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Exercise 1

Sketch the magnitude and phase spectra of the following signals

a. x(t) = 2e5tu(t)

b. x(t) = -2e-5tu(t)

SOLUTION

a. x(t) is unbounded → its FT is not defined (remember Dirichlet 

conditions in Lesson 6?) 

b. We have: 𝑋 𝜔 = ∞−
∞
−2𝑒−5𝑡𝑢(𝑡)𝑒−𝑗𝜔𝑡𝑑𝑡 = 0

∞
−2𝑒(−5−𝑗𝜔)𝑡𝑑𝑡 =

ฬ
−2

−5−𝑗𝜔
𝑒(−5−𝑗𝜔)𝑡

0

∞

=
−2

𝑗𝜔+5
= −

10

𝜔2+25
+ 𝑗

2𝜔

𝜔2+25
. Hence 𝑋(𝑗𝜔 =

2

𝜔2+25
, ∠𝑋 𝑗𝜔 = − tan−1

𝜔

5
. Sketches of 𝑋(𝑗𝜔 and ∠𝑋 𝑗𝜔 are:



Exercise 1 solution



Exercise 2

Find the frequency domain representation of the following signals

a. 𝑥 𝑛 = 𝑎𝑛𝑢[𝑛], 𝑎 < 1.

b. 𝑥 𝑛 =
3

4

𝑛
𝑢[𝑛 − 4].

SOLUTION

a. By definition, the DTFT of 𝑥 𝑛 is: 𝑋 𝑒𝑗Ω = σ𝑛=−∞
∞ 𝑥[𝑛]𝑒−𝑗Ω𝑛 =

σ𝑛=0
∞ 𝑎𝑛𝑒−𝑗Ω𝑛 = σ𝑛=0

∞ 𝑎𝑒−𝑗Ω
𝑛
. Since 𝑎𝑒−𝑗Ω = 𝑎 < 1, the (complex) power 

series converges to lim
𝑁→∞

1− 𝑎𝑒−𝑗Ω
𝑁+1

1−𝑎𝑒−𝑗Ω
=

1

1−𝑎𝑒−𝑗Ω
. 

b. Since 𝑥 𝑛 =
3

4

4 3

4

𝑛−4
𝑢[𝑛 − 4], applying linearity and time shift 

properties of the DTFT to the signal 𝑥′ 𝑛 =
3

4

𝑛
𝑢[𝑛] we arrive at

𝑋 𝑒𝑗Ω =
3

4

4
𝑒−𝑗4Ω𝑋′ 𝑒𝑗Ω . 

Substituting the result from part a for  𝑋′ 𝑒𝑗Ω yields 𝑋 𝑒𝑗Ω =

3𝑒−𝑗Ω

4

4

1−
3𝑒−𝑗Ω

4

.



Exercise 3

Find the frequency domain representation of the following signals, 

given that 𝑦 𝑡 = 𝑒−𝑎𝑡𝑢 𝑡
𝐹𝑇

𝑌 𝑗𝜔 =
1

𝑗𝜔+𝑎
.

a. 𝑥 𝑡 = 𝑒−𝑎 𝑡 , 

b. 𝑥 𝑡 = sin 2𝜋𝑡 𝑒−𝑡𝑢(𝑡)

SOLUTION

a. We have 𝑥 𝑡 = 𝑦 −𝑡 + 𝑦(𝑡). Applying linearity and time scaling properties 

of the FT to 𝑥 𝑡 yields 𝑋 𝑗𝜔 = 𝑌 −𝑗𝜔 + 𝑌 𝑗𝜔 =
1

𝑎−𝑗𝜔
+

1

𝑎+𝑗𝜔
=

2𝑎

𝑎2+𝜔2.

b. We have:

𝑥 𝑡 =
1

2𝑗
𝑒𝑗2𝜋𝑡 − 𝑒−𝑗2𝜋𝑡 𝑒−𝑡𝑢 𝑡 =

1

2𝑗
𝑒𝑗2𝜋𝑡𝑒−𝑡𝑢 𝑡 −

1

2𝑗
𝑒𝑗2𝜋𝑡𝑒−𝑡𝑢 𝑡 . 

Applying linearity and frequency shift properties of the FT to 𝑥 𝑡 yields

𝑋 𝑗𝜔 =
1

2𝑗
𝑌 𝑗(𝜔 − 2𝜋) +

1

2𝑗
𝑌 𝑗(𝜔 + 2𝜋) =

1

2𝑗

1

1+𝑗(𝜔−2𝜋)
−

1

1+𝑗(𝜔+2𝜋)
.



Exercise 4

a. Find the inverse FT of 𝑋 𝑗𝜔 =
𝑗𝜔

1+𝑗𝜔 2, 

b. Find the FT of 𝑥 𝑡 =
1

2+𝑗𝑡 2

SOLUTION

a. Since 𝑒−𝑡𝑢 𝑡
𝐹𝑇 1

𝑗𝜔+1
, applying the differentiation in frequency domain 

results in 𝑡𝑒−𝑡𝑢 𝑡
𝐹𝑇 1

𝑗𝜔+1 2. Applying differentiation in time domain yields 

𝑥 𝑡 =
𝑑

𝑑𝑡
𝑡𝑒−𝑎𝑡𝑢 𝑡 = (1 − 𝑡)𝑒−𝑡𝑢(𝑡).

b. Since 𝑡𝑒−2𝑡𝑢 𝑡
𝐹𝑇 1

𝑗𝜔+2 2, applying duality property of the FT yields

𝑋 𝑗𝜔 = 2𝜋 −𝜔 𝑒−2 −𝜔 𝑢 −𝜔 = −2𝜋𝜔𝑒2𝜔𝑢 −𝜔 .



Exercise 5

Find the inverse FT of the signal 𝑋 𝑗𝜔 =
𝜋𝛿(𝜔)

𝑗𝜔+2
.

SOLUTION

➢ Since 1
𝐹𝑇

2𝜋𝛿(𝜔), 𝑒−2𝑡𝑢 𝑡
𝐹𝑇 1

𝑗𝜔+2
, applying linearity and convolution 

properties of the FT yields

𝑥 𝑡 =
1

2
∗ 𝑒−2𝑡𝑢 𝑡 = ∞−

∞ 1

2
𝑒−2𝜏𝑢 𝜏 𝑑𝜏 =

1

2
0
∞
𝑒−2𝜏𝑢 𝜏 𝑑𝜏 =

1

4
.

➢ System interpretation:

System

H[.]

Time domain: x(t) Time domain: y(t)

Frequency domain X(jω) Frequency domain Y(jω)

𝝅
𝝅/2



Exercise 6

A system is described by input-output relationship 𝑦 𝑡 = 𝑥 𝑡 + 1 + 2𝑥 𝑡 +
𝑥(𝑡 − 2). Find:

a. The impulse response of the system

b. The frequency response of the system

SOLUTION

a. Let 𝑥 𝑡 = 𝛿(𝑡), the impulse response is

ℎ 𝑡 = 𝛿 𝑡 + 1 + 2𝛿 𝑡 + 𝛿(𝑡 − 1).

b. Let 𝑥 𝑡 = 𝑒𝑗𝜔𝑡, the output is 𝑦(𝑡) = 𝑒𝑗𝜔(𝑡+1) + 2𝑒𝑗𝜔𝑡 + 𝑒𝑗𝜔(𝑡−2) =

𝑒𝑗𝜔 + 2 + 𝑒−𝑗2𝜔 𝑒𝑗𝜔𝑡 → the frequency response is 𝑦 𝑡 = 𝐻 𝑗𝜔 𝑒𝑗𝜔𝑡 =

𝑒𝑗𝜔 + 2 + 𝑒−𝑗2𝜔.

Alternatively: 𝐻 𝑗𝜔 = ℱ ℎ(𝑡) = ∞−
∞
ℎ(𝑡)𝑒−𝑗𝜔𝑡𝑑𝑡 = ∞−

∞
[

]

𝛿 𝑡 + 1 + 2𝛿 𝑡 +

𝛿(𝑡 − 1) 𝑒−𝑗𝜔𝑡𝑑𝑡 = ∞−
∞
𝑒−𝑗𝜔(−1)𝛿 𝑡 + 1 𝑑𝑡 + ∞−

∞
𝑒−𝑗𝜔0𝛿 𝑡 𝑑𝑡 + ∞−

∞
𝑒−𝑗𝜔2𝛿(

)

𝑡 −

2 𝑑𝑡 = 𝑒𝑗𝜔 + 2 + 𝑒−𝑗2𝜔.

System

H[.]

δ(t) h(t) = H[δ(t)]

𝑒𝑗𝜔𝑡 𝑦 𝑡 = 𝐻 𝑗𝜔 𝑒𝑗𝜔𝑡
ℱ



Exercise 7

A signal’s spectrum is presented in the below figure. Evaluate the following 

quantities without computing x(t)

a. 𝑥(0)

b. ∞−
∞
𝑥 𝑡 𝑑𝑡

c. ∞−
∞

𝑥(𝑡) 2𝑑𝑡

d. ∞−
∞
𝑥(𝑡)𝑒𝑗3𝑡𝑑𝑡

SOLUTION

a. We have 𝑥 𝑡 =
1

2𝜋
∞−
∞
𝑋(𝑗𝜔)𝑒𝑗𝜔𝑡𝑑𝜔 ⟹ 𝑥 0 =

1

2𝜋
∞−
∞
𝑋 𝑗𝜔 𝑑𝜔 =

4

𝜋
.

b. We have 𝑋 𝑗𝜔 = ∞−
∞
𝑥(𝑡)𝑒−𝑗𝜔𝑡𝑑𝑡 ⟹ ∞−

∞
𝑥 𝑡 𝑑𝑡 = 𝑋 𝑗0 = 1.

c. According to Parseval’s theorem −∞
∞

𝑥(𝑡) 2𝑑𝑡 =
1

2𝜋
∞−
∞

𝑋 𝑗𝜔 2𝑑𝜔 =
1

2𝜋
5−
−3

𝜔 + 5 2𝑑𝜔 + 3−
−1

−𝜔 + 1 2𝑑𝜔 + 1−
1
𝜔 + 1 2𝑑𝜔 + 1

3
−𝜔 + 3 2𝑑𝜔

=
16

3𝜋
.

d. We have −∞
∞
𝑥(𝑡)𝑒𝑗3𝑡𝑑𝑡 = 𝑋 𝑗(−3) = 2.


