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Mboén thi: Giai tich 3
M&a moén hoc: MAT2304 S6 tin chi: 4 Thoi gian: 120 phat
Danh cho sinh vién khoa: 61 Nganh hoc: Toan hoc, Su pham Toan, Toan Tin

Cau 1. Phat biéu va chimg minh dinh 1y vé tinh lién tuc ctia tich phan suy rong phu thudc
tham s6 v6i can vo han.

Cau 2. Neéu cach xay dung tong tich phan, dinh nghia giéi han clia tong tich phan, khai niem
ham nhiéu bién kha tich trén hinh hop D trong R2. Neu cach xay dung téng Darboux
trén va tong Darboux dudi.

Cho ham s6 f(z,y) = xy x4c dinh trén hinh chi nhat D = [0,1] x [0, 2]. Xét cac phan
hoach P,, @, trén doan [0, 1] va [0,2] lan lugt x4c dinh béi
12 -1 2 4 2(n—1
P, = {0,—,—,...,” ,1}, Qn = {o,— = Mz}
n'n n

»
n n n

V6i phan hoach nay, hinh ch@ nhat D dugc phan hoach thanh cac hinh chi@ nhat con

1 2(i — 1) 2i i )

D;; = [2 ,i} X [(‘7—), —]} ,1 < 4,57 < n. Tinh tong Darboux trén S, va tong
n o'n n n

Darboux duéi s, cia ham f tng v6i phan hoach trén va tim giéi han lim 5,, lim s,.

n—oo n—oo

Cau 3. Tinh cac tich phan boi sau.

a) [[,a*dxdy, véi D la mién hitu han giéi han béi dudng ellipse z* — 2zy + 2y* = 1.
b) [[[,, zdzdydz, trong d6 V 1a vat thé gi6i han béi hai mat cong z = (2% +4y%)?, z = 1.

Cau 4. Tinh céac tich phan duong sau

a®) §£+ <e“3 cosy + ﬁ) dx — (e”ﬁ siny + :CQ’CTyQ) dy, trong d6 £ 1a duong tron don vi
C = {2? + y? = 1} dinh huéng duong.
b) $..(y —z+siny)dz + (2z + 4z + x cos y)dy + (5y — 2x)dz, trong d6 L 1a dusng tron

C): 2*+y*+22=1, z+y—2=0

dinh huéng duong sao cho néu mot ngusi diing trén mit phang (P) iz +y — 2 =0
theo hudng véc to phéap tuyén 77 = (—1,—1,1) va di theo huéng d6 thi ngusi d6 thay
phan hinh cau don vi ndm trén mit phang (P), & phia bén tay trai.

Cau 5. Tinh tich phan méit sau

I =16 // 3y3dS
S

trong d6 S 1a mot phan clia mat yén ngua clia con khi

3z = g3 _yg voi (ZL’,y) €D := [07 1] X [07\4/3]
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Cau 1: SCK (2 diém) TailieuVNU.com
Cau 2: SGK (1 + 0.5+ 0.5 diém)

(Phan tinh tong Darboux: 0.5 + 0.5). Xét ham f(z,y) = zy trén hinh chit nhat D;;, va
goi S;; la dién tich hinh ch nhat D;;, ta co

. 20—-1)(j — 1) 217 2
rgglf(%?/) = o ; Hfl)ixf(x,y) =5 S§= 3
Tu do, ta co
e Tong Darboux trén
2,7=1 2,J=1
I e . 2 /(am+D\> (n+1)?
- () -

e Tong Darboux dudi

. 4
i,j=1 Y 1,j=1 n
_in—lzn—I._3 n(n_1> 2_(n_1)2
ond J= n* 2 o n2

Vay lim S, = lim s, = 1. (Diéu nay c6 nghia la tich phan boi [[, 2y = 1).

n—o0 n—00
Cau 3: (1.5+ 1.5 diém)
Cau a). Dé thiy mién D c¢6 dang
22— 2xy+2y° = (x —y)? +9° < 1.
e Cdch 1: Doi bién x —y =rcosp,y =rsinp, (r,¢) € [0,1] x [0,27]. Ta c6
T =7rcosy+rsinp,y=rsiny

Dinh thitc Jacobi ctia phép bién do6i nay 1a det.J = 7. (Dinh thiic dang nay ctia
J 1a don gian vi khi tinh dinh thtec, ta tach dinh thuc thanh tong hai dinh thic
thi 86 ¢c6 mot dinh thiic bang khong vi ¢6 cac hang ti 1¢ (lien quan dén thanh

phan rsin ¢ clia x va y). Do vay

1 27
I= / /(r cos @ + rsin ) *rdpdr
0 0

2

r3(1 + sin 2¢)dpdr

I
O\H

0

1
7r/7"3d7“: T
2
0

I
DO



e Cdch 2: Mién D c6 dang
Do{-1<y<l1, y—/I—y’<z<y+/1—y2)TailieuVNU.com
Do do,

1 yH/1-y?
I = /dy / z2dx

1

—1/[(y+\/1—7y2)3—(y— 1—y?)*|dy

3
)
1
1
= g/((ﬁ?f\/l — 2+ 20/1—y2)*)dy
)
1 P
1 =sin 1 T .
:g/(4y2+2>\/1—y2dyy=t§/ (4sin®t + 2) cos® tdt
—7/2
)
1 (™2 [1— cos4t
:—/ i+1+(3052t dt:E.
3) 2 2

Cau b) Mién V ¢6 dang

V={0<:<1(xy) €D}, D, = <%>2+<€/§/2>2§1.

! 1! 1
I:/ zdz// dxdy:—/ 224z = 2.
0 . 2 Jo 5

Chu y D, la ellipse nén dién tich cta D, la ‘g Ngoai ra, bai nay ciing c6 thé thuc

Ta co

hién do6i bién trong hé toa do tru.

Cau 4. (1.5 + 1.5 diém)

Cau a) Biéu thiic trong dau tich phan duong 14 vi phan toan phan, tuy nhién mién gisi
han bdi duong cong L lai khong don lién (trén mién xac dinh ctia ham trong dau
tich phan).

e (Cdch 1. Tach thanh hai tich phan

x v ydx rdy
I:]i+e cosydr — e smydy%—ji+ N — 1y =1L+ L.
Ta co,
0
%(—e”’ siny) = —e®siny = a—y(e“’ cosy)

nén /; = 0. Mac khac, luu y 1a

0 —x ot—yr 0y
Or \ 22 4 y2 - ($2 +y2)2 - dy x2 +y2'
Tuy nhién, trong truong hgp nay, ta khong dung dinh 1y Green ma tham so

duong tron don vi xcost,y = sint,t € [0,27], ta tinh duge I, = —27. Vay
I =-2m.



e Cdch 2. "C6 tinh" tham s6 héa duong tron don vi z cost,y = sint,t € [0, 27],
ta tinh duoc, TailieuVNU.com

2m 2m
I= / (€75 cos(sint)(—sint) — e“ sin(sint) cos t)dt — / dt
0 0

2m d
= / —(€°®% cos(sint))dt — 2w = —2m.
o dt

Cau b). Stt dung dinh ly Stoke’s, tich phan duong dua vé tich phan mit
1= // dydz + dzdzx + dxdy
S+

trong d6 S 14 phan mat phang (P) : z+y—2z = 0 nam trong hinh cau 22 +y2+2% = 1,
dinh huéng theo huéng véc to phap tuyén 7 = (-1, —1,1). Mt S ¢6 biéu dién tham

sO
S — z2=T+y
(r,y) e B :={2*+9y*+ (z +y)? < 1}

Do vay,
I=-1 // dudv = —Dién tich cia E.
E

32 o
% D3i bién

2 1
Tacé,E:{quLuv—i—vZS%}hayla(u—l—g) - <3

3 1
u+%:rcosgo,\/%:7”sincp, (7“,90)6 [07_} X[O’QW]'

V2

Dinh thiic Jacobi ctia phép bién doi
d(u,v) 2

det = 7.
d(r,o) /3

Dé dang tinh duge

2 1A/2 /27r T
I=—— rdr dp =——.
V3 Jo 0 V3

Luu ¥, c¢6 thé tinh dién tich ctia E mot cach don gian nhu sau. Ta ¢6 E 1a hinh chiéu
ctia hinh tron I6n £ : 2% +y> + 22 = 1,2 +y — 2z = 0 lén mat phang Ozy. Géc gitta
mat phing Ozy vA mat phing r +y — 2z = 0 1a cos# = — (bang goc giita hai véc to

V3

phéap tuyén 7 va k = (0,0,1). Theo cong thiic lien hé gitta dién tich hinh chiéu va
dién tich ctia vat thé, ta co

Dién tich ctia E = (cos ) x Dién tich ctia £ = -,

V3

Bai nay ciing hoan toan la tinh toan dugc néu biét cach biéu dién tham s6 clia dudng
tron 16n £

Z=r+Yy
L={x=%cost— +=sint ,te]l0,2n]
)

V2 V6
\/%sint



Cau 5(1.5 diém) Phuong trinh tham s ctia phan mat yén ngua ctia con khi 1a

3 TailieuVNU.com

%3 Y , (u,v) € D :=10,1] x [0, \4/3]

3
Dé thay véc to phap tuyén 71 = (—u?,v% 1). Do d6, tich phan mat can tinh la
1 V3
I= 16// wPoV1 + ut + vidudv = 16/ u3du/ v* V1 +ut + vido
D 0 0
1 3
:/ dm/\/l—I—x—l—ydy
0 0
1
:2/ (A+aVid+z—(1+2V1l+a)de
0
4 4
= 3@5@ —32-4V2+1) = g(25\/5 — 31— 4V2).
Téng diém toan bai 1a 11.5 diém

11.5=2+2+3+3+1.5



