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Cau 1.(1,25d) Khao sat tinh lién tuc tai diém O(0,0) ctia ham sd

(x2 +y?)sin o~ khi (x,y)#(0,0)
X" +y

a khi  (x,y) =(0,0)

f(x,y) = trong d6 a 1a tham s.

Bai giai.
Mién x4c dinh cua ham sé f(x,y) dang xét 1a D = R2.(0,254)

<

Vi [sin <1 véi V(xy) nén 0<[f(x,y)|= (x2+y )sm ‘x +y ‘sm

x+y x+y

X" +y
(x2+y2)1=x2+y2—>0 khi  (x,y) — 0 (0,25d) nén theo nguyén 1y kep thi

im fo,y)= lim (x?+y?)sin—
X

(x,y)—(0,0) (x,y)—(0,0)
Do d6, néu a = 0 thi f(0,0) = 0 va ( I)irrg0 0)f(X, y) =(0,0) = ham s f(x,y) dang xét lién tuc tai
x,y)—>(0,

1
~=0.(0,25d)
+y

diém (0,0) (0,25d); nguoc lai, néu a = 0 thi f(0,0) = a = 0 tic lé‘(x, yl)imoyo) f(x,y) = f(0,0) =ham sb f(x,y)
dang xét khong lién tuc tai diém (0,0).(0,254d)
Cau 2.(1,5d) Cho ham sé f(x,y) = {1+ xyz)Wyxyz

2.1. Tim mién x4c dinh D ctia ham sé f(x,y); 2.2. Tim " yl)irﬁrgoyg)f(x, y).

Bai gidi.
, Xx=0
2.1. Ham s6 f(x,y) = (L+ xy? Jé-o" xéc dinh khi x2y +xy? = 0 <> Xy(x +y) =0 <> {y 20 =
Xx+y=0

mién xac dinh ctia ham s6 12 D = {(x,y) eR?x # 0} {(x,y)e R2ly = 0} {(x,y)eR? x +y = 0}, tic la tap
hop cac diém trén mat phang toa do Oxy khdng nam trén hai truc toa do Ox, Oy va duong thang y = -

x.(0,5d)

X2

22 it 1609 - o777 oy o) [ -

2

¥ im
1 Ix+y y 1 x>0 x+y
1+ xy? o2 = lim f(x,y)= lim [LT+xy?)d? = lim (1+x .
{( y )Xy } (x.y)—>(0.3) (x,y) = (x,y)»(o,s)( y ) " [(x,y)a(m)( y ) }
1
Pit t=xy? = t > 0 khi (xy) - (03) = |)in203)(1+ xy? o —I|rr3(1+t)
X,y)—> t—
2 lim y? 2
Taco lim -1 —_ ¥ 3
(xy)=>(03) X +y I|rr(1J X+limy T0+3
y— y—3

Suyra lim f(x,y)=¢e®.(1,0d)

(x,y)—>(0.3)

Cau 3.(0,75d) Chémg minh rang ham s f(X,y) = In% théa man phuong trinh Laplace
XS4y
o°f(x,y) . o°f(x,y)

=0 trong khdng gian R2.
X’ 8y2 g gg
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Taco f(x,y) = h——%t - In(x2 +y2)_% :—lln(x2 +y2)
X% +y? 2

ofxy 1 2x X :>azf(x,y)__1.(x2+y2)—x.2x_ x? —y?
2

=

. __ 0,5d), t
ox 2 x*+y? xX*+y’ ox? (x? +y?f (x2 +y?f (050 tuong
2 2,2 2 2
POy _ Y xE | 0Ty) Y g os)
oy (x2 + yz) oxX
A \ A 2922 s N 8f(X,y,Z) . 4R A
Cau 4.(1,25d) Cho ham so f(x,y,z) = x°y°z°. Tinh gradf(x,y,z) va ————= tai di€m Mo(1,1,1), biét

—

ol

tu ta cling €O

rang | duoc x4c dinh béi véc to MM, v6i Mi(-1,-1,2).

Bai gisi.
M=2xy222 M:zl.l{f =2
OX OX
+Tace LTOND) oo JOTALD 5 129 925 9250
oy oy
af (X1 y! Z) — 2X2y2Z 8f (17111) — 212121: 2
0z 0z
_ gradf 1) = T &L 7, QLY @ of (61’1’1) K=210+2j+2K(0,250)
Z

+ Ta c6 MOMl:(—1—1)T+(—1—1)T+(2—1)E:-27—2T+E:>‘|v|0|\/|l = (2 +(2)?+17 =3

do d06 céc cosin chi phuong cta véc to T la cosa = —%, cosp = —%, cosy =% (0,54d)
&;1'1) = (2 T+ 2 T+ ZE}(COSQ T+ cosf T+ cosy Ej =
ol
(2T+ 2+ 2?} _27.23, 100 222 0.25a).
3 33

Cau 5.(2,0d) Khao sat cuc tri ciia ham s6 f(x,y) = 6x%y — 24xy — 6x? + 24x + 4y® — 15y + 36y + 1.

+ Suyra

Bai gidi.

Mién xac dinh ctia ham s6 f(x,y) dang xét 1a D = R?,

a1:()(’)/) :12Xy_24y_12)( +24 =12(Xy—2y—X+ 2)=12(X _2)(y_1)

-Tacod 5 (x,y)
AY) _ 6x? — 24x +12y? —30y + 36 = 6(x? — 4x + 2y* —5y +6)

Suy ra hé phuong trinh dé xac dinh cac diém dimg (néu co) cia ham sé dang xét 1a

oaxy)
x 0 [120-2)(y-D=0 _ Jx=20-1-0 0250
FXY) _g  |6(x*-4x+2y*-5y+6)=0  [x’—4x+2y’-5y+6=0
oy
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_{x—2=0 _{x=2 [y =2
X? —4x +2y* -5y +6=0 2y?-5y+2=0 y=12
= Y Y = Y Y = Y (0,25d)
y-1=0 y=1 y=1
| [X*—4x+2y* -5y +6=0 | [x*-4x+3=0 [x =1
Xx=3

Nhu vay, ham s6 dang xét c6 4 diém dimg M, (2,2); M,(2,1/2) ;M,(11); M, (31).

) 2
o1Txy) ;(XZ’ Y) 19y -12 =12(y-1)= A(x,y) = % =12(y-1)
X X

2 2
~Taco 12TY) 1oy 94 212(x—2) = B(x,y) = Z-EY) Lok 9) =
oxoy oxoy

%:2@—30 =6(4y —5) = C(x,) =%=6(4y‘5)
A(X,Y) =B (x,Y) - A(X, Y)C(x, ¥) = 12% (x ~ 2)? ~12(y ~1).6(4y ~5) = 72[2(x ~2)* ~ (y~1)(4y -5)]

(0,5d)

A(2,2) =-216 <0

nén né 1a diém cyc tiéu va gia tri cyc tiéu 1a
A(2,2)=12>0

+ Tai diém dimg M, (2,2) ta c6 {
foe = 1(2,2) = 21.(0,25d)
A(2,1/2)=-108 <0

nén no6 1a diém cuc dai va gia tri cyc dai
A(2,/2)=-6>0

+ Tai diém dimg M, (2,1/2) ta co {
la fea = f(2,1/2) = 111/4.(0,25d)
+ Tai diém dimg M, (L1) ta c6 A(L,1) =144 > 0 nén nd khong phai 14 diém cuc tri.(0,25d)

+ Tai diém dimg M, (3,1) tacd A(3,1) =144 > 0nén n6 khong phai 1a diém cuc tri.(0,25d)

Cau 6.(1,5d) Tim gia tri nho nhat va gia tri 16n nhat ciia ham sb f(x,y) = xy trén mién déng D 1a hinh
tron x2 + y? < 1.

Bai giai.
Mién x4c dinh ciia ham s6 dang xét 1a R? va hién nhién 1a ham s6 f(x,y) dang xét lién tuc voi moi
X, y trong mién xac dinh cua no, nén ham s6 nay dat GTLN va GTNN trén mién dong D.(0,25d)

o (x.y) _

Ta c6 hé phuong trinh dé xac dinh cac diém ding. Hé phuong trinh nay c6 1

A g
oy

, tirc 1a ¢6 1 diém dimg (0,0) 1a diém trong ctia D va gia tri cia ham s6 f(x,y)

nghiém duy nhét {
tai diém nay la £(0,0) = 0.0 =0.(0,25d)

Bay gid ta xét gia tri cuia ham s6 f(x,y) trén bién ctia mién D, tirc 1a x, y thoa min x*> +y> = 1 =
YV=1-x3viy?>0nénl-x2><-1<x<1,dodo f(x,y) =xy=+xv1-x*> =g(X) véi -1 < x < 1.
(0,25d)

Khao sat cyc tri ciia ham s g(x) trong 2 trudng hop (y > 0 va y < 0) véi -1 < x < 1 ta nhan duoc

fmm=f[ V2 ﬂ_f[ﬁ ﬁ]z 1 afmaxzf(ﬁ ﬁ}_f[ 12 ﬁ};(o,?sa)

2 2
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2 2

2 2
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So sanh cac gia tri cia ham f(x,y) tim dugc ¢ trén ta nhan dugc GTNN(f) = —a'IE tglucac CO

(—i £J (i —£J va GTLN(f) = ta1 cac diém (—i —£j,(\/_ \/—J (0,25d)

22 2 2 2 22
. . X . |X=cost . .
Céch khac. (1) Phuong trinh tham s6 ctia dudong tron x% + y> =1 1a { int voi 0<t<2m, khi
y=si

d6 ham s f(x,y):xy:costsint:%sinZt voi 0<t<2zx. Vi -1 < sin2t < 1 =
1 1 1 1 . N L. A
—ESXySE<:>—E£f(x,y)Sznentacungnhandu:(yc ket qua nhu trén.

(2) Ap dung bit dang thac Cauchy

y’ 2|x||y|:|xy|<:>12|xy|c>—1£xy£1<:>
2 2 2

1 <f(x,y) < % nén ta ciing nhan dugc két qua nhu trén.
Cau 7.(1,75d@) Tim cyc tri ctia ham s6 f(x,y) =e™ véi didu kién x +y = 1.
Bai gidi.

Tacox+y=1ox+y-1=0=0(xy)=x+y-1=0.

OLOCY. M) _ o
OX
Lap ham L(x,y,A) = f(X,y) + o(x,y) =¥ + A(x + y—1)(0,25d) = oLy, M) =xe” + A, (0,25d)
oL(X,y, M) _x+y-1
O\
Xy —
9 ye? +A=0 onyo:E
do d6 ta dugc hé phuong trinh xac dinh cac diém dung la {xe® +1=0= e (0,254d)
X+y-1=0 Ao = —78
o’ (x,y) _ e A:azf(l/Z,l/Z)zﬁ
of(x,y) yer ox? ox? 4
4 - 2 2 4
Tai koz—£ ta co ox = M=ex”(1+xy):> B=a 1E(]/2’1/2)=5\/E
2 of(xy) _ e OX0y X0y 4
oy O (x.y) _ 2 O’f2,12) _4e

x-e? c=__=7e)_X*=
oy* oy? 4

4 4 4
(0,25d) = d*f(X,,Y,) = Adx’ + 2Bdxdy + Cdy* = %dx2 + %dxdy+€dy2 .(0,25d) Mat khéc ta

cO e(X,y) =x +y—1=0= do(x,y) = dx + dy = 0 = dy = -dx = d*f(x,,Y,) = —24/edx? <0, tirc 1a
dang toan phuong d’f(Xo,yo) x4c dinh am, (0,25d) do d6 ham sb f(x,y) = ¢ dat cuc dai tai diém
(xo,yo):(%,%j v gid trf cue dai f, —f(— —j /e .(0,250)

Cach khac. Vi e > 1 nén ham s6 f(x,y) = &9 dong bién voi ham s6 g(x,y) = Xy, nén dé don gian,
ta xét cyc tri ciia ham s g(x,y) = Xy, sau d6 suy ra cyc tri ciia ham sé f(x,y) = & = e9*¥), Két qua nhan
dugc ciing nhu két qua trén.



