TRUGNG PAI HQC CONG NGHE PE THI CUOI KY HOC PHAN GRATTHN
folakaialel (Hoc ky II nam hoc 2016-2017)

Thoi gian 1am bai 120 phut, khong ké thoi gian phat dé o
Pésol
Céu 1.(1.5d). Khao sat sy lién tuc tai diém (0,0) cta ham sb
XYy
_ ——~ khi
f(X,¥) =11-cos(x’® +y?)
0 khi x*>+y?=0

x> +y>#0

Cau 2.(1.5d) Tim cuc tri cia ham s6 f(x,y) = X\/y —X*—y+6x+8.

‘TZ 2xe? dy.

4-y
0
Cau 4.(1.5d) Tinh thé tich cua vat thé dugc giéi han boi cac mit z = x? +y? , x> +y? +2° =2,

2
Céu 3.(1.5d) Tinh tich phan hai 16p | = [ dx
0

Cau 5.(1.5d) Cho tich phan duong loai hai |=§X2dy—y2dXV(')’i L la bién cua nua hinh tron
L

x?+y> <1 , , . , A e e

0 dinh huéng duong. Tinh I theo 2 cach: Tinh tryc ti€p va dung dinh ly Green, so

y2

sanh 2 két qua thu duoc.

Cau 6.(1.5d). Tim nghiém riéng cta phwong trinh vi phan (y + e*siny)dx + (X + e*cosy)dy = 0 véi diéu
kién ban diu y(0) = g .
Cau 7.(1.0d). Tim nghiém cta phuong trinh vi phan y’ + ycosx = sinxcosx di qua diém (x.y) = (0,1).

g.com
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Cau 1.(1,5d)
X2y} (x> +y° .
Diéu kién dé ham sb f(x,y) =<1— Zoi(xz +yy2)) khi x*+y* =0 c6 nghia 1a 1 — cos(x? + y?)
0 khi x*+y®>=0
#0 < cos(x? + y?) = 1 < X2 + y? = 2k (KeN*) do d6 mién x4c dinh ctia ham sé f(x,y) dang xét 1a D =
{(x,y)eR? x? + y? # 2kn (keN*)}.(0,25d)

2
2 2y3 X +y
X2y*(x2+y?) X2y (x®+y?) 2 _

Khi (x,y) # (0,0) ta co f(x,y) = ———= — ——
1-cos(X“+y*) osin2 XY (x2+y2)sinzx +y
2 2
2,3 2,3
2y foy)= lim XY im L (ese
X +y ) (xy)—>(00) (xy)=(0.0) X +y* (xy)—(0.0) i x2+y2
2
X% +y?
2
2
+ Taco Og| |_|2X y | ‘Zy ‘< 2|y| — 0 khi (x,y) — (0,0) nén theo nguyén ly kep ta
x% +y?
X%y’
d lim =0(2)(0,25d
uoe lim 2 +y2 2)( )
sin X" 4y’
X2 + y2 . . 2 . sint
+ bat t= =t—>0 khi (xy) - (00 = Ilim =lim =1=
2 =00  x? 4+ y? >0t
2
. 1 1 1
lim > = > =— =1(3)(0,25d)
Cy)-00) 7y 2 +y2 %2 +y2 1
sin sin
2 lim — 2
x* +y? xy-00  x? +y?
2 2

Thay (2) va (3) vao (1) ta dugc (X,J)iLT}O,O)f(X’ y) =0.1=0=f(0,0) nén theo dinh nghia thi ham s6
f(x,y) dang xét lién tuc tai diém (0,0).(0,25d)
Céch khac.

X2y (x?+y?)  xPy*(x? +y2)[1+ cos(x* + yz)] B
1-cos(x? +y?) [1— cos(x® + y2)11+ cos(x® + yz)J -
x?y?(x* + y2)[1+ cos(x* + yz)] Xy (x4 yz)[1+ cos(x* + yz)] B x2y3[1+ cos(x* + yz)]

1-cos®(x? +y?) B sin(x? +y?) L [sin(x2+y2)T
Oy — 2
X +y

(C1) Khi (x,y) # (0,0) ta c6 f(x,y)=
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Vi 0 sI 2x%y I < IZX y | ‘Zy ‘ < 2|y| — 0 khi (x,y) = (0,0) nén theo nguyén 1y kep ta duoc
x? +y?
lim X'y’ =0; lim [1+ cos(x* + yz)]: 2 va lim w =1 nén ta duoc
ww»wmx +y (x,y)—>(0,0) (x,y)=>(0,0) X +Yy
( I)Irrg0 0)f (X,y) = 02 2 =0="(0,0) nén theo dinh nghia thi ham s6 f(x,y) dang xét lién tuc tai diém (0,0).
X,Y)—>

(C2) Khi (x.y)  (0.0) taco T(x,y) = 1X ():/osfz(x J:ryy )) (x)z( +yy2) ' [1—(2(052;32/ : y*)]

-Taco OSIXZ 2 I_sz y | \Zy ‘< 2|Y| — 0 khi (x,y) — (0,0) nén theo nguyén 1y kep ta
+
dugc  lim 2x2y >=0;

uw»wmx +y

- Mit khac, dit t=x*>+y*=t—0 khi (xy) - (00) va 1 — cost - 0 khi t — 0
2w w)

im OOyt 2t 2 2

=lim—=Ilm——=—-=2
(x9)-001—cos(x® +y?) t01-cost t0sint t0cost 1

Do d6 ( I)Im f(x,y) =0.2=0=17(0,0) nén theo dinh nghia thi ham s6 f(x,y) dang xét lién tuc
x.y)—>

tai diém (0,0).

Cau 2.(1,5d)
Mién xéc dinh cta ham sb f(x,y) = X\/y —x® —y+6x +8 dang xét 1a D = {(x,y) eR?|y>0}.

AXY) _ [y _2x+6

Ta o6 OX
TG (x,y) | x

o 2y

Do d6 hé phuong trinh dé xéac dinh cac diém ding ctia ham sé dang xét 1a

AXY) g (Jy-2x+6=0

(0,25d)

-1

OX X=4
= =
Ay, |2=-1=0 y=4
y ool
Nhu vay, ham sé dang xét c6 diém dimg duy nhat 14 P(4,4).(0,25d)
2 2
M:_z Azaf(i’@:_z
OX OX
2 2
Tace 0T Y) 1 g 0T L g ac— -2 (050
oxoy 2y oxoy 4 16
Fxy) X c_ @y _ 1
o ayly 8

, A<O .
Tai diém dung P(4,4) ta co {A 0 nén no la diém cuc dai va gia tri cuc dai la fea = f(4,4) =
<

20.(0,5d)
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2 oxe? A .
j dyta v€ mién lay tich phan D trong hé toa do Oxy la
0

/
€ 3

2

2
T cac can cua tich phan | = Idx
0

f 9

1

0

o

. N 0<x< . "
Néu tinh theo chiéu duong cua truc Oy thi D = { 2} , con néu tinh theo chiéu duong

0<y<4-x
0<y<4

cuatruc Oxthi D= (0,5d
’ {OSXS,M—y}( )

: x : , ¢V oxe?
Pé tinh 1 duge d& dang, ta ddi tht tw l4y tich phan |= j dy j . dx = (0,5d)
-y
0 0

4 2y 2 \/ﬁ 4 4 2y 4 8 _
] - dy:fe”dyifezyd(zw:e— ~& 1 050
| 4-yl, ) 29 2|, 2
Cau 4.(1,5d)

Thé tinh can tinh 1a V = j j j dxdydz (0,25d)
\Y

Vat thd V dugc giéi han bi mat trén 1a mat cdu x? +y? +z2 =2 =27, =/2—x2 —y? va mat

dudila matnon z, = /x> +y? ,nén z, <2<z, < x? +y? <z<,/2—x? —y? . Con hinh chiéu cia
vat thé V 1én mit phing toa do Oxy la mién D 1a hinh tron x? + y? < 1 vi giao tuyén ciia mit cau
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s o . . X?+y?+z°=2
X*+Yy°+2z° =2 véi mit nén z = /x> +y? 1a nghiém cua hé phuong trinh chinh la

Z=4X*+Yy?

duong tron x% + y? = 1.(0,25d)

Céch 1.

J2xiy?
Do d6 V = dedy J'dz _”(ZL/%V jdxdyzﬂ‘(\/Z—x2 —y2 =X +y? )1xdy(4).

x+y

Pé tinh tich phan hai 16p trén, ta ddi bién trr toa do Descarter (x,y) sang toa do cuc (r,Q)

X=rcose . WXy =T
] khidoéJ=rva
y=rsine \/2—x2—y2:\/2—r2
mién D’. Trong toa do cuc (r,p) mién D’ duge xac dinh nhu sau:

o . X=rcosq o o )
- D61 vdi toa d6 r: Thay ) vao phuong trinh hinh tron x* + y“ < 1ta dugcr*'<1=0<

y=rsing

(5). Qua phép d6i bién nay, mién D s& bién thanh

r<1(6);
- Pbi véi toa do ¢: 0 < < 2n(7).(0,5d)

Thay (5), (6) va (7) vao (4) ta dugc V:Td(pj.(\/Z—r2 —r)(dr_ Ijr\/Z—r dr— Irzer_
2n_—%l\/2—r2d(2—r2)—:[rzdr}:27{—%;[\/2—rzd(2—r2)—_([r2dr}:

I it et —

on ~L 20 eyl Ul g (1,22 1) _462-D sy
2'3 . 2 3 3 3 3

Céch 2.

X =rcos ¢
Doi bién tir toa do Descarter (x,y,z) sang toa do tru (r,,z) {y =rsin ¢ khi d6J =r. Qua phép doi
Z=17
bién niy, mién V sé& bién thanh mién V",

Trong h¢ toa do try, mién V’ duge xac dinh nhu sau:

Lo g A X=rcose | \ \ ) 2 2
- D61 voi toa d6 r: Thay ) vao phuong trinh hinh tron X* + y“ <1 tadugcr*<1=0<
y=rsinge
r<1i;
- Pdi véi toa d6 @: 0 < ¢ < 2.
X =TrC0S
- P6i voi toa do z: Vi { ? nén tir X’ +y® <z< 2-x*-y’suyrar<z<+2-r?
y=rsine
(0,5a)

n Vo-r?
Do do V = dexdydz = jjjrdrd@dz = zfd(pjl‘ rdr 2jdz = ((p (2)“ )j r(z|yﬁ)dr =
\% \A 0 0 r 0

ZnJl-r(\/Z—r2 —r)dr = Zn[.l[r\/Z— rzdr—j'rzer = Zn{—%j\/Z—rzd(Z— r2)—j'r2dr} =




TailieuVNU.com

12 I
onl = 22-r?)2| —L
23 3 3 3

] 27{—1+£—£J:@n-(0,56)

0 0

Cau 5.(1,5d)

i 2 2 < 1
(*)Tinh tryc tiép tich phan | = §x*dy —y?dxvéi L 1a bién ciia nira hinh tron {X +oy =% dinh
>
L

huong duong.

l, = §x2dy — ydx
Taco | = §X2dy— yodx =1, +1, voi : trong d6 Ls 1 doan thang c6 diém dau
L I, = :fxzdy—yzdx
L;

B(-1,0) va diém cudi A(1,0), L2 14 nira duong tron (cung AB) x? + y> =1 (y > 0).

1 1
- Trén doan BA: y =0 v6i-1<x<1=>dy =0= I, = {x’dy—y’dx = [x*.0-0%dx = [0dx =0.
Lt -1 -1

. X = cost
- Trén cung AB: Phuong trinh tham s6 cta nira duong tron AB lé{ it vo1 0 <t < m, khido
y =sin
dx = —sin tdt 5 ) o, _ _ t . T,
=1, = fx dy-vy dx:jcos tcostdt —sin“ t(—sin tdt) :j(cos t+sin t)dt:jcos tdt +
dy = costdt o 0 0 0

U9

n n . i
Jsin®tat = 1 sin? td(sin 1) - [ 1 cos* d(cost) = (sin - j
0 0 0

) cos®t
—| cost —
. 3

2 2<
X2+Y =1 ginh huéng
y>0

:0+£:ﬂ.
, 3 3

Suy ra I=I1+I2:O+%:%.(0,Sd)

(**)Tinh tich phéan | = §x2dy— y?dxvéi L 1a bién cia nira hinh tron {
L
dwong, bang cach dung dinh 1y Green.

Theo dinh 1y Green fP(X,y)dX +Q(x,y)dy = J‘J‘FQ(X, y) oP(x,y)

}dxdyvé d6i véi tich phan

OX oy
) P(xy) _ 2y
| = §x2dy— ydx = {P(x,y) B _Z I = Qy) _ PY) 2(x+Yy), khi do ta
L Q(x,y) =X QMX,Y) _ 5y OX oy
oX

2 2
duoc | = §x2dy— y’dx = j I 2(x + y)dxdy = 2” (X + y)dxdyvéi D 14 nira hinh tron {X Ty s 1.(0,56)
LT D D

y>0
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bé tinh ” (X +y)dxdy dugc thuén loi, ta doi bién tir toa do Descarter (x,y) sang toa do cuc (r,¢)
D

X =TrC0S 5 . \ . \
{ . ® khi d6 J =r. Qua phép doi bién nay, mién D s€ bién thanh mién D’.
y=rsing

Trong h¢ toa do cuc, mién D’ duge xac dinh nhu sau:
X =Trcos¢e

- Dbi véi toa do 1 Thay { .
y=rsine

vao phuong trinh cta hinh tron x? + y? < 1 ta dugc 2 < 1 =
0<r<1;

-DPdivéitoadd ¢: 0< @ < m.

T 1 1 T
Do do ”(x +y)dxdy = Id@f(rcosm +rsin@)rdr = Urzdr)U(coscp +5sin (p)d(pj =
D 0 0 0 0

r3
3

Suyra | = §x2dy— y2dx = 2“(x +y)dxdy = 22_4 .(0,5d)
! J 33

1

0

. = 1 2
J(sm ¢ COS([)M0 3 3

Nhu vy, két qua tinh tich phan | bang hai cach theo yéu cau c6 ciing mot gia tri.

Cau 6.(1,5d)

P(X,y)=y+e”sin
Tu phuong trinh vi phan (y + €*siny)dx + (x + e*cosy)dy = 0 suy ra (X,y)=y+e'siny
Q(X,y) = x +e*cosy

W:Hexcosy P 5
Y Py _200)
—GQéx,y) =1+e*cosy % X

X

do d6 biéu thuc (y + e*siny)dx + (x + e*cosy)dy = P(x,y)dx + Q(x,y)dy la vi phan toan phan (cap 1) cta
mot ham sb u(x,y) ndo do, tirc 1a du(x,y) = ou(x,y) dx + u(x,y)

dy =P(x, y)dx +Q(X, y)dy va phuong
trinh vi phan da cho tré thanh du(x,y) = 0 (8).(0,5d)

Do d6 ux.y)
OoX

=P(X,y) = u(x,y) :_[de :IP(x,y)dx+@(y) =

OX
S u(x,y) = [ (y+e"sin y)dx+o(y) < u(x,y) = xy +€*siny +o(y)
= ux.y) _ X+e*cosy+ d(g(y) = Q(X,y)=x+e*cosy+ d(z(y) =

d d
& X+e°cosy=X+e*cosy+ o(y) = o(y)
dy dy
Nhu vay, ta duoc u(x,y) = xy + e*siny + K v6i K 1a hang s tiiy y. Thay u(x,y) vira tim duoc vao

(8) ta dugc du(x,y) = d(xy + e”siny + K) = 0 = xy + e*siny = C v¢i C 13 hing s6 tuy ¥, 1a nghiém tong
quat cua phuong trinh vi phan da cho.

= 0= ¢(y) = K véi K 1a hang s tuy y.(0,5d)

Thay diéu kién ban dau y(0) = g vao nghiém tong quét vira tim dugc:

0.% +e°%.sin g =C < C =1 nén nghiém riéng can tim 1a xy + e*siny = 1.(0,5d)
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P(X,y)=y+e*sin X
xy)=y Y Vo cong thite u(x,y) = j P(t,y,)dt+ j Q(x, t)dt+ K véi

Cach khéac. Thay
Q(x,y) =x+e*cosy % 7o

X y
K 13 hiang sd tly ¥ va xo = Yo = 0, ta duogc u(x,y):I(0+etsinO)dt+j(x+excost)dt+K:
0 0

O+ (xt+e*sin t)‘z +K=xy+e*siny+K.(0,5d)

Thay u(x,y) vira tim dugc vao (8) ta duoc du(x,y) = d(xy + e*siny + K) = 0 = xy + e*siny = C v6i
C la hang so tuy y, 1a nghi¢m tong quét cua phuong trinh vi phéan da cho.

Thay diéu kién ban dau y(0) == vao nghiém téng quat vira tim duoc:
OE +e%sin =~ 5 =C < C =1 nén nghiém riéng can tim 1a xy + e*siny = 1.(0,5d)

Cau 7.(1,0d)
‘ : ‘ o e [P(X) = C0SX
Phuong trinh y’ + ycosx = sinxcosx la phuong trinh vi phan tuyén tinh véi ) .
g(x) =sin X cosx
(0,25a)
Ip(x)dx _ @sinx

Taco Jp(x)dx = Jcos Xdx =sin x = = J'q(x)ejp(x)dxdx = J'sin xcosxe" *dx =

e—fp(x)dx _ e—sinx
Ism xe*"*d(sin x) = Ism xd(e™"*) = e""* sin x —Ie““xd(sin X) =e"*sin x —e*"* = (sin x —1)e*"*, do do6

y= [J.q(x)ejp( X + C}e_fp( . [(sin X —1)e*"* + C]e’S‘”X sinx —1+—— = —.(0,5d)

C<:>101+C

sin 0 5|n 0
e

Tir yéu cau nghiém di qua diém (x,y) = (0,1) ta cé 1=sin0—1+ <&C=2

nén nghiém phai tim la y =sin X + —— 2 ——1.(0,254)
e™"

Ghi chu:

1. Theo Quy ¢ ché dao tao, diém duoc cho 1é dén 0,1

2. D6i v6i mbi cau, thi sinh co thé giai bang cach khac vai dép 4 an, khi d6 nguoi chim thi, trén co
so thang diém di c6 cua cau nay, dé nghi thang diém va trao ddi truc tiép v6i T6 truong dé thong nhat,
nham bao dam tinh chinh xac va cong bang.



