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Fekedede PE THI GIUA KY HQC PHAN GIAI TiCH 2
(Hoc ky II nam hoc 2016-2017)
Cau 1.(1,25d) Khao sat tinh lién tuc tai diém O(0,0) ctia ham sd

khi (x,y)=(0,0)

(x? + y? )Jarctan

f(x,y)= x? +y? trong d6 b 1a tham sb.
b khi (x,y)=(0,0)
Bai giai.
Mién x4c dinh cua ham sé f(x,y) dang xét 1a D = R?.(0,254)
Vi khi (xy) = (0,0) thi ——— —>+00 do d6 arctan—; L 5 < khi (xy) — (0,0)
X +y X“+y® 2

= 0<[f(x,y)|=|(x* +y?)arctan ———| < (x° +y2)g—>0 khi (x,y) — 0 (0,25d) nén theo nguyén ly
X2+

(x.y)—(0,0) (x.y)-(0,0) X% +

Do d6, néu b = 0 thi f(0,0) = 0 va ( I)irr?0 O)f(x, y) = f(0,0) =ham s6 f(x,y) dang xét lién tuc tai
X,y)—>(0,

kepthi lim f(x,y)= Ilim (x2+y2)arctan ! ~=0.(0,25d)
y

diém (0,0)(0,25d); nguoc lai, néu b = 0 thi f(0,0) = b = 0 tirc 1a( I)im(o O)f(x, y) = £(0,0) = ham sé f(x,y)
x,y)—>(,
dang xét khong lién tuc tai diém (0,0). (0,25d)
I +(y-5)°+1-1
X2+ (y-5)°
2.1. Tim mién x4c dinh D ctia ham s6 f(x,y); 2.2. Tim( I)irrgo 5)f(x, y).
x,y)—(0,

Cau 2.(1,5d) Cho ham sb f(x,y) =

Bai giai.

JXC+(y-5)%+1-1
x? +(y-5)°
5 nén mién xac dinh cua ham s6 12 D = RA\{(0,5)}.(0,5d)

22 Pitt=x2+ (y - 5)? =t — 0 khi (x,y) = (0,5).

SC(y-57+1-1 Jiv1-1 (Viri-1fVie1+1) 1
x*+(y-5° ot tlJte1+1)  Jre14l

2.1. Ham sb f(x,y) = xé4c dinh khi x? + (y — 5)? # 0 < hoic x # 0 hodc y #

Bién d6if(x,y) =

= lim f(xy) = lim—— 1o

()>(05) 50 Jt+1+1 JO+1+1 2

Cau 3.(0,75d) Chimg minh rang ham sé f(x,y,z) = ﬁ théa man phuong trinh Laplace

o*f(X,Y,2) . ot (x,Y,2) . 0*f(x,Y,2)
ox* oy® oz*
Bai giii.

=0 trong khong gian R3.

1
Taco f(x,y,z) = —(x2+y?+27)2

1
X2 +y? +72°
- of(x,Y,2) _ 1

™ _E( 2 4y? +22)_%_1.2x:—x(x2 +y? +22)_g



2 3 3 ieyVN xom
:%:—1.(x2+y2+22)2—x.(—g).(x2+y2+22)21.2x=—(x2+y2+z ) 2 +3x XIJ+)l/'£+z
X

O°f (x, y, 7) _ . -

(0,5d),twong tu ta cling €O (x +yi+z ) 2 +3y2(x2 +y? +22)

2 3 ;
va %:—(X2 +y? +27) 2 4327 (X +y? +27) 2
z
2 2 ? E E
x z

(0,25d).

Cau 4.(1,25d) Cho ham s f(x,y,z) = x?y?z%. Tinh gradf(x,y,z) va axy.2) tai diém Mo(-1,1,1), biét
0 |

rang | dugc x4c dinh bdi véc to MM, véi M1(0,-1,-1).

Bai gii.
A2 _pyyre | MO 5 e
OX OX
+Tace {AEND oo w —2.(-1)21.12 =2 (0,25d)
y
M:ZXZyZZ or=LlD 2.(-1%.121=2
0z 0z
— gradf (—111) = <" (51’1'1) pp ety o of (51’1’1) K=—21+2 j+2K (0,254)
X Z

+Tacéd MM, = (-1-0) i + @+1) j+ L+ K = (—1)? 22+ 22 =3 do do

. A 1 2
cac cosin chi phuong cua véc to | la coso = 3 cosp = 3 cosy = % (0,5a)

of (~1.11)
ol

+ Suy ra :(—27+ 2T+ ZE).(COSOLT+ cosBT+ COSyE) =
(— 27+2j+2 Ej.(— 17.27.2 E) _3% (0.25a).
3 3 3 3
Cau 5.(2,0d) Khao sat cuc tri ciia ham s6 f(x,y) = 6x%y — 24xy — 6x? + 24x + 4y® — 15y + 36y + 1.
Bai giai.
Mién xac dinh ctia ham s6 f(x,y) dang xét 1a D = R?,

of(x,y) =12xy — 24y —12x + 24 =12(Xy—2y—X+ 2)=12(X -2)(y-1)

, OX
-Taco ax.y)
=6X* — 24X +12y* —30y + 36 = 6(X* —4X + 2y* —5y + 6)

Suy ra hé phuong trinh dé xac dinh cac diém dimg (néu co) cia ham sé dang xét 1a

of(x,y) _

x 0 [12-2)y-D=0 _ Jx=20-1-0 0250
HFXY) _g ~ |6(x*-4x+2y*-5y+6)=0  [x’—4x+2y’-5y+6=0
oy
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{x 2=0 {x 2 [y=2
X? —4x +2y* -5y +6=0 2y* -5y +2=0 =12
= Y Y & Y Y = =Y (0,254d)
y-1=0 y=1 y=1
| [X*—4x+2y* -5y +6=0 | [x*-4x+3=0 [x =1
| X=3
Nhu vay, ham s6 dang xét c6 4 diém dimg M, (2,2); M,(2,1/2) ;M,(11); M, (31).
o*f (x,y) o (x,y)
=N 1oy -12=12(y-1)= A(X,y) = —— L =12(y -1
o y (y-D)= A0y =—73 (y-1
2 2
~Taco 12TY) 1oy 94 212(x—2) = B(x,y) = Z-EY) Lok 9) =
oXoy X
2 2
%=24y—30=6(4y—5):>C(X,y)=%:6(4y—5)

A(x,Y) = B2 (X, y) — A(X, Y)C(X, ) =12%(x — 2)> ~12(y ~1).6(dy —5) = 72[2(x — 2)° ~ (y ~1)(4y - 5)]
(0,5a)
A(2,2) =-216 <0 o . 2.
+ Tai diém dimg M, (2,2) ta c6 nén noé 1a diém cyc ti€u va gia tri cyce ticu la
A(2,2)=12>0
fee = 1(2,2) = 21.(0,25d)
s . [A(Q212)=-108<0 e .
+ Tai diém dung I\/|2(2,1/ 2) tacod nén no 1a diém cuc dai va gid tri cuc dai
A(2,/2)=-6>0
la fea = £(2,1/2) = 111/4.(0,254)
+ Tai diém dimg M, (L1) ta c6 A(L,1) =144 > 0 nén nd khong phai 14 diém cuc tri.(0,25d)

+ Tai diém dimg M, (3,1) tacd A(3,1) =144 > 0nén n6 khong phai 1a diém cuc tri.(0,25d)
Cau 6.(1,5d) Tim gi4 tri nho nhAt va gia trj 16n nhat ctia ham s6 f(x,y) = xy +x +y trén mién dong D 1a
hinh chit nhat dugc gidi han bdi cac duong thangx =1, x=2,y=2vay=3.
Bai giai.

Mién xac dinh cua ham s6 dang xét la R? va hién nhién 14 ham s6 f(x,y) dang x¢ét lién tuc voi moi
X, y trong mién xac dinh ctia n6, nén ham sé nay dat GTLN va GTNN trén mién dong D.

MY 1 g

Ta c6 h¢ phuong trinh dé xéac dinh cac diém dimg. Hé phuong trinh ndy c6

X
ax.y) =Xx+1=0

. X 2 2 S \
1 nghiém duy nhat { U tirc 1a c6 1 diém dung (-1,-1) 1a diém nam ngoai mién D nén khong
y
Xét.(0,25d)
Béy gio ta xét gid tri ciia ham sb f(x,y) trén bién ctia mién D:

- Trén duong x = 1 thi f(1,y) = ly+ 1 +y =2y + 1 v&i 2 <y < 3 nén fnin = £(1,2) = 5 VA fnax =
f(1,3) = 7.(0,25d)



0 b 3

- Trén duong x =2 thi f(2,y) =2y + 2 + y=3y + 2 v4i 2 <y < 3 nén fmin = f(2,2) = 8 va fmax =
f(2,3) = 11.(0,25d)

- Trén duong y = 2 thi f(x,2) =2x + X +2=3x +2 v&i 1 <X <2 nén fmin = f(1,2) =5 va fmax =
f(2,2) = 8.(0,25d)

- Trén duong y =3 thi f(x,3) =3x + x + 3 =4x + 3 v&i 1 <X <2 nén fmin = f(1,3) = 7 va fmax =
f(2,3) = 11.(0,5d)

So sanh céc gia tri cua ham f(x,y) tim duoc ¢ trén ta nhan dugc GTNN(f) = 5 tai diém (1,2) va
GTLN(f) = 11 tai diém (2,3).(0,25d)

Cau 7.(1,75d) Tim cuc trj ctia ham sb f(x,y) = xy voi diéu kién 2x + 3y = 5.

Bai gii.
Tacd2x+3y=5<2x+3y-5=0=o(X,y) =2x + 3y -5=0.
oL(X,y,2) _ y+ 2
OX
Lap ham L(x,y,A) = f(x,y) + o(X,y) = Xy + A(2X + 3y — 5)(0,25d) = oLk y.h) =X+ 3\ ,
LY A e i3y-5
oL
y+2r=0 X, =5/4
(0,25d) do d6 ta dugc hé phuong trinh x4c dinh céc diém dimg 1a {x+3L =0 =4y, =5/6
2x+3y-5=0 |A,=-5/12
(0,25d)
2 2
0 f(xz, Y)_o |a.? f(5/42,5/6) o
of(X,y) y OX X
- 2 2
Tai Ay=—— ta o o JOT0Y) g Bzwzl (0,25d)
of(x.y) _ « OXoy oxoy
oy f(xY) o |o_0f(5/4.56)
oy* oy*

= d*f(X,,Y,) = Adx® + 2Bdxdy + Cdy? = 2dxdy.(0,25d) Mit khéc ta c6 @(X,y) =2Xx +3y -5=0=

do(x,y) =2dx +3dy =0=dy = —%dx = d*f(X,,Y,) = —g dx* <0, tirc 1a dang toan phuong d*f(Xo,Yo)

xac dinh am, (0,25d) do d6 ham sb f(x,y) = Xy dat cuc dai tai diém (X0, Yo) = (% , gj va gia tri cuc dai

- =f(§,§j -2 (0,254)
46) 24
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