TRUONG PAI HQC CONG NGHE Pap 4n va Thang dié TallIeUVN U.com
flaiakale PE THI GIUA KY HOC PHAN GIAI TiCH 2
(Hoc ky II nam hoc 2016-2017)
Cau 1.(1,25d) Khao sat tinh lién tuc tai diém O(0,0) ctia ham sd
3 3

XY khi (xy)#(0,0)

f(X,y) =1x? +y? trong d6 ¢ 1a tham sé.

c khi (x,y)=(0,0)
Bai giai.
Mién x4c dinh cua ham sé f(x,y) dang xét 1a D = R?.(0,254)
|x smy ysmx| |x smy —y sin x |x35iny| |—y3sinx|_

Teco 0=l y)|_\ Xt +y’ |_\X oy eyt Tyl ey |
Xisiny| ly'sinx| | x| Xy e Ly
‘x2+y2| ‘x2+y2|_‘x +y ||S|ny| |SII’1X|_|X +y |1+ x2+y2|'1_‘x2+y2|+|x2+y2|g
;(—z y—z=|x|+|y|—>0(0,25d) khi  (xy) — 0 nén theo nguyén ly kep thi

: x®siny —y®sin x
lim f(x,y)= 32/ y2
(xy)—(0.,0) (. y)—>(o 0) X?+y
Do d6, néu d = 0 thi f(0,0) = 0 va ( I)irrg0 0)f(x, y) = f(0,0) =ham s6 f(x,y) dang xét lién tuc tai
X,y)—>(0,

=0.(0,254)

diém (0,0)(0,25d); nguoc lai, néu d = 0 thi £(0,0) = d = 0 tirc 1:;1( I)im(o O)f(x, y) = £(0,0) = ham s6 f(x,y)
X,y)—>(0,

dang xét khong lién tuc tai diém (0,0).(0,25d)
Cau 2.(1,5d) Cho ham sé F(x, y) = (ax + by)sin 2 sin 2
X 'y
2.1. Tim mién xéac dinh D ctia ham s6 f(x,y); 2.2. Tim( |)m2O O)f(x y).
X,y )—>
Bai giai.
. _a_. b . . {x=0 3 . .
2.1. Ham so f(X,y) = (ax + by) sin —sin — xac dinh khi y#0 = mién x4c dinh cia ham s6 1a D
X y #

= {(x,y) eR?|x = 0} {(x,y) eR?ly # 0}, tirc 13 tap hop cic diém trén mit phang toa do Oxy khong nam
trén cac tryc toa d§ Ox, Oy.(0,5d)
Sln

2.2. Taco 0<[f(x,y)|=|(ax + by)sin 2 5in ‘ lax + by]. sm
X oy

<lax + by1.1=
ax+ by <falx|+blyy >0 khi (xy) — (0,00 nén theo nguyén 1y kep thi
jax -+ by| < alx| + |bly]

Iim f(x,y)= Ilim (ax+by)sm—sm9_0(1 0d)
y

(x,¥)—(0,0) (x,y)—(0,0)

Cau 3.(0,75d) Chimng minh ring ham sé f(x,y,z) = arctan > +arctan ¥ +arctan = théa man phwong
y

z X
0*f(x,y,2) . ot (x,Y,2) N 0*f(x,Y,2)

=0 trong khéng gian R®.
ox? oy® 0z° g 99

trinh Laplace

Bai giai.
. of(x,y,2) 1 1 1 z y z
Taco % = 2 ot 21T V2 | T V2 L w2 w2452
<)y z x?) x*+y? xX’+z
1+£ } 14(2]
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2
0 fg(,zy, z) (Xzzf);z)z N (Xzzr;)z (0,5d), twong tu ta ciing ¢6
0% (x,Y,2) 2yz 2yx . 0f(x.y.2) 2zx 2zy
2 =T r L ome Tz, e VY 2 ST o T2 o2
oy (Y2 +2%)?  (y*+x?) oz (Z°+x%)" (Z°+Y)
2 2 2
_ 9 fg(,zy, 7),0 fg;,zy, ), 0 f(;gm 7) _ 0(0,25d).

Cau 4.(1,25d) Cho ham s f(x,y,z) = x?y?z%. Tinh gradf(x,y,z) va M tai diém Mo(1,-1,1), biét
ol

rang | duoc x4c dinh béi véc to MM, v6i Mi(-1,0,-1).

Bai gidi.
axy.2) 2xy°z’ M:Z.l.(—l)z.lz =2
OX OX
+Taco JAEND _oenre LTI 5 g2y 92 5 9.25a)
af(X,y,Z) — 2X2y22 af(li_l!l) — 2.12.(_1)2..1: 2
0z 0z
— gradf (1-11) = T 7, @=L 5 of (16’_1’1) K=21-2j+2K(0,25d)
V4

= J(-2)? +1 +(-2)* =3

+ Ta c6 MM, =(-1-1)i+(0+1) j+(-1-DKk=-2i+ j—2k =|M,M,

. 7 2 2
do d6 cac cosin chi phuong cia véc to | la cosa = —3 cosP = 3 COSYy = 3 (0,5d)

+ Suy ra M:(ZT_ZTJF 22).(cosa7+ cosBT+ COSij =
ol
(2 -2+ 2?).(— Ly ET—EEJ _-3% (0250).
3 3 3 3

Cau 5.(2,0d) Khao sat cyuc tri ciia ham sb f(x,y) = 6x%y — 24xy — 6x? + 24x + 4y® — 15y + 36y + 1.
Bai gidi.
Mién xéc dinh ctia ham s6 f(x,y) dang xét 1a D = R?,

ax.y) =12Xy — 24y —12X + 24 =12(xy — 2y — x + 2) =12(x — 2)(y —1)

. OX
-Taco o (x.y)
AXY) _ gy 2 —24x +12y* —30y +36 = 6(x* —4x + 2y* —5y +6)

Suy ra hé phuong trinh dé xac dinh cac diém dimg (néu c6) ctia ham sé dang xét 1a

of(xy) _

x 0 [12-2)(y-D=0 _ Jx=20-1-0 0250
HFY) _g ~ |6(x*-4x+2y*-5y+6)=0  [x’—4x+2y’-5y+6=0
oy
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X=2
{x 2=0 {x 2 {yzz
X? —4x +2y* —5y+6=0 2y* -5y +2=0 =12
= Y Y & Y Y & y=y (0,25d)
y—-1=0 y=1 y=1
| [X*—4x+2y* -5y +6=0 | [x*-4x+3=0 x=1
X=3
Nhu vay, ham s6 dang xét c6 4 diém dimg M, (2,2); M,(2,1/2) ;M,(11); M, (31).
0% (x,y) o*f (x,y)
———==12y-12=12(y-1)= A(X,y) =—————==12(y -1
o y (y-D)= A0y =—73 (y-1)
2 2
~Taco 12TY) 1oy 94 212(x—2) = B(x,y) = Z-EY) Lok 9) =
oXoy X
2 2
W=24y—30=6(4y—5):>C(x,y)=%=6(4y—5)

A(X,Y) =B(x,y) = A(X, Y)C(x, Y) =12(x — 2)* ~12(y —1).6(4y —5) = 72[2(x — 2)* ~ (y ~1)(4y - 5)]
(0,5a)
A(2,2) =-216 <0 o . 2.
+ Tai diém dimg M, (2,2) ta c6 nén noé l1a diém cyc ti€u va gia tri cyce ticu la
A(2,2)=12>0
fee = 1(2,2) = 21.(0,25d)
o . JAQRY2)=-108<0 . o .
+ Tai diém dung M, (2,1/2) taco nén no 1a diém cuc dai va gid tri cuc dai
A(2,/2)=-6>0
la fea = £(2,1/2) = 111/4.(0,254)
+ Tai diém dimg M, (L1) ta c6 A(L,1) =144 > 0 nén nd khong phai 14 diém cuc tri.(0,25d)

+ Tai diém dimg M, (3,1) tacd A(3,1) =144 > 0nén n6 khong phai 1a diém cuyc tri.(0,25d)
Cau 6.(1,5d) Tim gi tri nhd nhAt va gia tri 16n nhét ctia ham s6 f(x,y) = x* + y* — Xy — 4x trén mién
dong D 1a tam giac dugc gidi han bdi cac duong thang x =0, y =0 va 2x + 3y = 12.
Bai giai.

Mién xac dinh cua ham s6 dang xét la R? v hién nhién 1a ham s6 f(x,y) dang x¢ét lién tuc voi moi
X, y trong mién xac dinh cta nd, nén ham sb nay dat GTLN va GTNN trén mién dong D.

M:2x—y—4:0

Ta c6 hé phuong trinh (0,25d) dé xac dinh cac diém dimg. Hé phuong

oY)y o
oy

y=4/3
4 16

gia tri ctia ham sb f(x,y) tai diém nay la f(% , 5) =—-==.(0,25d)

trinh ndy c6 1 nghiém duy nhat { tte 14 ¢6 1 diém dung (8/3,4/3) 1a diém trong ctia mién D va

Béy gio ta xét gid tri ciia ham s6 f(x,y) trén bién ciia mién D:
- Trén dudng x = 0 thi f(0,y) = y? v6i 0 <y < 4 nén fmin = £(0,0) = 0 va fmax = (0,4) = 16.(0,25d)

- Trén duong y = 0 thi f(x,0) = x? — 4x v6i 0 < X < 6 nén fmin = £(2,0) = -4 va fmax = 1(6,0) = 12.
(0,254)



-1

- Trén duong 2x + 3y = 12 thi

A
min 19'19) 19

va fmax = f(6,0) = 12.(0,5d)

19 40

f(x, y)_gx —?x+16 vol 0
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<

X < 6 nén

So sanh cac gia tri ctia ham f(x,y) tim dugc ¢ trén ta nhan dugc GTNN(f) = —% tai diém (g , %J

va GTLN(f) = 16 tai diém (0,4).(0,25d)

Cau 7.(1,75d) Tim cyec trj ciia ham s f(x,y) = L + 1 vé6i diéu kién iz +
Xy

Bai gidi.
1 1 1 1

Taco —2+—2=—<:>—2+i2—%=O:>(p(X,y)=i2+i—
X

Xy 2 X

Lap ham L(Xx,y,A) =f(X,y)+Aop(X, y)——+ ! +k[
y

oL(x,y,A) _ 1 2h
OX x> x*
oL(x,y,7) 1 2A
= VAR
oy y-y
ob(x,y,A) 1 1 1
=+ —
o x? y?
1 2A
A
12 X, =Y1=2 X, =Y,
y? oy’ A =-1 A, =1
1 1 1
4+ =-==0
X y* 2
of(x,y)
OX
Tai Ao =-1 ta co
' ' of (x,y)
oy

— d°F(2,2) = Adx® + 2Bdxdy + Cdy? = —% dx?

—%dyz.(O,ZSd)

.1
X° y: 2
Ioo.
y. 2
2+ 2 2ozso

(0,254d)

o*f(x,y)
1|

2 2

Xt oY)
1 oxay

Y' o aM(xy)
oy°

Miit

=

khac

A=

C:

,(0,25d) do @6 ta duoc hé phuong trinh xac dinh cac diém dung la

0’f(22) 1
R
_0%(2,2)
ey
’f(22) 1
A
ta co
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:>d2f(2,2)=_%dx2<0, tic 1a dang toan phwong d*f(Xo,Yo) xac dinh 4m, do d6 ham sd

f(x,y) = % +% dat cuc dai tai diém (2,2) va gia tri cyc dai f_, =f(2,2)=1.(0,25d)

fxy) _ 2 |A_ o’f(-2-2) _1
ofxy) 1 ox’ x° ox’ 4
-T2 2 26( o

Tai A, =1 ta ¢ Ox X M:O — B:@f( 2, 2):0
oaxy __ 1 OXdy X3y

¥ oY Py 2 | _@f(-2-2) 1

ay’ y? oy* 4

= d°f(-2,-2) = Adx’ + 2Bdxdy + Cdy” = %dxz " %dyz (025d)  Mat  khic  ta 6

oY) =~ + 2 0 dex,y) =~ 2 dx— 2 dy=0= dp(-2,-2) = ~dx + L dy = 0 = dy = —dx
X° y 2 X y 4 4

:>d2f(—2,—2):%dx2 >0, toc 1a dang toan phuong d’f(Xo,Yo) x4c dinh duong, do d6 ham s

f(x,y)= 1 + 1 dat cuc tiéu tai diém (—2,-2) va gid tri cuc tiéu fo = f(— 2,—2) =-1.(0,25d)
Xy



