing I = (f(X)).

(b) Giast I = (X + X°+2X3+ X —2, X*+2 X3+ X? — 1). Tim mot da thic f(X) sao cho I = (f(X)).

Cau 5 (2 diém). Xét vanh da thic Q[X, Y] va idéan (X2 +1,Y — 2) cia Q[X,Y].
(a) Ching minh réng Q[X,Y]/(X? +1,Y — 2) 2 Q[i] trong d6 i € C la don vi 4o.
(b) idean (X?+ 1,Y — 2) cia vanh da thitc Q[X, Y] ¢6 phai 1a mot idean cyc dai ? Vi sao?

Hét.
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Hoc ki 1 nam hoc 2018-2019, Thdi gian lam bai: 120 phit.
Khong st dung tai liéu.
Cau 1 (1 diém). Tich tryc tiép Z/2 x Z/4 c¢6 phai 1a mot nhém xyclic? Vi sao?
Loi giai. Mot phan it  bat ki clia Z/2 x Z/4 ¢6 dang x = (a + 2Z,b + 4Z) v6i a,b € Z. Ta thay
dr = 4(a + 2Z,b+ 4Z) = (4a + 2Z,4b+ 4Z) = (0 + 2Z,0 + 47Z).

Do d6, cdc phan tit ctia Z/2 x Z/4 ¢6 cap khong qua 4. Mt khac, Z/2 x Z/4 1a mot nhém cap 8. Do d6, Z/2 x Z/4

khong phai mot nhom xyclic. O]

Cau 2 (2 diém). Cho «, 8 € S5 1a hai phép thé sau day
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(a) Tim cap, dau ctia phép thé o va tinh 0%,

(b) Giai phuong trinh ax = 3 trong Ss.
Lai gidi. (a) Viét « dudi dang tich cdc xich roi rac
a=(1,3,5)(2,4).
Do d6, cap ciia a la lem(3,2) = 6 va diu ciia a la (—1)3=D+C=1) = 1. Vi c¢ip clia a 1a 6 nén
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Cau 3 (3 diém). Xét nhom thay phien A, bao gdm cic phép thé chiin trong nhém déi xing S;. Chiing minh cic
khing dinh sau day.

ar=8 & z=a'f & x:<

]

(a) Tap con V; = {Id, (1,2)(3,4), (1,3)(2,4),(1,4)(2,3)} ctia A4 la mot nhém con.
(b) V4 1a mot nhém con chuan tic clia Ay.
(¢) Nhém thuong Ay/Vy dang ciu véi nhom cyclic Z/3.

Loi giai. Cac phan t1 ctia Ay 13

Id, (1,2)(3,4), (1,3)(2,4),(1,4)(2,3),(1,2,3),(1,3,2),(1,3,4), (1,4, 3),(2,3,4), (2,4, 3),(1,2,4), (1,4, 2).
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(a) Lap bang nhan cta Vj.

(b) Ta thay cac 16p ké trdi va ké phai ctia Vj trong Ay déu 1a

{1d, (1,2)(3,4), (1,3)(2, 4) (1,4)(2,3)},
{(1,2,3),(2,4,3),(1,4,2), (1,3,4)},
{(1,3,2),(2,3,4), (1,2,4), (1,4,3)} .

Do d6, V, < Ay.

(¢) Nhom thuong Ay/Vj ¢6 cap bang [Ay| / [Va| = 3. Vi 3 1a mot s6 nguyén t6 nen A, /V, = Z/3.

Cau 4 (2 diém). Cho I # {0} 14 mot idéan ctia vanh da thice Q[X].

(a) Goi f(X) € I 1a mot da thitc khac khong c6 bac nhd nhat ¢ thé. Chitng minh ring I = (f(X)).

(b) Giast I =(X+ X°+2X3+ X —2 X*+2X3+ X2 —1). Tim mot da thic f(X) sao cho I = (f(X)).
Lai gidi. (a) Ta can phéi chitng minh (f(X)) C I va I C (f(X)).

e Vi f(X) €[ vallamotidéan néen (f(X)) C 1.
e Lay g(X) € I bat ki. Thuc hién phép chia Euclid g(X) cho f(X), ta duge

9(X) = f(X)qg(X) +r(X).

Vir(X) = f(X)—g(X)g(X) nén r(X) € I. Tt cach chon cta f(X) va degr(X) < deg f(X) suy ra
r(X) =0, tiic 1a g(X) chia hét cho f(X). Vay g(X) € (f(X)).

(b) Dt F(X) =X+ X5+2X3+ X —2va G(X) = X*+2X3+ X? — 1. Khi d6, mot da thic f(X) can tim 1a
uGe chung 16n nhat ctia F(X) va G(X). Thuyc hién lien tiép cac phép chia Euclid, ta duge

FX)=GX)(X*-X+1)+(X°-1)
GX)=(X’-1)(X+2)+ (X’ +X +1)
= (X*+X+1)(X-1).

Do do, f(X)=X?+ X + 1.

Cau 5 (2 diém). Xét vanh da thic Q[X, Y] va idéan (X2 +1,Y — 2) cia Q[X,Y].
(a) Chitng minh rang Q[X,Y]/(X?+1,Y —2) 2 Q[i] trong d6 i € C la don vi do.
(b) idean (X?+ 1,Y — 2) cia vanh da thitc Q[X, Y] ¢6 phai 1a mot idean cyc dai ? Vi sao?
Loi gidi. (a) Dinh nghia dong ciu vanh
0:Q[X,Y]=C, f(X,Y)r f(4i,2).

e D& thay Im(p) = Q[i] va (X2 +1,Y —2) C Ker(yp).
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e Tiép theo, ta chitng minh Ker(p) C (X?+1,Y —2). Lay f(X,Y) € Ker(p) bat ki. Stt dung lién tiép
cac phép chia Euclid, ta dugc

fXY)=(Y —2)¢(X.Y) +7r(X), r(X)=(X*>+1)p(X)+ (aX +)
trong do q(X,Y) € Q[X, Y], r(X),p(X) € Q[X] va a,b € Q. Suy ra
FXY)=(Y =2)¢(X,Y) + (X*+ 1) p(X) + (aX +b).

Vi f(1,2) =0nénai+b=0, ticlaa=>b=0.Do d6 f(X,Y) = (Y —2)¢(X,Y) + (X?+1)p(X) €
(X2 4+1,Y —2).

Vi dong cau vanh ¢ ¢6 anh 1a Q[i] va hat nhan la (X? 4+ 1,Y — 2) nén, theo dinh li dong cau Noether, dong
ciu ¢ cam sinh ding ciu vanh

QX, Y]/ (X*+ 1Y —2)~Q[i], [f(X)+(X*+1Y —2) f(i,2).

(b) Vi vanh Q[i] 14 mot trudng nén theo khing dinh (a), vanh thuong Q[X,Y]/ (X% +1,Y — 2) 14 mot trudng.
Nhu vay, (X? +1,Y — 2) 1a mot idean cyc dai cia Q[X, Y.
[

Hét.



