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Khéng gian riéng clia ma tran va tu dong ciu

Noi dung

@ Khong gian riéng clia ma tran va tu dong cu



Khéng gian riéng clia ma tran va tu dong ciu

Gia tri riéng, vec-to riéng, khong gian riéng

Cho A € M, ,, va tu dong ciu tuyén tinh T: R” — R" v — Av.
Néu ton tai A € R va x € R"\{0} sao cho
AXx = XX,

thi A dugc goi |12 mét gid tri riéng cha ma tran A (hay tu dong cdu T),
va x dugc goi 1a modt vec-to riéng clia ma tran A (hay tu dong ciu T)
tuong Ung véi A.
Néu X 13 mdt gia tri riéng clia A, thi tp hop

{0} U {x | x 1a mot vec-to riéng A tuong (ing vGi A}

dugc goi 1a khéng gian riéng cha ma tran A (hay tu dong ciu T)

tudng Ung véi A.

Ax

o
Ax=2Ax,A>0 Ax=Ax, A<0




Khéng gian riéng clia ma tran va tu dong ciu

Phuong phéap tinh

Cho A 1a mot ma trdn ¢G n X n.
Gia str X 13 mot gia tri riéng clia A. Khi d6 ton tai x € R™\{0} sao cho
Ax = Ax,

hay tuong duong
(M, — A)x=0.
Do x # 0, nén ta ¢
det(Al, — A) =0.

Phuong trinh nay dugc goi |a phuong trinh dic trung cia ma tran A.
Nhu vay:

@ Gia tri riéng cta A la nghiém X cla phuaong trinh d3c trung cla A.

@ Ma3i vec-to riéng clia A tuong (ing v6i A 1a mot nghiém x # 0 cla
(M, —A)x=0.

@ Khéng gian riéng clia A tuong Gng véi A 13 tdp nghiém cda

(A, — A)x = 0.



Khéng gian riéng clia ma tran va tu dong ciu

Vi du

C3u héi: Tim cac gia tri riéng va khdéng gian riéng
tuong Ung cla ma tran

y

A |-t O ) ON[ON &)
10 1
Trd I5i: Phuong trinh d3c trung cta A la
o A+1 0 | -
det(Ah—A) =0 & ‘ 0 N — 1’ =0« (A +1)(A—1) =0. x0) @0
*— X
Tasuy racacgiadtririengclita Alad; = —-1val=1.
@ Véi Ay =—1,tacd
0 O t .
Mh—-Ax=0< 0 _o|X=0&x=|, (véi t € R).

Khéng gian riéng tuong ng véi A\; = —1 la {[t O] T te R}.
@ VEi Ay =1, tacd

2 0
(Ag/g*A)X—O@ ‘0 0

Khong gian riéng tuong (ng véi A =1 la {[O s] T se R}.

x =0 x= m (véi s € R).



Khéng gian riéng clia ma tran va tu dong ciu

Tinh chat

Néu A va B 13 hai ma tran ddng dang, thi chiing cé cling cac gia tri riéng.
Ching minh:

Do A va B ddng dang, nén ton tai ma tran kha nghich P sao cho
B= P lAP.

Theo tinh chat clia dinh thirc, ta c6

M= B| = |\~ P *AP| = |P"Y(A)P — P"1AP|

= |P7Y(\l— A)P|

= [P7HA = Al|P
1

= — |\ —A||P
|P|| [|P]

=M — Al

Nhu vdy A va B cé cung phuong trinh dac trung,
va do dé A va B c6 cung cac gia tri riéng.



Khéng gian riéng clia ma tran va tu dong ciu

Tinh chat

Cho A la mét ma tran vudng.
Giad st \1,..., \x 12 cic gid tri riéng d6i mot khac nhau cha A,
v8i vy, ...,V la cic vec-to riéng tuong ng.
Khi d6, cac vec-td vy, ..., vy doc Iap tuyén tinh.
Chidng minh: Quy nap theo k.
@ V6i k=1: Do vy # 0, nén {v1} doc |ap tuyén tinh.
@ Gidslrvy,...,ve_1 doc |ap tuyén tinh. Xét hé thiic
avi+...+cve=0 (c1y...,cx ER).

Nhan A vao hai vé cia hé thiic trén, ta nhan dugc

ClAVI + ...+ cAv, =0 <& vy + ...+ el = 0.

a(Ar = Xvi + . F a1 (A1 — Mvi—1 = 0.
Do vi,...,vk_1 ddc lap tuyén tinh, va Aq,..., A\ d6i mot khac nhau, nén ta cé
Cl = ...=Ck-1 =0.

Nhu vay cxvi = 0, va do vi # 0, nén ¢, = 0.
Tém lai g = ... = ¢, =0, chiing tb vy, ..., v, doc |ap tuyén tinh.



Khéng gian riéng clia ma tran va tu dong ciu

Hé qua

Cho A € M, ,, va tu dong ciu tuyén tinh T: R” — R" v — Av.

@ Néu A cé n gia tri rieng doi mot khac nhau Aq, ..., A,
va Vi,...,V, |la cac vec-to riéng tuong (ing,
thi cac véc-to nay Iap thanh mét co sé clia R”.
Ma tran cla T trong co s nay |a ma trdn dudng chéo

D = diag(A1, ..., \n),

va hon nifa, ma tran A déng dang véi ma tran D.

@ Néu A I3 ma tran tam giac,
thi cac gia tri riéng clia A 13 cac phan ti trén dudng chéo clia A.
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Chéo héa ma tran
Ma trdn chéo héa dugc

e Ma tran A€ M, , dugc goi la chéo héa duoc
néu A dong dang v6i mét ma tran dudng chéo.

Vi'dy 1: Néu ma trdn A € M, , cé n gié trj riéeng d6i mdt khic nhau,
thi A chéo héa dudgc.

Vi'du 2: Ma trén

1 3 0
A=13 1 0
0 0 -2
chéo héa dugc vi P~1AP = diag(4, -2, —2) véi
1 1 0
P=(1 -1 0



Chéo héa ma tran
Tinh chat

e Néu ma trdn A € M, , chéo héa dugc, thi A c6 n vec-to riéng
doc 1ap tuyén tinh.

Ching minh:
Do A chéo héa dudc, nén ton tai ma tran kha nghich P sao cho

P AP = D = diag(d, ..., dn). (1)

Goi p1,...,pn 13 cic vec-to cbt cha P.
Do P kh3 nghich, nén pq,...,p, doc |ap tuyén tinh.
M3t khéc, tir (1) ta cé

AP = PD,

hay cu thé hon

Ap;:dip; (I: 1,...,").
Nhu vy, p1,...,Pn la cdc vec-to riéng cla A tuong lng vi cac gia tri
riéng dy,...,d,. Tém lai, A cé n vec-to riéng ddc lap tuyén tinh.



Chéo héa ma tran
Tinh chat

e Néu ma trdn A€ M, , c6 n vec-to riéng ddc 1ap tuyén tinh,
thi A chéo héa dugc.
Ching minh:

Gia sit A c6 n vec-td riéng ddc 1ap tuyén tinh pq,..., p, tuong Gng véi
cac gia tri riéng A1,..., A,. Xét ma tran
P=[p1: ... :pa

Do p1,...,p, d6c 13p tuyén tinh, nén P kha nghich.
M3t khac, do Ap; = A\jp; voi i=1,...,n, nén ta cé

AP=Alp1: ... ips] =[\iP1: .. AP
M 0O ...00
S 0 X ... 0
=[pr:...ipal | . .| =FPD
0 0 ... A\

véi D = diag(A1,. .., An)-
Nhu vy P~1AP = D |3 mdt ma tran chéo, tiic 13 A chéo héa dudgc.



Chéo héa ma tran

Hé qua: quy trinh chéo hdéa ma tran

Bai toan Chéo héa ma tran:
Cho truéc A € M,, ,. Tim mét ma trdn dudng chéo dong dang véi A.

Cach lam:

@ Budc 1: Giai phuong trinh d3c trung det(\, — A) = 0 dé tim cac
gia tri riéng cla A.

@ Budc 2: Tim cac khong gian riéng tudng (ng véi cac gia tri riéng.

@ Budc 3: Tu cic khéng gian riéng, tim n vec-to riéng ddc |1ap tuyén
tinh.

@ Budc 4: Néu khdng ton tai n vec-to riéng nhu vay, thi két ludn A
khéng chéo héa dugc. Nguoc lai, chuyén sang Budc 5.

@ Buédc 5: Néu A cé n vec-td riéng p1, ..., p, doc 1ap tuyén tinh, thi
két ludn A chéo héa dudc, va chi ra cu thé:

e Ma tran P véi cac cOt |a cac vec-to riéng trén, tic la

P=[p1: ... :pd

e Ma tran A ddng dang véi D = P 1AP |a ma tran dudng chéo,
v6i cac phan tir trén dudng chéo 13 cac vec-to riéng tuong ing.



Chéo héa ma tran

1 i

Yéu cau: Chéo héa ma tran

o

Lo gidi:
@ Phuong trinh dic trung clia A 13 det(\h — A) = (A —1)2 = 0.
Nhu vay A cé gi tri riéng duy nhat \; = 1.
@ Giai phuong trinh (A, — A)x = 0 ta dugc

S AR - B-F e

@ Nhu vdy cac vec-to riéng clia A c6 dang t {(1)] vGi t € R.

Khéng cé 2 vec-to rieng nhu vdy ma ddc |ap tuyén tinh véi nhau,
nén A khong chéo héa dugc.



Chéo héa ma tran

Vi du

Yéu ciu: Chéo héa ma tran

So lugc loi gidi:
@ Phuong trinh dic trung cia A la
det(\s — A) = (A —4) (A +2)? =0.

Nhu vdy A cé hai gia tri riéng A\; = 4, p = —2.
@ Giai cac phuong trinh (il — A)x = 0 vé6i i = 1,2 ta dugc:
@ Vec-to rigng p; = (1,1,0)7 tuong ing véi A\; = 4.
@ Cac vec-to rigng py = (1,—1,0)7 va p3 = (0,0,1)7 img véi Xy = —2.
@ Xét ma tran

1 1 0
P=[p1p2ps]=|1 -1 0,
0 0 1

ta c6 det(P) # 0, tiic 13 cic vec-td riéng p; pa p3 ddc |ap tuyén tinh.
Vay A chéo héa dugc, va ta céd
4 0 0
PlaPp=|0 -2 0
0o 0 -2
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Chéo héa truc giao Ma trén truc giao

Dinh nghia ma tran truc giao

e Ma trdn P € M, , dudc goi |a ma tran truc giao néu
pt=pT
Vi du: Cac ma tran sau day 1a ma tran truc giao:

0 1 06 0 —0.8
ool 01 0
08 0 06



Chéo héa truc giao

Tinh chat

Ma trén truc giao

e Ma trdn P € M, , 1a ma trin truc giao néu
cac vec-to cbt clia P 1a mot hé vec-to truc chuan.

Chirng minh: Dua trén nhan xét

P1-P1 P1°P2 ... P1°Pn

P2-P1 P2-P2 ... P2°P
PTP= ", . S

Pn-P1 Pn-P2 ... P1°Pn

v6i p1,...,Pn lan luct 13 cic vec-to cbt clia P.



Chéo héa truc giao Chéo héa ma tran déi xiing
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Chéo héa truc giao Chéo hbéa ma tran doi xiing

Chéo héa ma tran ddi xiing bdi ma tran truc giao

NhSc lai dinh nghia:
Ma tran A € M, , dugc goi |13 ma tran dbi xiing néu A = AT

Mét sé tinh chat:
Cho A |3 mét ma tran ddi xiing. Ta cé:
@ Moi gia tri riéng cha A déu 13 sb thuc.
o Cac vec-to riéng clia A ng véi cac gia tri riéng khac nhau thi
truc giao véi nhau.
@ A chéo héa truc giao dugc,
tlrc 13 ton tai mot ma tran truc giao P sao cho
P~LAP 13 ma tran dudng chéo.



Chéo héa truc giao Chéo héa ma tran déi xiing

Quy trinh chéo héa truc giao ma tran dbi xiing

Bai todn Chéo héa truc giao ma tran déi xiing:
Cho truéc A € M, , 12 mdt ma tran dbi xiing.
Tim mét ma tran truc giao P sao cho P~1AP |3 ma tran dudng chéo.

Cach lam:
@ Budc 1: Giai phuong trinh d3c trung det(\/, — A) = 0 dé tim cac
gia tri riéng cha A.
@ Budc 2: Tim cic khong gian riéng tuong Gng véi cac gia tri riéng.
@ Budc 3:

o V6i khéng gian riéng c6 sb chidu 1, chon vec-to riéng don vi.
o Vi khong gian riéng c6 sb chidéu > 2, tim mbt co s6

va truc chuan héa Gram-Schmidt co s6 nay

dé thu duoc cac vec-to riéng truc chuan véi nhau.

@ Budc 4: Goi p1,...,pn 1an ludt 13 cic vec-to riéng thu dugc.

Ma tran truc giao Pcan tim 13 P=[py : ... : p,).
Ma tran D= P 1AP |3 ma tran dudng chéo,
v6i cAc phan tir trén dudng chéo 13 céc gia tri riéng tuong Ging.



Chéo héa truc giao Chéo héa ma tran déi xiing

Vi du

Yéu cdu: Tim ma tran truc giao P chéo héa ma tran

2 2 -2
A=|2 -1 4
-2 4 -1

So lugc loi gidi:

@ Phuong trinh d3c trung chia A la det(A\s — A) = (A +6)(A — 3)2 = 0.

Nhu vay A cé hai gia tri rieng \; = —6, A\ = 3.
@ Giai cic phuong trinh (A\jls — A)x = 0 vé6i i = 1,2 ta dugc:
@ Vec-to riéng (1, —2,2)7 tuong (mg v6i A\; = 6
Chu3n héa vec-to riéng nay ta dugc p; = (% 3, 3) .

@ Cac vec-to rigng (2,1,0)7 va (—2,0,1)7 tuong Ging v6i Ay = 3.

Truc chuin héa Gram-Schmidt hé 2 vec-ta riéng nay, ta thu dugc

@ Ma tran truc giao P can tim la

1 2 2
3 —

= [P1 P2 P3] = _% f 34\@
3

Dang chéo héa clia ma tran A l1a P~LAP = diag(—6, 3, 3).



LLELS

Thank you for your attention!
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