Chuong 2. GIOT HAN (Phan 2.2.)
2.2. Gi6i han ciia ham s6 mdt bién
2.2.1. Dinh nghia gidi han ham s, cac tinh chét ctia giéi han
Tu doc {[1]. Chuong 3 (3.1, 3.2.)}

Xét ham sb thuc y = f(x) voi D(f)eR va R(f)eR tac 1a anh xa f: D(f)—)R(f) trong truong h0'p
tong quat nhat thi D(f) R(f) = R, twong tng véi anh xa f: R—R, khi d6 dbi s6 x va gla tri ham so

f(x) tuong ung co thé nhan ,cac gia tri {-o0, <mot sb hitu han>, +oo}. Nhu vay, co nhiéu nhat 9 dinh
nghia v€ gidi han ctia ham so f(x) tuong tng véi 9 truong hop sau day:

L
X f(X) | -o0 (hiru han) +00
-00 1 2 3
Xo (hitu han) | 4 5 6
+00 7 8 9

Mot cach ty nhién, truong hop 5 dugc xét dau tién.

Pinh nghia. (Trudng hop 5) Cho ham sb f(x) v6i D(f) = (a,b) (a, b 1a cac s6 hitu han), s6 hiru
han L duoc goi 1a gidi han cua ham s f(x) tai Xo (Xoc[a,b] 1a mot sé hitu han) va viét Ia
lim f(x) =L, néu voi Ve > 0 cho trudc bé tiy ¥, ma tim duoc sé & = 8(g) > 0 sao cho khi |X —xo|< 8
thi [f(x)—L|<e.

Vidu22.1.1.

(a) Cho ham s6 f(x) = x (f: R—>R). Chting minh rang lim f (x) = X, véi xo 12 mot s6 hiru han.

Ta thay D(f) = R nén xoeD(f). Gia sir cho trudc & > 0 bé tiy ¥, néu chon & = 8(¢) = & thi | x —
Xo|< 8 dong thoi véi | f(X) — Xo |=[x—xol<e suy ra theo dinh nghia lim f(X) = X,.

X*+x-6 s
(b) Cho ham so f(X)=—2.Chu'ngm1nhrang IIrY;f(X)=5.
Ta thiy D(f) = R\{2} tirc 1a diém xo = 2¢D(f). Gia sir cho trudc s6 € > 0 bé tly V, ta phai tim sb
2
5 = 8 > 0 sao cho khi |[x—2/<3 thi X+—X26—5<a. That viy, ta co
X_
2 _ 2 LY .
X* +x 6_5=|X ax+4| _|(x 2)|=|x—2|<s,khi do ta ldy & = 3(e) = & thi [x—2/<8. Theo
| X—2 | X-2 | |x—2|
. o . X*+XxX-6
dinh nghia thi lim f(x) = lim ————— =5.
X—2 X—2 X—2

(¢) Cho ham s6 f(x) = xsin 1 . Chung minh rang Iin’(l) f(x)=
X X—>
Ta thiy D(f) = R\{0} tirc 1a diém xo = 0eD(f). Gia sir cho trudc sé € > 0 bé tly y, ta phai tim sb

= 8(e) > 0 sao cho khi |[x—0/<3& thi [f(x)-0|= xsin =

X

xsini—o =
X

<g. That vay, ta co

sin = <[x|1=1[x|vi <1véi VxeD(f). Tir d6, néu |x - 0] = [x| < & < & thi suy ra

1
X Sin —‘:|x|
X

.1
sin —
X
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|f(x)—o|=xsin1 <g, nghia 13 ta c6 thé ldy & = 8() < e Theo dinh nghia thi
X

lim f (x) = lim xsin 1 =0.
X—0 X—0 X

Pinh nghia. (Truong hop 2) Cho ham sb f(x) véi D(f) = (-o0,b) (b ¢6 thé 1a sé hiru han hodc 1a
+00), $0 httu han L dugc goi 1a gidi han cua ham so f(x) tai diém am vO cung (-o0) va viét la
lim f(x) = L,néu véi Ve > 0 cho trude bé tiry ¥, ma tim duge s6 N < 0 ¢6 [N| du 16n sao cho khi x <N

X—>—0

thi [f(x)-L|<e.

Pinh nghia. (Trudng hop 8) Cho ham sb f(x) voi D(f) = (a,+0) (a c6 thé 13 -0 hodc 1 sb hitu
han), s6 hitu han L duoc goi 14 gidi han cia ham sb f(x) tai diém duong vo cing (+0) va viét 1a
lim f(x) = L,néu véi Ve > 0 cho trudc bé tiy ¥, ma tim dwoc sé N > 0 du 16n sao cho khi x > N thi

X—>+00

|f(x) - L|<e.

Nhdn xét. Hai dinh nghia trén c6 thé viét chung nhu sau: Cho ham s6 f(x) v6i D(f) = (a,b) (a ¢
thé 13 -oo hodc 1a s6 hitu han, b c6 thé 1a s6 hitu han hodc 14 c¢6 thé 14 +oo, a va b khong dong thoi hiru
han), s6 hitu han L dugc goi 1a giéi han cia ham sd f(x) tai diém vo cung () va viét 1a
lim f(x) = L, néu vé6i Ve > 0 cho trude bé tiy ¥, ma tim dugc sé N > 0 di 16n sao cho khi [x| > N thi

X—0

| f(x) - L|<e.
Vi dy 2.2.1.2. Cho ham s6 f(x) =2 ey Chtng minh rang lim f(x) = lim f(x) =2.
X X —>—00 X—>+00

1

Ta thiy D(f) = R\{0}. Gid st cho truéc & > 0 bé tly Y, ta thay [f(x)— 2= ‘(2 + —j —~ 2‘ 1
X

X

A

nen

A A 2 A A 1 \
<¢&. Muon vay, ta chi can lay N sao ch0|N| >= la

néu ta ldy N < 0 ma [N| du 16n thi [f(x)—2/= ‘1
X €

dugc. Khi d6, theo dinh nghia thi lim f(x) = 2. Tuong tu, ta chi can ldy N sao cho N > 1 thi chung
X—>—0 Fod

minh dugc Xlim f(x)=2.
Coi nh;;:ii tap, sinh vién tw dinh nghia 6 truwong hop con lqi.
Cic tinh chit ciia giéi han
Tir day tro di, khi viét limf(x) =L néu khong viét gi thém thi ta hiéu rang L 1a mot sd hiru han,
con a c6 thé 1a sb hiru han hodc .
Cho limf,(x) =L,, limf,(x) = L. Khi d6
(1) lim Cf,(x) = Clim f, (x) = CL, v6i C la hing 6
(2) lim [f.(x)+f,(x)]= lim f,() +lim f,(x) = L, + L,
@ lim[f, (f, ()] = uiina fl(x)JuiLna f,(0)]=L,L,
(@) tim 1) _ R h0 Ly i k0
= f,(x) Iimf,(x) L,

(5) Gia st ba ham sé f(x), g(x), h(x) théa man f(x) < g(x) < h(x) véi xe(a,b). Khi d6 véi
Xo€[a,b] ma lim f(x) = lim h(x)=Lthi limg(x)=L.
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(6) Cho f(x) 12 ham sé ting (giam) trén R; khi d6, néu f(x) bi chin trén (chin dudi) nghia 1a IM
sao cho f(x) <M (3N sao cho f(x) > N) véi VxeR thi 3 lim f(X) =L Uirrj f(x)= L).

Chitng minh twong ti nhw chitng minh cdc tinh chdt ciia day hoi tu.

. X X 1
Vi du 2.2.1.3. Chiing minh rang lim (1+ 3) =e, lim (1+ 1) =e va lim(L+x) =e
X X—

X—>+0 X—>—00 X

X
- Chirng minh lim (1+ lj =e. That vay, voi Vx > 0 bao gio ciing 3neN sao cho n < x < n+1,
X

X—>+00

suy ra i<1<£<:>1+i<1+1<1+1 Vi 1+i>1 1+1>1 1+1>1 van < x<n+l
n+l X n n+1 X n n+1 X n

n+l
1
1 n 1 X 1 n+l (1+n+1J 1 X 1 n 1
nén (1+—j <(1+—j <(1+—] <:>—<(1+—J <(1+—] [1+—j.
n+1 X n 14 1 X n n

n+l
(“ 11j 1Y 1Y'(, 1
Mit khac, khi x—>+o thi n — +c0 nén lim ”—+1 < lim (1+—] < lim (1+—j (1+—j
n—+o0 X—>+00 X N—+o0 n n

1+—
n+1
n+1 n+1
(1+] lim (1+]
lim n+ _nowel n+l) e
, | N>+ 1 B . 1 B 1—|— O B 1 X
Tacd 1+ — 1+ lim — lim ~Z| =e(d
n+1 n—s+o ) 41 xa+oo( XJ ( pcm)
lim (1+ EJ (l+ ij = lim (1+ lj .(l+ lim lj =e(l+0)=e
n—-+oo n n Nn— -+ n n—+w0 n

X—>—00

X
1
- Viéc chuirng minh lim (l+ Ej =e va Iirrg)(1+ X)x =€ coi nhu bdi tdp.
X X—

Néu lim f(x) = lim f(x) =L (L 1a sd hitu han) thi viét ghép limf(x)=L.Chang han, ta viét

Iim(1+ i) =e chung cho lim (1+ ij =eva lim (1+ 1) =€.
X—0 X X—>—00 X X—>+00 X

Vi dy 2.2.1.4. Tim gi6i han lim (\/x2 X2 +X - \/?]
Dit t = x? suy ra khi Xx—o0 thi t—>+00, do d6 lim (\/x2 X2 +x2 —\/7] =

Ilm(\/t+ t+/t - \/_J—Ilm

(fer o - ﬂ(m )

m = lim H = m

ta+oo t—+o0
\/t+\/t+\/— Ji \/1+jf 1+j¥+1 \/1+t||m\/_ 1+tllm\/_
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v1+0 1

== vi lim

1
V14017041 2 =4t

2.2.2. Gi6i han mot phia, gidi han vo cung

0.

Khi x—>Xo ¢6 hai kha ning: Hodc x—>Xo tir phia trai Xo, duoc viét 1a x—>Xo-0, hodc x—>Xo tir phia
phai Xo, dugc viét 1a x—>Xo+0. Khi do, n€u ton tai cac gidi han lim f(x), lim f(x) thi ta noi rang do
X—>Xq—0 X—>X+0

la céc gidi han mét phia, gii han trai (néu3 lim . f(x)) va giéi han phai (néu3 lim Of(x))
Nguoi ta da chig minh duoc rang lim f(x) =L < lim 0f(X) = lim Of(X) =L (L la s hitu han).
X=X X—>Xg— X—>Xg+

Néu f(x)—-o0 hodc f(x)—>+wo khi x—Xo (Xo c6 thé hitu han, hodc 1a -0, hodc 1a +w) thi ta noi
ham f(x) cO gidi han vé cung (sau truong hop con lai: 1, 3, 4, 6, 7, 9) va viét 1a f(x)—>o khi X—Xo

[fm £00 ==

Vi du 2.2.2.1. Tim cac gioi han trai va phai ctia ham f(x) = khi x—3. C6 ton tai gidi

1

X 4+ 2%3
han Iim3 f(x) khéng?
1
-Néux—)3-0thiL—)—m:Z“"—)OdOd(’) lim 1 — = 1 :1
X—-3 X—3-0 1 T340 3
X+ 2%3
2 1 L . 1 1
- Néu x—3+0 thi —— — 400 = 2*3 — +o0do d6 lim = =0

X—3 xa3+ox+2§ 3+OO

- Khong t6n tai gidi han IXILn3 f(x)vi Xllrglo f(x) # Xlir;lo f(x).

2.2.3. Khai niém vo cung bé va vo cung 16n

Ham s6 f(x) dugc goi 1a mot vo clng bé (VCB) khi x—Xo néu lim f(x) =0, ham s6 f(x) duoc
goi 1a mot vo cung lon (VCL) khi X—Xo néu )!I_r)rg |f (X)| =+00 v&i xo ¢6 thé 0hfru han, hodc 1a -oo, hoac la

+00).
Nhan xét:
-Néu lim f(x) = L thi ham s6 f(x) — L 1a mot VCB khi x—Xo.
X=X
- Nghich ddo ciia mdt VCB la mdt VCL va nguoc lai, nghich ddo cia mdt VCL 1la mét VCB, tic

13, néu £(x) 1 mot VCB khi x—Xo thi % 1a mdt VCL khi x—Xo va nguoc lai, néu f(x) la mot VCL
X

Khi X—sXo thi % a mot VCB khi x—Xo
X

2.2.4. Cac dang v6 dinh

Céc tinh chat ctia giéi han ctia ham s & trén chi dung khi gii han L1, L, twong tng ciia cac ham
s0 f1(X), f2(x) 1a hitu han, tuy nhién, trong thuc t€, cac ham nay c6 thé 1a VCB hoac VCL, do d6 ta can
phai nghién ctru chi ti€t cac truong hop nay.

Tt tinh chat (2) - phép cong hai biéu thirc, mdi biéu thirc ¢6 thé nhan cac gia tri (-o0, 0, +o0),
duoc viét theo cot thr nhat va hang thir nhat, ta duoc
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+ |-0| O |+
-0 | -0 | -0 | ?

0 |-0o| O |+
+0 | ? | +o0 | +o0

= dang vo dinh oo —c0

T tinh chit (3) - phép nhéan hai biéu thirc, mdi biéu thirc ¢6 thé nhan cac gia tri (-oo, 0, +o0),
duogc viet theo cdt thir nhat va hang thur nhat, ta dugc

x | -0 | 0400

-0 | +o0 | ? | -0 o e

0 >0l 2 1~ dang v6 dinh 0.00
+o0 | ~0 | ? | o0

Tir tinh chat (4) phép chia hai biéu thtrc, mdi biéu thirc c6 thé nhan cac gia tri (-o0, 0, +w0) duoc
viét theo cot thir nhat va hang thir nhat, ta dugc

[ | -0 |0+
o | ?2 1?2 ?
0?2 1?2] ?

7

= hai dang v6 dinh

olo
8|8

400

Chay 2.2.1. Cac bai toan tim gidi han cha yéu 1a viéc khtr cac dang vo dinh.
Pé khir dang vo6 dinhoo—ocokhi tim giéi han lim[f(x)—g(x)], trong do6limf(x)=ocova

lim g(x) = oo, noi chung, ta c6 thé bién d6i hiéu f(x) — g(x) thanh tich f(x)—-g(x) = f(x){l ?Exﬂ

} D61 voi cac dang méi

hode (x)—g(x) = g(x)ﬁxi 1}hoac £(x) — g(x) = F (X)g (X )[

nay, c6 nhiéu kha ning dé tinh gidi han hon.

9(q) ()

Pé khtr dang v6 dinh 0.0 khi tim giéi han Iim[f (x)g(x)], trong d6 lim f(x) =0va lim g(x) =

ta ¢ thé bién doi tich f(x)g(x) thanh f(x)g(x) = —)(dang —) hodc f(x)g(x) = M (dang — )

Vg(x) V(%)

Déi véi cac dang méi ndy, c¢6 nhiéu kha nang dé tinh gi¢i han hon.

Chuy22.2. Viéc st dung dinh nghia khi tim giéi han, néi chung la bai toan kho, do do chu yéu
13 bién d6i biéu thirc can tim vé cac dang gi6i han co ban di biét va 4p dung.

Cac gi¢i han co ban
sin x tan x . arctan x

lim 22X _ 1 = 1im 22X _ 1 va fim =1

Xx—0 X Xx—0 X Xx—0 X

1Y 2

Iim(l+—j =e= Iing(1+ X)X =e
X—00 X X—>

lim log, +X) = ! (0 <a#1) dac biét, khi a = e ta dugc lim In@+x) =1
x—0 X Ina x—0 X
. a¥-1 e LA . et -1

IIrrg =Ina(0 <a# 1) dac biét, khi a = ¢ ta dugc Ilng =1
X—> X X X

m @+x)" -1 _

x—0 X
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Cha y 2.2.3. Bang cach d6i bién, cac giéi han co ban trén c6 thé dugc str dung dudi dang

sinf(x) . . tanf(x) . . arctanf(x)
f0-0 f(x)  f0-0 f(x) om0 f(x)

f(x)
. 1 . 1
lim (l+—} :e,f(llgno[1+f(x)]f<x) =e

f0oe - f(X)
log,[L+f(x)] _ 1 ©O<a%1), lim In[L+f(x)] 1
100 f(x) Ina 1000 f(X)
fx) _ ) _

im & =Y Cina<az1), lim &—1o1
1000 f(X) f)-0  f(X)

lim M =a

£(x) >0 f(x)

Chl y 2.2.4. Ngoai cac gidi han co ban trén, ta cong nhan mot s6 gidi han sau, dé st dung:
Iirrg)aX =1(0<a#1), lima*=+w0(@>1),lima*=0(@a>1)

lim x*log, x=0 véia>1,k>0
x—0+0
log, x

2— =0 vdia>1,k>0 (khi x—>+o0, ham x ting nhanh hon ham logax)

lim
X—>+00 X

Xk
lim =~ =0 v&ia> 1 (khi x—>+o0, hdm a* ting nhanh hon ham x¥)

X—>+0 a

Vidu 2.2.4.1. Tim céc gidi han

. 1 4
a) lim| ——— dang vo dinh co—o0
@ tim 2t | dmevo

. ( 1 4 j , 1 4 X+2-4
lim| ——-—; = lim — =lim—— =
2(X=2 X°=4) 2 Xx-2 (X=2)(x+2)| x2(X-=2)(X+2)
. X—2 1 1
im——=1lim ==
2 (X—-2)(x+2) x»»2x+2 4

(b) lim (\/ X? +4x —X) dang v dinh oo—o0

X—>+0

2 2 2 )
|im(,X2+4X—X): lim (\/X +4X—XX X +4X+X): lim m_

X0 X2 +4X + X x>0 X2 44X + X

lim & dang vo dinhf
X X+ 4X + X ©
Iim\/zi4—x=lim 44 = 4 T :\/1 jo 1:2v‘| Iimizo
X—>+00 X—>+00 . . X—>+0 ¥
X" +4X +X \/1++1 \/1+4I|m+1 a0
X X—+0 ¥
(©) Iim( - —cotxj dang v6 dinh oo —o0
x=0\ §in 2X
. 2 . 2 COS X . 1 COS X
lim| — —cotx |=Ilim - —— =lim| — —— =
x-0\ sin 2X x-0\ 25jn X CcOSX  Sin X x-0\ S[n X COSX  SIn X
2 =2 H
im 270X i ST i S X yimtanx =0

x>0 §jN XCOSX  x>0SiN XCOSX x>0 COSX  x—0



Vidu 2.2.4.2. Tim céac giéi han

@) Iirq(l— X) tan n_ZX dang vo dinh 0.0

-batu=1-xnénkhix—>1thiu—->0 = Iiml(l—x)tann—xz Iing u.tanM:

. T T . T . u . 1
Img)u.tan E_Eu =I|rr3u.cot5u:llrr3 =I|ng =
u— u—| u— —
tanTu 7 tanZu
2 2
u
. 1 o2 1
I|rr(1)—: Im?)—
P tan Ty T T tan Ty
3 2
2 xy o
2 2
- bat v = Z u nén khi u—0 thi v—>0:>|irrgg ! :gl'rr(mJ ta:\v :g tlanv :E}:E
2 u_)ntanEu mvo v g, anv nl =w
Vv v—0 \Y
T
~u
2
(b) lim cot 2x cot(%—xj dang vo6 dinh 0.0
x—>z
o T A R T N . T
-Pbat u :Z_X nén khi x —>Z thiu —0 = lim cot2xcot(z—xj=
XA)Z
. . . . Sin2u cosu
lim cot 2 E—u cotu = lim cot E—2u cotu = lim tan 2u cotu = lim —_—=
u—0 4 u—0 2 u—0 u—0 cos2U sinu
sin 2u . sin2u
. Ssin2u cosu . sin2u cosu . u COSU us y cosu
lim - = lim — =lim — = - =
u=0 cOS2U SINU  u=0 sinu cos2u u=0 SINU cos2u lim SiInuU cos2u
u u—0 u
. sin 2u . sin2u
Ilmoz ou Ccosu _Z!m 2u cosu 21 1_2
__sinu T i T 11
lim cos2u lim sSinu  cos2u 11
u—0 u u—0 u
Vidu 2.2.4.3. Tim céc gidi han
3 2
. XT4+3XT—=-9x -2 .. 0 . R
(@) lim - dang vo dinh —vi x> +3x*-9x-2| =0vax’-x-6 =0
-2 X°—X—-6 0 x=2 x=2

do d6 néu chia lan lugt cac biéu thire x* +3x* —9x -2, x*~x -6 cho x —2

thi ta dugc cac két qua la x? +5x +1, x* + 2X + 3nén ta duoc

X2 +3x7—9x —2=(X-2)(x* +5x +1) va x> —x -6 = (X —2)(x* + 2x +3)
X33 -9x -2 . (X=2)(X*+5x+1) . Xx*+5x+1 x2+5x+1| 15

= lim 3 =lim 5 =lim = == ==
x>2  X°—-X-6 22 (X =2)(X“+2Xx+3) 22X +2X+3 X +2x+3|x:2 11

_1-4x 0
b) lim ——= dang vo6 dinh —
(b) Im 5 & gvodinh -
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— _ 3 _ 2
Ditx = 1 = t = ¥x nén ki xoL thl t->15 fim Y% i 270 _ g Q=0 L1 _

x—1 1_?{/; - t—o1 1_t2 N t—o1

1+ t+t? 1+t+t2|
lim =

=1 1+t 1+t

tan x —3$|n X dang v6 dinh 9
X 0

3
o 2

(©) lim

x—0

Ta bién déi tanx —sin X cosx _sinx—sinxcosx _sinXx(l-cosx)

x3 x3 x3 cos x x3 cos x

1 sinx 1—cosx .mtanx—sinx ( 1 sinx 1—cosxj

: i 3 =lim : —
COSX X X X0 X x>0 COSX X X

- 1 1 1 . sinXx
Vi lim = — ==-=1, lim——=1
x-0cosX limcosx 1 x=0 X
x—0

2 2
in2 X sin X in X
. l-cosx 2SS 1( 2) 1. M5 1. 1
va lim =lim =lim=-~——<="|im|l—& | ==.1=
x>0 X2 x>0 X2 x—0 2 (X 2 2%, X 2
2

2 2
o ( 1 sinx l—cosxj 1 sinx ,. 1-cosx
nén lim Adim

: — =lim Adim 5
COSX X X x=0 COSX x>0 X x=0 X
. tanx—-sinx 1
:>I|m—3:—
x—0 X 2
X

X —a (a>0) dang v6 dinh 9
X—a 0

x*—a®  (xX*-x")+(x*-a’) x*-x° N x* —a®
X—a X—a X—a X—a
-A .. Xx _Xa Xa Xx—a —l Xa[e(x—a)lnx _1] Xa[e(x—a)lnx _1]
- Bién d06i = ( ) = = Inx=
X-—a X—a X—a (x—a)lnx

X—0

@

Bién doi

e(><—a)|n>< _1 .
——X%Inx
(x—a)Inx

(x=a)lnx u (x-a)lnx
it u = (x-a)Inx = khi x—a thi u—0, * 1 e -1 in® 1

5 ) ) o Xx _ Xa ) e(x—a)lnx _1
Mit khac limx®*Inx =a®Ina, do @6 lim —— =lim — = x*Inx =

x->a x>a x—a xa(x—a)lnx’
e(x—a)lnx _

dimx®Inx=1a%*mha=a"lna.
X—a (X_a) In x x—a

(x-a)lnx u x> (X —a) In x

=lim

u—0

a{(xj - } a‘{(l+x—1j - } a{(ux_a) - }
p , & _ g2 a a a
_Biénddi X% _ _ _ _

X —a X —a X —a X —a
a X_aa X—aa
] - 1+2-%] —1
—gat a
L X2 X—a
" a a

L-t)(1+1)

e’ -1
u

=1
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Pit v=2—2 = khi x—athi v—0, 22 Y

a X—a Y
_oxP-at . vy . [@+v)-1
= lim :IlmaalQ:a“llmﬁza“.a:aa.
Xx=>a X —a v—0 \V t—0 V
e XY=a* [ x*-x* x*-a° XM =xt o x*-at .
Vay lim =lim + =lim + lim =a’lna+a’ =
X—a X—a X—a X—a X—a X—a X—a X—a X—a

a’(lna+l)=a’(Ina+Ine)=a"In(ae)

Vidu 2.2.4.4. Tim céc gidi han

2
@ tim X 23 g v dinh 2
x>0 2X° +3X +4 o0
1+2+3
. . 2 v o x?
Chia ca tir s6 va mau so cua phan thirc wmo x? thi dugc M,do do
2x* +3x+4 5,3, 4
+—t+
X X
2 L2y +3 1+g+—2 1+Iim3+limi2 1+2Iim£+3|imi2
Iimx + X + T X X% _ Xom X Xom X X—®0 X xoe X°
X—00 2 X—0 . - - -
2X"+3X +4 2+§+i2 2+I|m§+llmi2 2+3I|m1+4llmi2
X X X—0 ¥ X—0 ¥ X—o ¥ X—0 X
1+20+30 1 .. 1 e 1
——————=—Vilim==0va lim— =0
2+3.0+40 2 xo=X X0 X
(b) Iim?_)(;3 dang vo dinhf
x>0 2X° +3X +4 o0
1 3
; A 2 ol A +3 2 ;+F
Chia ca tir s0 va mau so ctia phan thitc —————cho x* thi dugc —*—"——, do do6
2x% +3x +4 2 3 4
+—+
X X
1 3 .1 . 3 .1 .1
3 —+ lim =+ lim — lim = +3lim —
Ilm X+ — Ilm X X — X—o X X—xo X — X—0 ¥ X—o ¥ _
X—>00 2 X—00 . - - -
2x" +3x+4 2+§+—2 2+I|mé+llmi2 2+3I|m1+4llmi2
X X X—0 ¥ X—0 ¥ X—o ¥ X—0 X
_0+30 _0_4 lim £ =0 va lim = =0
2+3.0+4.0 2 X—0 X x—0 X
3
© lim "> dang vo dinh 2
x>0 X +3 0
5
. X 2 x*+5 1+ 7
Chia ca tir s0 va mau so cua phan thirc —; cho X2 thi dugc X dodo
x*+3 1+i
x x°
5 .5 .1
w45 1tz lxlmog 1+5lim-7 1450 1
>I<I—To 2 3:>I<I—r>]201 3= 1 3= 1 1:0 30:6:
X S+ 5 limZ+lim > lim = +3lim 5 U
X X X—0 ¥ X—0 ¥ X—o ¥ X—0 X
Vi Iim1=0valimi2:0
X—0 ¥ X—0 ¥
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Jx

(d) lim dang vé dinh 2
Hw\/x+ X + /X ®
. 5 A \ X A 5 A ’ - '\/; 1
Chia c4 tir sO va mau so cua phan thirc lim cho+/x thi duge
H”\/xm/x+x/;
! ,dodélim\/ Jx =lim ! =
1+ i+ % X+ xalx \/1+ 1+ is
X VX X VX
1 B 1 1
- = 1
\/1+\/Iiml+ lim L J1o+0
X—0 ¥ X— X
(e) Iimﬂ dang v6 dinh *
s T ©
4 cot| — —Xx
)
f . T .
sin 2xsin| — — X . sin| ——X
i Lz, lan2x [4 j sin 2x [4 j
Bién doi = = =

n B n - T " c0s2X
cot| ——Xx C0S2X Cos| — — X cos| — —X
4 4 4
. T . T
. sin| — —Xx ) sin| — —x
sin 2x (4 ] _sin2x (4 ] _
T ' . T B T . . T B
cos| ——x| sin| — —2x Cos| ——X | sin2] ——=Xx
4 2 4 4

. sin E—x .
sin 2x (4 j _1  sin2x
i o (m T 2 of T
cos| ——Xx| 2sin| ——X [cos| ——X Ccos"| ——X
4 4 4 4
lim sin 2x
_ tan2x .1 sin2x 1 x>, 11
= lim———————=Ilim= =_. ==~ =1
T (n j ) z(n j 2 { 2'1
4COtl ——X 4 COS°| ——X . T
4 4 Ilnjrcos(ﬂr—xj
x—>Z

Gi6i han c6 dang lim[f (x) "™ trong truong hop thong thuong c6 két qua 1a [f(a)'® . Tuy nhién,

mot sb bai toan khi thay a vao cac ham nay thi lai nhan dugc két qua 1a 17 [f(X)—>1, g(X)—+] hodc
0° [f(x)—0, g(x)—0] hodc oo® [f(x)—>0, g(x)—0], rd rang cac biéu thirc nay khong thé xac dinh duoc
gia tri, nén no6 la cac dang vo dinh.

Trong céac trudng hop nay, ta c6 thé bién d6i cac dang nay vé dang vo dinh 0.00 nhd phép bién
i [FOOP = enlior — el i dglim[f ()P = e ") trong 6 gi6i han

lim g(x) In[g((x)] c6 nhiéu kha ning d& tinh hon.
N6i rieng, muén khir dwogc dang vo dinh 1**, hdu nhu cin ding dén giéi han co

ban lim (1 + 3) = e bang cach bién doi biéu thirc da cho nhu sau
X

X—0
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1 \ICO[Fe0-1]
[F )™ = ([1+ (F(x) —1)]f<x>1j

n - 2 - X , . X . n lim g()[f()-D]
Nhu vdy, ta di chuyén gi6i han can tinh lim|[f (X)]g(x) vé& danglim e9®lf(9-D] — g5 cod
X—a X—a

nhiéu kha ning d& tinh hon.

Viduy 2.2.4.5. Tim cac gidi han
1

. cos ax Xsin x
a)Ilm EEE——
x-0| cos(a — 2)x

1 1
cosax — |xsinx cosax xsinx cosax —cos(a — 2)x xsinx
_— =|1+— -1 =1+ =
cos(a —2)x cos(a—2)x cos(a—2)x
cos(a—2)x cosax—cos(a-2)x 1
cosax — Cos(a — Z)X cosax—cos(a—2)x  cos(a-2)x  xsinx
1+ —
cos(a —2)x
_ cosax—cos(a—2)x
cos(a-2)x xsin x cos(a—2)x cosax—cos(a—2)x
cosax —cos(a — 2)Xx \cosax—cos(a-2)x 1 | xsinxcos(a—2)x
1+ @-2) =|(@+t)
cos(a —2)x
B cos(a—2)x
. cosax —cos(a—2)x ,,. X . cosax —cos(a — 2)Xx |cosax-cos(@-2)x
Vol t = ( ) khi x—0 thi t—=0 = lim| 1+ ( ) =
cos(a —2)x X0 cos(a —2)x

cos ax—cos(a—2) X lim —2sin(a-1)xsin x . —2sin(a-1)x

( COS ax ]Xsm X x“:'o xsin x cos(a—2) x Xx—>0 Xsin x cos(a—2)x xToxoos(a—z)x
EEE—— e e e

1
lim(1+t)r =e, do d6 lim

-0 x-0{ cos(a — 2)x
. sin(a-1)x 1
lim 2(1-a)3M@DX___1 20-2) lim = hx T os(a-2)x yq 1
30 (oDx msaDx e 0 x50 _ 62(1 a)l] — p20-)
3x-4
. (X=2
(b) lim ( ]
X—>+o\ X + 1
—-9x+12
~ ~ x+ =3 . X+ %1 —9x+12
X2 3x—4 _3 3x—4 _3 73.x+1.(3x 4) _3\= 1 1
=2 =1+—=| =]1+— =[1+— =|(@+1t)
X+1 X+1 X+1 X+1
X+l
. -3 . . . -3 )3 . 1
v6i t = —— khi x—>+o0 thi t>0=> lim|1+——| ~ =lim({l+t) =e,
X+1 X—>+00 X+1 t=0
—9x+12 912
_ RS e lim X
o ) 3x—4 - _3 )3 + fim —2X+H2 xwe g 1
do @6 lim =lim||1l+— =g~ Xl =g X =
x—>+o\ X +1 X—>+00 X +1
9412 im L
X+ X
1 -9+12.0
e 1+xll>n1%; — e 140 — e_g — i
e?
Bai tap

X |~

A X 1
2.8. Chung minh rang (a) lim (1+ j =e, (b) Iirrg)(1+ X =g

32



t
HD: (a) D6i bién x = -t-1 va sir dung gi6i han da biét lim (l+ :tlj =e; (b) Ddi bién x = %, khi do

t—-+o0

t>w

t
khi x—0 thi t—0, sau d6 sir dung gi6i han da biét Iim(1+ %) =e

2.9. Dung dinh nghia giéi han, chirng minh rang (a) IIm V8-x =0, (b)lim 2x 23 =2.
X0 X 4
2.10. Tim gi6i han cta cac ham dudi ddy (néu c6):
) -2x+3 khi x<1 _ x? -1
a) limf(x) voif(x) = b) lim f(x) voif(x) =
(a) lim f (x) v6i f (x) {3X_5 o1 ) lim F0 V61100 = 7 —
sin X N
(© I|mf(x)vo1f(x)— | | (d) lim f (x) voif(x) =ex2
. . . .. 1 1
(&) lim f(x) véi f(x) = (3x + Ix —4) (f) lim f(x) v6if (x) = (; -~ NJ

9) |le3 f(x) voif(x) = '?;__|X|

2.11. Tim céc gidi han

@) tim[x], (b) lim 5[9} (@>0,b>0) () Iim[x4(1+2+3+...+[i2Dj, trong dé [o] 12 ham
x—4 x-0 g | X x—0 X
phan nguyén.

2.12. Giastr P, (x) = Za x* (a, # 0), chimg minh rang lim P, (x) = lim a, X"

X—>+00

2.13. Cho f(x) = 0 (( ))Vé’i m, neN* va Pm(X), Qn(x) 1a cac da thirc bac m, n tuong ung; tuc la
X

I:>m (X) = Zakxk (am # 0) ! Qn (X) = zbkxk (bn # O) '
k=0 k=0
(@) Tim lim f (x) néu a d6ng thoi 1a nghiém don cia cac phuong trinh Pm(X) = 0, Qn(X) = 0.
(b) Tim lim f(x),

HD: (b) Xét 3 trudng hop (m < n, m = n, m > n), d6i v6i mdi trudng hop chia ca tir sé va miu sb
cho xmax(mm,

2.14. Tim céc gi(’yi han sau

~11x-21 x4+ X7 =3x+2 _ X*=3x+2
a)lim=—=———"_"== b) lim 2 ¢) lim———=
()H7 x? —9x (b) fim x?—x*—x+1 © x-1 x* 4 2x%* -3
) (ixkj .
(d) I|m (m neN*) (@) lim L neN (f) lim VX1 G en®)
— p— X—>! X
©) leina (x —a()x—_na;a)2 (x—a) (M, neN®)

2.15. Biét Iimmzm, héy tinh lim (x).

x>l X =1

3x* +ax+a+3
2.16. Tim gi4 tri cta tham s6 a sao cho lim

5 ton tai. Tinh giGi han twong ing voi gia tri
x>2 X4 X-2

tim duogc cua a.

33



2.17. Tim céc gioi han sau

3x* -5x -6

xor ¥+ 3% +7x -1
(2x% +4x +5)(X* + X +1)

3 2 4
(a) lim X° 4+ 2X° +3x+4 (b) fim 2X" +
x-0 Ax3 +3x% + 2x +1
x* +5x3 +7
() lim (d)

xoe 2X° +3x* +1
2.18. Tim céc gidi han sau

x>= (X + 2)(X* +2x°> + 7x* + x -1)

(a) lim| -2 (b) lim{ —— ———1
-1\1-x 1-x° -2 X—2 X°—3Xx+2
1.1
() Iim(\/x+\/x+\/_—\/x—\/x—\/;j (d) Iim7X ;
X—>+00 X—>— X+
© lim VX =L nenw) O lim X FL=YXHL o heN®)
x->0 014+ x =1 X—0 X
2.19. Tim céc gidi han sau
3 - - _ -
(a)lim In(8x° +1) sin ax (©)lim sinx —sina
x-0 tan X tan 2X tan 3x x>0 tan bx x>a  X—a
(d) lim SOSX —C0sa ©lim V1+sin x —~/1-sin x
X—a X—a x—0 X
( lim \/1—tanx_—\/1+tanx (g)lim(tanx— 1 ) () lim &~ €08
x—0 sin 2X X" COS X x—0 2x 3x°
X 2 ax _ n-—2ax ax _ 4bx
@) lim 2= (a>0) ®lms % Olim— =%
xoa X — x>0 In(1+ X) x=0 sin ax — sin bx
(m) lim In(cos ax)
x>0 [n(cos bx)
2.20. Tim céc gi6i han
2 X
@) lim xz(Jx“ Fx2X 41 —\/2x“), (b) lim —“ZXI3 © lim 2 +3
X—>+oo X—>+oo X —+ X—>+oo —
2.21. Tim céc gidi han
(@) lim & (b) lim 1=& (c) lim 2n(tan x)
x>0 X x>0 §In X xot 1-cotx
(@ fim{ X=1 X @ lim[ 2*3 o (f)lim 1. 2x )%
x> X 41 x—x 2%% +5

(h) lim (tan x )*"**

T
X—>—
4

(9) lim (cos x)xiz

1

X2 + l 3x+sin X . sin3x
(k) leirg( o %1 1) (1 lerlg)[cot x(e 1)]
1
(n) ngoGi 2?: ))zjsmx (0) Iirrl(sin 2x)ta”22X

4

(1) lim 1

. [ L 1jx
e* +—

X—>00! X

(m) |ing(COS 3X)sin12x

(p) lim (cos x)%

34



