Chuong 3. PHEP TiNH VI PHAN CUA HAM SO MOQT BIEN
3.1. Pao ham
3.1.1. binh nghia dao ham, dao ham mot phia, y nghia hinh hoc va y nghia co hoc cia dao ham
Dinh nghia 3.1.1.1. Cho ham s y= f(x) xac dinh trong khoang (a,b), tirc 1a D(f) = (a,b). Khi do,
ham sdy= f(x) xac dinh tai 14n c4n diém xoeD(f), xét x thudc 14n can do, dit AX = X — Xo (duoc goi 1a
s6 gia cua ddi sb tai diém Xo, 16 rang 1a khi x—xo thi Ax—0) va Ay = f(x) — f(xo) = f(Xo+Ax) — f(Xo)

. f f . f AXx) —f
(dugc goi 13 s6 gia cia ham sb tai diém Xo). Néu lim == Ay = lim FOO=T0x) _ lim (Xo +AX) =T(X,)
AX—0 AX XX X=X, Ax—0 AX

tdn tai hitu han thi gidi han nay duogc goi 1a dao ham ciia ham $6 y = f(x) tai diém xo, déng thoi ta noi
rang, ham so y = f(Xx) kha vi tai diém Xo.

Vi Xo 1a mot diém bét ky thudc khoang (a,b) nén ta cé thé dung x thay cho xo va dé tién st dung,
nguoi ta thu’(‘rng ky hi¢u dao ham ctia ham s6 f(x) tai diém x bang mdt trong céc bi€u thuc sau day: y’,
y., F'(x), == tuy timg trudng hop, néu khong gy ra bat ky su hiéu nham nao.

Néu ham s6 y = f(x) kha vi tai moi diém x (a,b) thi ta néi rang f(x) kha vi trong khoang (a,b).
Vidu 3.1.1.1. Sur dung dinh nghia, tim dao ham ctia cdc ham s6 sau day
(a) y = f(x) = ¢ (c 1a mot hang s6) v6i D(f) = (a,b)

Taco Ay = f(x+Ax) —f(x) =c—c=0
= '(x) = lim Y Y _ i TXHA)=T0) _ iy O )
Ax—0 AX Ax—>0 AX Ax—0 AX

(b) y =f(x) =x" (neN) véi D(f) = (a,b)
Tacd Ay =f(x + AX)-f(X) = (X + AX)" -X" = ZC“ X" (AX)* -x" = (AX)ZCk K (AX) T

k=0

(Ax)z CEx" ™ (Ax)*?

= f'(x) = lim A _ im kel = lim {Cix”‘l +(AX)D_Crx" (Ax)k‘z} =
Ax—0 AX  Ax—0 AX AX—0 k2

Crix"*+ AIimO(Ax)Z CEX"™ (AX)*? =C:x" +0=C/x" = nx"™.
X—> =y
(©) y = f(x) = & (a > 0) véi D(f) = R

A — _ — A XtAX _AX _ AXfAaAX ' nL Ay_ H ax(aAX_l)_

Taco Ay =f(x +Ax)-f(x)=a a’=a"@”" -)=>f (x)_AILrDOE_AIiTOT_
X I; an -1 X
a* lim =a"Ina.
Ax—0  AX
(d) y=1(x) =sinx v6i D(f) = R

. AX AX

Taco Ay =f(x + AX) - f(x) =sin(X + Ax) —sin X = 2cos(x + 7)sm >
cos(x +stm AX
= f(x) = lim &Y = fim TXEA-T) o 2) 2
Ax—0 AX  Ax—0 AX Ax—0 AX

s AxY oS AX
lim .cos| x+— | = lim .lim cos| x +— | =1.coSX = COSX.
x>0 AX 2 Xy AX ax0 2

5 ar

2 2
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Dinh 1y 3.1.1.1. Ham ) y = f(x) xac dinh trong khoang (a,b) néu ton tai dao ham tai diém
Xe(a,b) thi ham sé y = f(x) lién tuc tai diém x.

Dinh nghia 3.1.1.2. Trong dinh nghia 3.1.1.1. néu fim 2Y = fim fXe®8%) =F(X,)
Ax—0-0 AX Ax—0-0 AX

hiru han thi gi¢i han nay dugc goi la dao ham bén trai cua ham ) y = f(x) tai diém xo, con néu
. A . (X, +AX)—F(x
lim &Y = lim (%o )—T(X)

Ax—>0+0 AX ~ AXx—0+0 AX

ctia ham sb y = f(x) tai diém xo.

ton tai

tdn tai hiru han thi gi61 han nay duoc goi la dao ham bén phai

Ciing nhu & Dinh nghia 3.1.1.1. Vi Xo la mét diém bét ky thudc khoang (a,b) nén ta c6 thé dung x
thay cho xo va d€ tién str dung, ngudi ta thuong ky hiu dao ham bén trai cua ham f(x) tai diém x bang
£(x-0) va dao ham bén phai ciia ham f(x) tai diém x bang f*(x+0).

Pinh 1y 3.1.1.2. £'(x-0) = f'(x+0) = L khi va chi khi £'(x) = L (L 1a mét s6 hiru han)
Vi du 3.1.1.2. Str dung dinh nghia, tim dao ham cia ham sb y = f(x) = [x|

- Khi x > 0 thi sgn(x) =1 vay = f(X) = x =Ay = f(X+Ax) — f(X) = X+AX — X = AX
on s AY L CAX
=100 = fim 25 = im 5 = im =1=s0n(
- Khi x <0 thi sgn(x) =-1vay = f(x) = -x =Ay = f(x+Ax) — f(X) = -(X+AX) — (-X) = -AX
Ay — AX

= 1100 = fim, o= Im e = im = ~L=s109

Do d6 f°(x) =sgn(x) khix #0

-Khix=0:

+£'(0-0) = lim A _ i FO0+A)-1(0) _ iy TA)-1(0)
Ax—0-0 AX  Ax—0-0 AX AX—0-0 AX

im =20 jim =2

AX—0-0 AX AX—0-0

+£'(0+0) = lim Y _ i FO£A)-1(0) _ ) T(AX)-T(0)
Ax—0+0 AX  Ax—0+0 AX Ax—0+0 AX

lim 220~ fim 121

Ax=0+0  AX AX—0-0

Do d6 £(0-0) # £(0+0) nén khong ton tai £(0).

Y nghia hinh hoc ciia dao ham: Pao ham ciia ham sb y = f(x) tai diém x bang hé sé goc cua tiép
tuyén v6i db thi ham s y = f(x) tai diém c6 hoanh do x.

Y nghia co hoc cua dgo ham: Quan h¢ gitra quang dudng s di dugc ciia mot vat théz tuong ng
voi thoi gian t, duge thé hién qua ham s6 y = s(t). Khi do, dao ham s’(t) la van téc chuyén dong cua
vat thé tai thoi diém t.

3.1.2. Cac quy tac tinh dao ham, bang dao ham cac ham s6 so cép

Pinh 1y 3.1.2.1. Gia sir cac ham s f(x), g(x) xac dinh trong khoang (a,b) va ton tai cac dao ham
£(x), g’(x) tai diém xe(a,b), khi d6 cac ham s f(x) + g(x), f(x).g(x), %[g(x) # 0] ciing ton tai dao

g(X

ham tai diém x va duge xac dinh nhu sau:

(D) [fx) + gx)]" = F(x) + 2°(x)
(2) [f(x)-g(x)]" = F(x).g(x) + f(x).g’(x)

f) | _ P ()90 -f(x).g'(x)
(3) - 2
g9(x) g9°(x)

voi g(x) #0
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Nhén xét
i - Quy tgic (1) ¢6 thé suy rong cho viéc tinh dao ham cua tong hitu han ham sd, chang han, d6i véi
tong 3 ham so6 thi [f(x) + g(x) + h(x)]” = *(x) + g’(x) + h’(x).
- Quy t’éc (2) co thé suy rong cho viéc tinh dao ham cua tich hiru han ham $0, chéng han, ddi véi
tich 3 ham so0 thi [f(x).g(x).h(x)]’ = ’(x).g(x).h(x) + {(x).2’(x).h(x) + f(x).g(x).h’(x).
DPinh 1y 3.1.2.2. (Pao ham cua ham hop)

1. Gia str ham s6 u = f(x) c6 D(f) = (a,b) va R(f) = (c,d), ton tai dao ham u, =f'(x) tai diém
xe(a,b);

2. Gia st ham sé y = g(u) c6 D(g) = R(f), ton tai dao ham y, =g'(u) taiu=f(x);
Khi ¢6 ham hop y = g[f(x)] ton tai dao ham tai X va duoc xac dinh nhu sau: y, =y, .u,

Nhan xét. Co thé mé rong dinh 1y cho trudng hop ham hop cta mot s6 hitu han ham sb. Chang
han, néu y = g(u), u = f(v), v=h(x) thi y, =y,.u,.v,

Dinh 1y 3.1.2.3. (Pao ham cua ham nguoc)

Gia s ham s y = f(x) c6 D(f) va R(f), don diéu ting (giam) trén D(f) va ton tai dao ham
Y, = f'(x) #0v6i VxeD(f), khi d6 ham s6 nguoc x = £(y) ton tai dao ham x, véi VyeR(f) va duoc

xac dinh nhu sau: X'y =—.
Yy
Dinh 1y 3.1.2.4. (Pao ham theo tham so)
X = X(t)
y=y(t) v
cung xac dinh trong khoang (a,b), dong thoi ton tai cdc dao ham x’(t), y’(t) va x’(t) # 0 tai diém
te(a,b). Khi d6 ton tai dao ham y =f'(x) tai diém x = x(t) va dugc x4c dinh nhu sau:
L "(t
y, =0 =L
X'(t)
Dinh 1y 3.1.2.5. (Pao ham ciia ham dn)

Gia str ham sd y = f(x) dugc cho duéi dang tham sé { trong d6 cac ham sb x(t) va y(t)

Gia str y 1a ham ctia d6i s6 x dugc cho boi dang thirc F(x,y) = 0. Néu ton tai dao hamy’ thi no
duoc xac dinh nhu sau.

(1) Tinh dao ham Vé trai cia ddng thirc F(x,y) = 0 (khi xem y 1a ham cua x) va cho biéu thirc ctia
dao ham vura tinh dugc bang khong;

(2) Giai phuong trinh vira nhan dugc déi v6i y, va nhan duge y, =f(x,y).

Nhén xét. Viéc st dung dinh nghia’dé tjnh q‘ao ham cua mot hérq s6 duoc cho boi mot biéu thuc
phuc tap la khong don gian. Khi do, ta bién doi biéu thirc cua ham s6 v€ dang don gian hon va st dung
5 dinh ly ¢ trén (cac quy tac tinh dao ham) cung v6i cac dao ham cua cac ham so cap (dudi day) dé
tinh dao ham cta ham s6 da cho.

Bang dao ham cac ham s so cip

(x")Y=nx""  (neN)
ayr__ a—-1 &
(x*)=ax"" voiaeR= (W),:l 1 (n e N¥)
n

nfy,n-1
X

@)=a*lnavsia>0 = (e*)=¢"
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(log, x)'= voia>0vax#0 = (In x)'=1 voix #0
xlna X

(sinx)’ = cosx
(cosx)’ = -sinx

(tanX)'= —
COS“ X
(cot)'=——
sin“ x
. 1 .
(arcsin x)'= voi x| <1
1-x°
, 1 .
(arccosx)'=— voi x| <1
1-x°
(arctan x)'= 5
+X
, 1
(arccotx)'=— 5
+ X

Vi du 3.1.2.1. Tinh dao ham f(x) ctia ham sd y = f(x) = a*sinx
Céch 1. Si dung dinh nghia dé tinh

Ta co Ay = f(x+Ax) — f(x) = a*"sin(x+Ax) — a*sinx = a*[sinx.(a**cosAx — 1) + cosx.a**sinAx]

, . A . sin x.(a™ cos Ax —1) + cos x.a™* sin Ax
:>f(x)=llm—y:hmaX ( ) =
AX—0 AX ~ Ax—>0 AX
< a™cosAx -1 . ax 1 SINAX
a*|sin X. lim ———————+cosx. lim a™. lim
Ax—0 AX Ax—0 Ax—0  AX

+ lima®=a’=1

AX—0

+ lim =1
AX—0 AX
. a™cosAx-1 .. a™ -1 cosAx-—1
+ lim ——————— = = lim| COSAX. + =
AX—0 AX AX—0 AX AX
sin ax Y
AX AX -
lim cosAx.a 1+COSAX 1 = lim cosAx.a 1—£.Ax. 2 =
AX—0 AX AX AX—0 AX 2 AX
2
sin ax Y
AX -
lim cos Ax. lim a 1—1. lim Ax/ lim 2 :1.Ina—£.0.12 =Ina
AX—0 Ax—0  AX 2 Ax—0 X 5 g
2

= f'(x) =a*(sinx.Ina+cosx.1.1) = a*(Ina.sin x +cos x)
Céch 2. Sir dung quy tic dé tinh

bat u(x) = a*vav(x) = sinx = y = f(x) = u(x).v(x) = y’ = f'(x) = 0’ (x).v(x) + u(x).v’(x) =
a*.Ina.sinx + a*.cosx = a*(Ina.sinx + cosx)

Vi du 3.1.2.2. Tinh dao ham f’(x) cta cac ham sb sau

(@) y = In(arctanx)
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Ta thiy, d6i s6 cia ham In 13 mot ham s6 khac nén ta phai dung quy tic tinh dao ham ctia ham
hop: Bat u = arctanx = y = Inu
:>y'=y'u'=l 11 1 1
OOV w14+ x® arctanx 1+x? (1+x?)arctan x
(b) y= earcsinx

Ta thay, doi sO ctia ham s6 mii co s0 e 1a mot ham so6 khac nén ta phai dung quy tac tinh dao
ham ctia ham hop: Pat u = arcsinx = y = e

— earcsinx 1 e

1—x2 -2 1-x?

arcsin x

=Y, =Y, U, =€

(€)y=x
Ta thiy biéu thuc x* khong phai ham lity thira va cling khong phai ham s6 mi, nén ta ding phép
bién doi nhu sau: Lay loga co s6 e hai vé cua dang thirc y = x* ta duoc Iny = Inx* = xInx = y = ™,

xInx

Do d6 y =™, bay gio dat u=xIlnx = y = ¢

=y, =y, .U =e".(xInx), = ex'”x(ln X +x.£j =x*(1+Inx)
X

Vi du 3.1.2.3. Cho ham s y = x + x% voi D(f) = R(f) = R, tinh dao ham X'y

Ham s y = f(x) = x + x3 lién tuc va don diéu trén D(f) vi dao ham y, =1+3x>>0 véi

vxeD(f), nén tén tai ham nguoc x = £i(y) voi D(fY) = R(f), do d6 X'y = i = ﬁ
Yy + oX

X

Vi du 3.1.2.4. Tinh dao ham cuoa ham sb y = f(x) dugc cho dudi dang tham sb

x=x(t)=acos’t . .
voi O<t<—

y =y(t) =bsin’t 2

. _y'(t) _ b3sin®t.cost b

Y« = 2 —— =——tant
x'(t) a.3cos”t.(-sint) a

Vi du 3.1.2.5. Gia sir ham s6 y = y(x) théa méan biéu thiic arctany — y + X = 0, tinh dao ham vy,
Pao ham hai vé biéu thirc arctany — y + x = 0 theo x khi xem y 14 ham ciia ddi s6 x ta dugc
Y
l+y
3.1.3. Céc dinh ly gi4 tri trung binh
Dinh 1y 3.1.3.1. (Pinh Iy Fermat) Néu ham s6 y = f(x) ¢c6 D(f) = (a,b) va R(f) = R [f: (a,b)>R]
dat cyc tri va kha vi tai diém ce(a,b) thi £(c) = 0.

(arctany),.y, -y, +1=0=

z—y;+1:>y;=1+%

Chirng minh
Theo gia thiét f(x) kha vi tai diém x = ¢ tirc 1a tdn tai £(c), £(c-0), £(ct+0) va £(c-0) = £(c+0) =
£(c). tirc 12 tn tai giéi han lim O AAX) —TO) ()=t (c-0)=F'(c+0).
X

AX—0
Mit khac, néu c 1a diém cuc dai ciia ham f(x) trong (a,b), tirc 1 f(c) > f(x) voi ¥xe(a,b) nén
f(c+Ax)—f(c) fle+ax)-1(c)

>0 khi Ax<0 [f'(c-0)= lim

AX N Ax—0-0 AX
FC+A)-T(C) v whi Ax>0 fes0)= lim TCHM-TE) 4
AX AX—0-0 AX

Suy ra f’(¢c-0) = *(c+0) = 0, do d6 f*(c) = 0.

Lap luan hoan toan tuong tw, néu x = ¢ 1a diém cuc tiéu.
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Dinh 1y 3.1.3.2. (Pink Iy Rolle) Gia st ham sé y = f(x) xac dinh, lién tyc trén [a,b] va kha vi
trong (a,b); khi d6 néu f(a) = f(b) thi ton tai diém ce(a,b) sao cho £(c) = 0.

Chirng minh

\{‘I f(X) lién tuc trén [a,b] nén theo dinh 1y 2.3.2.1. thi f(x) dat mdt gia tri bé nhét m va mot gia tri
16n nhat M. C6é thé 0 hai treong hop:

Trudng hop 1. m = M, khi d6 vi m < f(x) < M nén f(x) = m = M, nghia 13 ham sé f(x) khong d6i
trén [a,b], tirc 12 £(x) = 0 v6i VYxe[a,b] do d6 ta co thé 1dy ¢ 1a mot diém bét ky trén [a,b] thi £(c) = 0.

Truong hop 2. m # M, trong truong hop nay it nhat mot trong hai dlem cuc dai hodc cuc tiéu
khong thé tring v6i diém a hodc diém b duoc, vi néu nhu vay thi lai quay vé truong hop 1 do ¢o gia

thiét 1a f(a) = f(b). Suy ra, it nhit mot trong hai diém cuc dai hodc cuc tiéu dat duoc tai diém ce(a,b),
va nhu vay, theo dinh ly Fermat thi £'(c) = 0.

Dinh 1y 3.1.3.3. Dinh 1y vé s gia hitu han (Pinh Iy Lagrange) Gia sir ham sé y = f(x) xac dinh,

lién tyc trén [a,b] va kha vi trong (a,b); khi d6 ton tai diém ce(a,b) sao cho M =f'(c).
a —

Chirng minh
1 X f(a)—f(b) cy A \ e . .
Xét ham so h(x)=f(a)—-f(x)+ —b(x —a), theo gia thiet, ham so f(x)eCpapn va kha vi
a —_
trong (a,b) nén ham s h(x) €Cpap va kha vi trong (a,b).
n@ = f(@)- @+ D0 e g <0+ HETB 5

Mit khéc (o —-b — h(a) = h(b).
h(b) =f(a) — f (b) +Lb()(b—a) =f(a)—f(b)+f(b)-f(a)=0
Nhu vay, ham s6 h(x) hoan toan théa man cac diéu kién cta dinh 1y Rolle nén ap dung dinh ly
Rolle dbi voi ham sb h(x) thi 3ce(a,b) sao cho

h(©)=0 & h'(c)=—f(¢) + D —T0) _ ';(b) 0<:>—f(a)_];(b)=f'(c).

binh 1y 3.1.3.4. (Dinh Iy Cauchy) Gia st cac ham s6 f(x), g(X) xac dinh, lién tuc trén [a,b], kha
vi trong (a,b), g’(x) # 0 v6i moi xe(a,b) va g(a) # g(b); khi d6 ton tai diém ce(a,b) sao cho
f(a)—f(b) _f'(c)

g(a)-g(b) g'(c)’

Chirng minh
Xét ham sé h(x) :f(a)—f(x)+%[g(x)—g(a)], theo gia thiét, cac ham s6 f(x), g(x)
€Crap) va kha vi trong (a,b) va g(a) # g(b) nén ham s6 h(x) €Cpap) va kha vi trong (a,b).
f(b)-f(a) L fb)-f@) ,
MﬂMﬂchw)f@)f@) éa H@b()g(ﬂ 3(0)—g@ ° "
h(b) =f(a) - f(b) + a(b) [g(b) g(a)]="f(a)—f(b)+f(b)-f(a)=0
= h(a) = h(b).

Nhu véy, ham s h(x) hoan toan thoa mén cac diéu kién ciia dinh 1y Rolle nén p dung dinh 1y
Rolle dbi voi ham sb h(x) thi 3ce(a,b) sao cho
h(©) =0 & h(e) = () + =T gy g, T@ZTD) _THO).
g(b)-g(a) “y@-ob) g
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Nhén xét.

(1) Néu f(a) = f(b) thi cong thirc M = f'(c) tr& thanh £(c) = 0, nghia 1 dinh 1y Rolle 1a

truong hop riéng cua dinh ly Lagrange.

(2) Néu g(x) = x thi cong thire "D =TO) T g pann TOTO) _ oy nohiata dinn 1y
g@@)-g() g'(c) a-b

Lagrange 1a truong hop riéng cua dinh 1y Cauchy.

3.2. Pao ham cép cao

3.2.1. Pinh nghia dao ham cép cao

Cho ham s6 f(x) xac dinh, lién tuc trén [a,b] va kha vi tai moi diém x&(a,b), khi d6 £(x) dugc
goi la dao ham cap 1 cua ham s6 f(x) va ngoai ky hi¢u nhu trén con dugc ky hiéu la fO(x) . Néu ham
s6 £(x) kha vi tai moi diém x &(a,b) thi dao ham cAp 1 ciia f(x) dugc goi 1a dao ham cap 2 cua ham sb
°(x) va dugc ky hiéu 1a £°(x) hay fP(x)... Tong quat: Néu ham so f"Y(x), dugc goi la dao ham cap n—
1 ctia ham sé f(x), kha vi tai moi diém x e(a,b) thi dao ham cap 1 cua f"I(x), dugc goi 1a dao ham cap
n ctia ham s6 f(x), tirc 1a fW(x) = [{"D(x)]".

Vi du. Tim dao ham cap n clia cac ham s6 sau ddy, ma sau niy dugc sir dung nhu 13 cong thic
dao ham cap n co ban.

(@) f(x) =x% (aeR)

- Pao ham cép 1 cua f(x) a £(x) = ax*?

- Pao ham cép 2 cia f(x) 1a £(x) = [F(x)]” = (ax*!) = a(a — 1)x*?

- Dy doan dao ham cép n cua f(x) 1a fU(x) =a(@a— 1)(a—2)...(a—n + 1)x*"

Chting minh du doan trén bang phuong phap quy nap toan hoc

- Khi n =1 cong thuc ding

- Gia sir cong thirc dung véi n, tirc 1a ta c6 fV(x) =a(a—1)(a—2)...(a—n + 1)x@"

- Ta phai ching minh cong thirc dung véi n + 1, that vay: theo dinh nghia thi f™D(x) = [fV(x)]’
hay f™D(x) = [a(a—1)(@a—2)...(a—n+ Dx*"] =a(a—1)(@a—2)...(a—n + 1)(@a—n)x*" =
a(@a—1)(a—2)...(a—n + 1)[a— (n+1) + 1]x*™D (¢pcm)

m(m-21)..(m-n+1)x™" khi n<m
Pic biét, khi a=meN* thi (x" | = n! khi n=m
0 khi n>m
(b) f(x) = a* = fM(x) = (@)™ = a*In"n. Pac biét, khi a = e thi (&X)™ = e
f@(x)=cosx, f"(x)=-sinx
(¢) f(x) = sinx, ta thiy < f®(x) =—cosx, f®(x)=sinx
fO(x)=cosx, f®(x)=-sinx
Dy doan dao ham cip n cua f(x) = sinx 1a (Sin X)(n) = {(_1)i C?SX kh? n=2k+l
(-D*sinx khi n=2k
Chung minh bang phuong phép quy nap toan hoc

- Khi n = 1, twong tmg véi k = 0 thi (sinx)? = (-1)%cosx = cosx; con khi n = 2, twong g véi k =
1 thi (sinx)® = (-1)!sinx = - sinx; cong thirc trén dung.
(-D¥cosx khi n=2k+1

- Gia sir cong thirc trén dung vai n, tirc 13 ta ¢6 (sinx)™ = . _
(-)*sinx khi n=2k
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- Ta phai chung minh cong thuc trén ding véi n+1, that vay

+Véin=2k+1 thi n+1 = (2k+1)+1 = 2(k+1), theo dinh nghia thi (sinx)™? = [(sinx)™]’ =
[(-1)kcosx]’ = (-1)X(-1)sinx = (-1)¥*1sinx = (sinx)™Y;

+ Véin =2k thi n+1 = 2k+1, theo dinh nghia ta ¢ (sinx)™V = [(sinx)™] = [(-1)sinx]’ =
(-1)kcosx = (sinx)™D (dpecm).
Céch khac:

- Pao ham cép 1 cua f(x) = sinx 1a @ (x) = (sin x)® =cosx = sin(x +E)
- Pao ham cép 2 cua f(x) = sinx 1a

@
@ yy = [FO 1P Z | i T - T_g T . T_g i
f (x)_[f (x)]( _{sm(XJrzﬂ cox(x+2) 5|n[x+2+2) 5|n[x+2.2j

- Pao ham cép 3 cua f(x) = sinx la
@
fO(x) = [f @ (X)](l) = sin(x + Z.Ej = cox[x + Z.EJ = sin(x +2. 2 E) = sin(x + B.Ej
2 2 2 2 2

- Dy doan dao ham cdp n cua f(x) = sinx 1a £ (x) = Sin(x + ngj
Chung minh bang phuong phap quy nap toan hoc

- Khin=1thi f®(x)=(sinx)® = sin[x + gj = COSX , cong thirc trén ding.

co o A , Y L ro1s ; : T
- Gia st cong thirc trén dung véin, tirc lata cd ™ (x) = Sln(x + nzj

- Ta phai ching minh cong thirc trén dting v&i n+1, that vy, theo dinh nghia thi

o) &)
£ (x) = [f 0 (x)]” = {Sin(x + ngﬂ = (x + ngj cos(x + ng) = l.cos[x + ngj =

T . T T . T
cos(x + n.Ej = sme + n.E}LE} = sm{x +(n +1).§} (dpcm).

(-D*sinx khi n=2k
{(—1)" cosx khi n=2k+1

(d) f(x) = cosx, coi nhu bai tap, sinh vién ty chirmg minh

_ [ (-D*cosx khi n=2k
j_{(—l)k“sin x khi n=2k+1

Tom lal (Sin X)(n) = Sin(x + ng] —

(cosx)™ = cos{x + n.g

(e) f(x) = L voix #-1
1+x
Ta viét f(x) dudi dang twong duong f(x) = (1+x) ™

- Pao ham cép 1 cua f(x) 1a

£9(x) = [0+ 30" = D@+ Q%)= DA+ ) El= (DL
@+x)
- Pao ham cép 2 cua f(x) 1a
FO(x) = [(-1). 1.0+ %) 2" = (-1).1.(=2).A+ ) 2 A+ x)'= (=1).(-1).1.2.(1+ x) .1 = (~1)%.2!. (1+1X)3
- Dy doan ™ (x) = (-1)" —(1+r)](!)n+1
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Chimg minh bang phuong phap quy nap toan hoc

-Khin=1thi fO(x)=(-1" i )1+1 =(-)'——— - ) , cong thirc trén ding.

- Gia sir cong thurc trén diing véi n, tic 14 ta co ™ (x) = (-1)"

(1 + X)n+1 !
- Ta phai ching minh cong thirc trén diing véi n+1, that vay, theo dinh nghia thi

f(n+l) (X) — [f(n)(X)]<1) _ |:(_1)n ( )n+l:| [( 1) nl. (1+ X) (n+l):|()
(n+1)!

D"t - (N +D) ]2+ x) A+ x) = ()" (n+ DL AL+ x) P = ()™ W(dpcm)
I
M f(x)= 1 v6i x # 1, coi nhu bai tap, sinh vién ty chimg minh ™ (x) = Ll
1-x L-x)™
(9) f(X):1 ! > VOoix £+l
LA g R \ - 1 1 a b
Ta bién doi f(x) thanh dang don gian hon f(x) = 5 = = + =
1-x° (@+x)1-%x) 1+x 1-x
_ — —a+b=0
a(l-x)+b+x) _( a+b)x+(a+b):> + :>a:b=l,dodé
@+x)1-x) @+x)1-x) a+b=1 2

(n (n)
F(x) = 12=1( 1,1 j:m(x)J(Lj {Lj
1-x 2\1+x 1-x 2| \1+X 1-x

" 1
(l+ X)n+l (1_ X)n+1

Do @0, tir két qua cua cac vi du (f), (g) suy ra ™ (x) = {

(h) f(x) =Inx véix >0
- Pao ham cép 1 cia f(x) 1a £ (x) = (Inx)'= 1
X

®
- Pao ham cép 2 ctia f(x) 1a T (x) = [0 ()| = (lj = (-1).= = (D)L=
X X

@
- Pao ham cép 3 ctia f(x) a FO(x) = [f@ (x)[* = [( ) } - (—1).(—2).% - (—1)2.2!.%

. )" *(n-1)!
- Dy doan dao ham cap n cua f(x) 1a ™ (x) = M
X

Chimng minh bang phuong phap quy nap toan hoc

(Da-D!_ (D0 _

-Khin=1thi f®(x) = = —, cong thuc trén dung.
X

2 ka A ’ A 4 r.. 7 \ 14 _1 nil n _1 !
- Gia sir cong thirc trén ding véi n, tic 1a ta co ™M (x) = w :

- Ta phai ching minh cong thure trén dung voi n+1, that vay, theo dinh nghia thi
_1\n-1 Y @ _1\n-1 _1\I (— _N\"nl
f(n+1)(X) — [f(n)(x)](l) — |:( 1) gn 1):| _ ( 1) (nn+11)--( n) — ( 13+1n.
X X X
3.2.2. Cong thirc Leibniz
Quy tic tinh dao ham (1) cta Pinh Iy 3.1.2.1. dugc tong quat hoa va ching minh mot cach don
gian [f(x) + g(x)]™ = fV(x) + g™ (x), con quy tic (2) ciing cua dinh 1y ndy dugc tong quat hoa nhu sau
va duoc goi la Cong thirc Leibniz.

(dpcm)
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Gia sir cac ham sd f(x), g(x) xac dinh, lién tuc trén [a,b] va ton tai cac dao ham f9(x), g¥(x) (1
< k < n) tai moi diém xe(a,b), khi d6 cac ham s f(x).g(x) ciing ton tai dao ham dén cép n tai moi

diém xe(a,b) va dugc xac dinh nhu sau: [f (x).g(x)]" = > Ck " (x).g% (x) v6i quy udc fO(x) = f(x)
k=0
va g(x) = g(x).
Chirng minh. Dung phuong phap quy nap toan hoc
-Khin=1, céng thirc Leibniz tré thanh
[f().9()] ZCkf (%)% (x) = CIF P (x).99 () + C;f @ (x).g% (x) = F'(x).9(x) +f (x).g'(x)
k=0
1a dang thirc dung.
- Gid st cong thirc Leibniz dang véi n, tire 1a ta ¢6 [f(x).g(x)]" = > Ck " (x).g% (x)
k=0
- Ta phai ching minh cong thurc dling véi n + 1, that Vﬁy, theo dinh nghia thi

[Fe0900"™ = {f 009001 | - {chfm k)(x)g(k)(x)} =Y il 00 ) =

zok[ £ (). g% () + £ (). g2 (%)) =

009700 + 10 (9000 G (.97 00+ 0 (g 0

C2lF 00,97 (09 +F"2 (.97 (0 [+ CoF 2 (0. g7 09 +F "2 ). g0 () ..+

4+ O 00,9 00+ 120,97 00 [+ CrF O (0.9 09+ (). g ()| =

COF ()9 () +(C+ CLF ()% () +(Cp + CF ™ ()92 () + (C2 + COF 2 (x).g% () +...+
WA (C2+CIHFP (). (X) +(CI T+ CHFP (x).9™ (x) + CH O (x).g™P (x) =

2af 0097 00+ Chif @ (0.9 () + Coif 2 (.97 () +Caf ™2 (.97 (1) +...+

n+l

n+1

-+ CIDFP (.97 () +CL.f P (x).9™ (%) + CLaf @ (.9 (x) = Z Craf " ().g% (x) (dpem)

n+1 n+1

Vi Cl=1=C’

n+l?

Cl+Ci" =C¥l (1<k<n)va C)=1=C"}

n+1
Vi du. Tim dao ham cip n cta ham sb f(x) = xsinx
Néu dat u(x) = x% va v(x) = sinx thi f(”)(x) = [x3sinx]™ = [u(x).v(x)]™ = [v(x).u(x)]™, 4p dung
Cong thirc Leibniz ta duoc [v(x).v(x)[™ = ZCnV(“’k) (x).u®(x).
Ta thay u’(x) = 3x2, u”(x) = 6x, u(3)(xk)702 6, uM(x) =0 voi k >4 nén
[FOO™ = icﬁ\/‘”-k) (x).u®(x) = icﬁv“‘-k’ (x).u®(x) =
k=0 k=0

Cov™ (x).x* + CLv"™ (x).3x% + C2v" P (x).6x + C v (x).6 =
x® v (x) +3nx>.v" P (x) +3n(n —D)x.v 2 (x) +n(n —1)(n - 2).v" I (x)

trong d6 v (x) = sin(x + ngj v (x) = sin[x +(n —1).%} = —COS(X + ng)

(n-2) o I N Ty -3 Y . g
% (x)_sm[x+(n 2).2}_ sm(x+n.2jvav (x)_sm[x+(n 3).2}_cos(x+n.2J
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= [f(x)]" = x[x2 -3n(n —1)]sin(x +n_2xj _ n[3x2 _(n-1)(n— 2)](:05()( +%j
3.2.3. Cong thuc Taylor, cac khai trién co ban

Cho ham s f(x) xac dinh, lién tuc trén [a,b] va ton tai dao ham tai moi diém x€(a,b) dén cép
(n+1) trong (a,b), hdy tim mot da thirc Pn(x) bac n sao cho véi ce(a,b) thi f(c) = Pa(c), f*(c) = P*(c)
(1<k<n).

Muén vay, ta s& tim Pn(x) dudi dang Pn(X) = @ + a1(X-C) + az(X-C)? + ... + an(X-C)" va thoa méin
cac diéu kién trén.

- Thay x = ¢ vao Pn(X) ta dugc Pn(C) = a0

- Thay x = ¢ vao PP (x) =a, +2a,(X—C) +...+na, (x—c)" " ta duoc PY(c) =1a,

- Thay x = ¢ vao P (x) = 2a, +3.2a,(X —C) +...+n(n—1)a, (x —c)"*ta dugc PP (c) = 2a,

- Thay x = c vao P (x) =kla, + Y i(i—1)...(i —k +1)a,(x —c)" ta dugc P (c) = kla,

i=k+1
- Thay x = ¢ vao P{"(x) = nla, ta dugc P (c) =nla,

Tir cac déng thirc trén cing voi yéu cau ddi v6i ham sd f(x) va da thie Pn(X) suy ra ao = f(c),

f(k)#(lsksn).

k= K
A A e 13 0 (c) K
Nhu vay, da thuc can tim laP, (X) = ZT(X —C)
k=0 .
Bay gio ta dit Ra(X) = f(X) — Pn(X), bang cach ap dung dinh 1y Cauchy, ta chimg minh dugc
(n+1) [~ _ oo
R.(X)= M(X —¢)™ voi ¢ 1a mot s6 ndm gitta x va c.
(n+1)!

Nhu vay, ta co f(X) :Zf(kl)(#(x—c)k +R,(X) :{Zﬂ#(x—c)k}t%(x—c)”“ véi ©

1a mot s6 nam gitra x va ¢, dugc goi 1a cong thirc Taylor hay 1a khai trién Taylor ctia ham f(x) tai diém
X=C.

Khi ¢ = 0 thi khai trién Taylor dugc goi 14 khai trién Mac Laurin

n (k) (n+1)
f(x) = Zw.xk +ﬂ_xn+l voin<0<1
= ki (n+1)!
Céc khai trién Mac Laurin ciia mot sb ham so cip (neN¥*)

OL(O;—].) Y2+ 4 Oﬂ(a_l)"i((la_k_i_l) XK ..+ a(a—l)...('a—n 1) X" +...
o _ n!

@+x)* 1+ Exq
il

(L+X)" =D Cpx" LIV L VE Ll U el .2 IV
k:O 1 2l Kkl

@-x)" =Y (D Cix* :1—%x+—”(“_1)x2 to 4 (cpye DO =D (n k)

k nyn
o o X<+ +(-1)"x

Lzl—Xerz—..ﬁ(—l)”x”+(—1)“+1 !

1+X (1+0x)"* X0 <0<1)
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L T I +;nlx"+1(0 <f<1)
1-x @+6x)"

NG X" 1 1

INA+X) =X—"—+...+(-1" +(=D" . x"™(0<06<1
( ) 2 D D n+1 (1+6x)"* ( )
2 n
na-x)=—x-% .- X 1 1 apcg<n
2 n n+l @+6x)"
2 n 0x
=14 X X g X8 ———x"'(0<06<1)
n 2 n  (n+1)!
3 X5 2n—1 2n
sinX=X—"—+"— . +(-)""' —x+(-D" sinBx (0<0<1)
3 sl (2n—1)! (2n)!
2 4 2n 2n+1
cosx=1- >+ X 4" X ()™ cosox (0<6<1)
2 4 (2n)! (2n+1)!

3.3. Dinh ly L’Hospitale
Dinh 1y 3.3.1. Gia st cac ham sb f(x), g(x) théa man cac diéu kién
1) Iim f(x) =0, Iim g(x) =0(a co thé hitu han hodc v cung)

2 Cac ham s f(X) g(x) kha vi trong lan cin nao d6 cua diém x = a va g(x) # 0 trong lan cén
d6, c6 thé trir ra chinh diém x = a

(3) Tén tai gioi han (hitu han hodc v6 cung) lim EX;
X—>a g X

Khi d6 fim 10 _ jjm ')
S1900 g0

Nhan xét 3.3.1. Pinh ly 3.3.1. cho kha ning tim gidi han cua biéu thuc c6 dang vo dinh%

T
: — —arctan x
Vi du 3.3.1. Tim céc gidi han (a) Ilm sin(3x”) (b) lim 2
50 Infcos(2x? —x)|" 7 ko In (Hlj
X2

Bai giai
(a) Ta thdy f(x) = sin(3x%)—0 va g(x) = In[cos(2x? — x)]—0 khi x—0, nén biéu thirc cta gidi han
can tim c¢6 dang vo dinh % va cac ham sb f(x), g(x) 1a cac ham so cap nén kha vi trong mién xac dinh

tuong ung cua nd; mat khac ta cé

f'(x) .. —6xcos(3x’) ... x c0os(3x?) B
) "(X) =i (4x—1)tan(2x2—x)__6hm) tan(2x® —x)
g (4x —1)(2x2 — x) ANX=X)

X? =X
X cos(3x?) ,
~6lim = slim C°5(3>; ) =
(ax—1), 2X —x tan(@x=x) (ax ~1)(2x ~1) X=X
X 2X° =X 2X° =X
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lim cos(3x?) .
_ 6 3x°50 . _ —6_ _ _6
(4limx-1)(2lim x ~1) lim tan(2x” - x) (4.0-1)(2.0-1).1

2xx0  2X2 —X

sin(3x?) . 1(x)
x-0 Incos(2x? —x)| x>0 g'(x)

=—6
(b) Ta thayf(x) = g —arctanx — 0 va g(x) = In(1+ izj — 0 khi x—>+o0, nén biéu thirc cta gidi
X

A 3 J A . 0 B ’ \ A \ ’ \ A A 5 . A ’
han can tim c6 dang v6 dinh o va cac ham so f(x), g(x) 1a cac ham so cap nén kha vi trong mién xac

1
FOO_ 14k X
dinh twong tng ctia nd; mat khac ta co lim =lm ——2——=1Ilim — =+
X0 () (X) x—>+0 ] (_ 2) X—>+0 D
3
1+ iz X
X
r —arctan x
lim 22— —m EW

X—>-+20 In(1+12j x>0 g'(X)
X

Pinh 1y 3.3.2. Gia sir cac ham s6 f(x), g(x) théa man céac diéu kién

(1) limf(x) =0, limg(x)=co(a c6 thé hiru han hodc vo cung)

(2) Cac ham s6 f(x), g(x) kha vi trong lan can nao dé cua diém x = a va g(x) # 0 trong lan can
d0, co thé trir ra chinh diémx =a

(3) Ton tai gidi han (hiru han hodc vo cung) lim EX;
X2 g X

Khi @6 lim fx )—I L]
x—a g(x) x—>a (X)

Nhén xét 3.3.2. Dinh 1y 3.3.2. cho kha ning tim gidi han ctia biéu thirc ¢6 dang vo dinhS .
(e8]
Vidu 3.3.2.

m

Tim céc gidi han (a) IIm In—XV(n a>0, (b) lim X véimeNvaa> 1, (c) lim In(sin x)
X X—>+0 aX X0 |n(]_ cos X)

Bai giai
(a) Ta thay f(x) = Inx—+00 VA g(X) = X2—+o0 khi x—+o0, nén biéu thirc cia gidi han can tim c6

. S \ A \ s \ A A . <A ;e ,
dang v6 dinh — va cac ham so f(x), g(x) 1a cac ham so cap nén kha vi trong mién xac dinh tuong ting
(e8]

cua no; mat khac ta co

1
. f(x . ¥ 1 1. 1 In x f'(x
lim ()_Ilmﬁzllm—a:—llm—a: = lim — = lim LGOI
X—>+00 g' (X) X—>+0 gX 4™ X—+0 gX a x—>+0 X X—+0 X x>+ () (X)
A , A g ©
(b) Gidi han can tim c6 dang vo dinh —
o0
X" ™ m(m=x™ L w m! m . 1 m
lim =l = lim ————— =...= lim = lim == 0=0
x—+0 g% x—+0 3% |Ina X—>+00 a® |n2 a x>0 3% In™ a IN™ a x=+0 g% In™a
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+ R /. A \ s ’ A . o0
(c) Biéu thirc can tim gidi han ¢6 dang vo dinh —

(0.0]
cosX cosx.2sin? >
In(sinx) © lim _SINX_ _ fim cosx(1—cosx) _ lim ' 2 _

x—>+0 |n(1_ cos X) x—>+0  SIN X X—>+0 Sin2 X X—>+0 5 X
sm—cos—
1-cosXx 2

i COS X 1 JE?OCOSX _1 Ezl

X—>+0
- 200325 2 imcosX 21 2

X 10
2

Nhan xét 3.3.3.

(1) Nbi dung cta cac Pinh 1y 3.3.1., 3.3.2. twong ty nhau, chi khac nhau diéu kién (1), nén ta co
thé phat biéu thanh mét dinh 1y nhu sau: Néu khi x—a (hodc x—0) cac ham sd f(x), g(x) cting cb gidi
han bang 0 hodc bang oo, tirc 1a lim fx )co dang vo dinh 0 hoac —, thi lim o) _ =lim F) néu

’ 7 ‘xaa g(x) 0 0 X—a g(x) x—>a (X)
gidi han ¢ vé trai dang thirc trén ton tai (hiru han hoac vé cung).

(2) Néu phai tim gioi han cua biéu thic c6 dang vo dinh 0.c0, tirc 13 tim limf(x).g(x)

RiWE ———dang v6 dlnh 0 , hodc 96

v6ilimf(x) =0 valim g(x) = oo thi bién dbi tich f(x).g(x) thanh
Yo x> 1/g(x) Vf(x)

dang v6 dinh i , dé co thé sir dung dugc Dinh ly L’Hospitale.
o0
(3) Néu phai tim gidi han cua biéu thic c¢6 dang v dinh oo - oo, tirc 1a timlim[f (X)—g(X)]

véilim f(x) = va IIm g(x) = oo thi bién d6i tich f(x) - g(x) thanh dang tich nhu sau

X—a

hoac la f(x)—g(x)="~f(x). g(x){ﬁ—m} hoac la f(x)—g(x)= f(x){ ?E ;} hodac la
f(x)—g(x)= g(X){% —1} déu c6 kha ning c6 dang vo dinh 0.c0, sau d6 sir dung Nhan xét 3.3.3.(2)

dé c6 thé su dung duogc Dinh 1y L’Hospitale.

(4) Néu phai tim gidi han cla biéu thirc co dang vo dinh 0°, oc®, 1*, tirc 14 phai tim gi6i han cta

biéu thirc f(x)™ thi ta dung phép bién do6i f(x)9® = eI®NX) v3 do tinh lién tuc ctia ham s6 mii ta duoc
. . lim g(x).Inf(x) £, pe e,

lim £ (x)%%) = lim g9 100 — %" gy 46, st dung Nhan xét 3.3.3.(2) déi véi giéi han

X—a X—a

lim g(x).Inf(x) dé co thé sir dung dugc Pinh 1y L’Hospitale.

(5 Méc du binh 1y L’Hospitale hay con duoc goi la Quy tac L’Hospitale 1a mot cong cy manh
dé tim gidi han nhung n6 khong phai 1a mdt cong cu van nang, nghia 1a né khong thé thay thé toan bo
cac phuong phép tim gidi han khac.

Vi du 3.3.3. Tim gi6i han Iim(x - gj tan x

™
X
2
Bai giai

Biéu thtrc can tim gi6i han c6 dang vo dinh 0.c0 nén theo Nhén xét 3.3.3.(2) ta bién d6i biéu thirc
da cho va tim gidi han cua n6 nhu sau
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T
X—E . X—=
. n . o (L) 2
lim x-— [tanx =lim —= = lim~>——2-=lim ————
o™ 2 x>k cotx x>k (cotx) Xﬁg—]/sm X

=—limsin®x =
T[
2
2

X—>—
2

—|limsinx | =-1*=-1
x%i
. N : 1 1
Vidu 3.3.4. Tim gi6i han lim| — - ——
-iInx  x-1

Bai giai

Biéu thirc can tim gidi han c6 dang v6 dinh o - oo nén theo Nhan xét 3.3.3.(3) ta bién doi biéu
thirc da cho va tim gidi han cia n6 nhu sau

— L “1-lnx® ey
Iim(i_ 1 j:nmi 11[(X—1)—|HX]=IimLInX_|-mM_

x—1

. =1l =
Inx x-1) xtlhx x- 1 (x=1)Inx =t [(x=1)Inx]
1 1
. X : x-1 ©. (x-1) : 1
Iqu X—l:“ml = Iml ;=lim =
ST L X =1+xInx 1 (x-=1+xInx) xtInx+1+1
X
1 1 1
Iirq Inx+2 0+2 2

6 1
Vi du 3.3.5. Tim céc gidi han (a) Iirg10x1+2'nX , (b) lim (x +x2 41", (c) lim tan x "%
X—0+ X—>+00 N

Bai giai

(a) Biéu thtrc can tim gi6i han c6 dang vo dinh 0° nén theo Nhan xét 3.3.3.(4) ta bién ddi biéu
thire da cho va tim gigi han ctia n6 nhu sau

. o M oy 26| Inx 6Im T o1y I;,X . Inx ®© (Inx)'
lim xe2inx = geooom i — @B g 06 6 lim ———— =6 lim ————=
x—0+0 x=0+01 + 21In X x—0+0 (1+ 2In X)

1

oy 1 1 2
6 lim X =6 lim ==6.==3 = lim x%2nx =¢°
x—0+0 ) 1 x—0+0 2 2 x—0+0
X

(b) Biéu thirc can tim giéi han c6 dang vo dinh oc® nén theo Nhan xét 3.3.3.(4) ta bién ddi biéu
thire da cho va tim gigi han ctia né nhu sau

In{ x+vx2+1 In{ x+vx2+1
. 2 Il i iIn(x+\/x2+lJ i 7( ! +) lim 7( ’ +)
lim X +~+/x° +1]"* = lim e"* =lime " =egv~ X
X—>+00 X—>+0 X—>+00
1
L Inx U xE+1)w [In(x+\/x2+1)] . A% )
tacollmi—):llm : :IlmXTH:Ilm—:
X—>+00 In x X—>+00 (|n X) X—>+00 1 X—>+00 X2 +1
X
X 1
. « . 1 1 1 )
lim —)2< = lim = == 0:1:> lim (x+\/x2+1F:el:e
X—>+0 ' X—>+00 . + X—>+00
vX“+1 \/1+2 \/1+ lim —
X X X—>+00 ¥

(c) Biéu thirc can tim gidi han c6 dang v6 dinh 1° nén theo Nhan xét 3.3.3.(4) ta bién d6i biéu
thirc da cho va tim gidi han ctia n6 nhu sau
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lim tan2xIn(tan x)

n
X

||m tan Xtaan — ||m etan2><|n(tan><) —e'
T T

x—>Z X
1 1
(L) i : 2
ta c6 lim tan 2x In(tan x) = lim In(@nX) = jim [In(tan x)] = lim 180X _COS"X _ _ jim sjn 2x = —1
xoT ok COt2X  xoE (COt2X) ol 2 xosT
4 4 4 4 — 4
sin“ 2x
= lim tan x> =gt =&
x> (5]
, . 1
. xosin— X —sin x ,
Vi du 3.3.6. Chimg minh ring cac giéi han (a)lim ——=X, (b) lim =———= khong thé tim
‘ , x>0 sin X x>ie X +Sin X
duoc bang Quy tac L’Hospitale, trong khi cac gidi han nay cé thé tim dugc bang phuong phap khac.
Bai giai
(a) Ta thay f(x)=x?sin L 50 Kkhi x>0 vi [sin &< 1, g(x) = sinx—0 khi x—0; nén biéu thic
X X

X?sin
f) X%y
g(x)  sinx

1),
(xzsmxj 2xsin1—cos1
=lim X

can tim gidi han

c6 dang vo dinh % :

A - A A . N . 1 A X . Y
Ta thay lim - X khong ton tai vi limcos— khong ton tai, dicu
x—0 (Sm X)' x—0 COS X X—0 X
1
x%sin =
kién (3) cia Quy tac L’Hospitale khong théa man, nén khong the tim Iing — X bang Quy tic nay.
x>0 SIn X
Ta tim gi6i han nay bang cach khac
1 1y i1
x?sin = xsin = lim| xsin—
. X . x x>0 X 0 o1
lim—2 =1lim — = . =—=0 viI [sin =<1.
x=0  gjn X x=0 SIN X lim SIn X 1 X
X x>0 X

(b) Ta thdy f(x) = x — sinX — o0 Va g(X) = X + sinX — oo khi X — +o0; nén biéu thirc can tim gidi
han f(x) x-—sinx

c6 dang vo dinh =,

g(x) x+sinx 0
Lo IX=sinx) 1-cosx . X o A ex fa , .
Ta thay lim ( - ) = = lim tan®’ = khong ton tai, diéu kién (3) ctia Quy tac
X—>+0 (X —sin X) x>+0] 4+ COSX  X—+o 2
, . . A . 2. o X—=SINX s o
L’Hospitale khong thoa man, nén khong thé tim lim ——— bang Quy tac nay.
x>+ X +8IN X
Ta tim gidi han nay bang cach khac
X —Sin X sin X . sinx
. —_— 1-—= 1-Ilim ——
. X=sinx . . " 1-0 .
lim =——= = lim x+)s(inx = lim Si;l(X = si?l(x =170 =1 vi |sinx| < 1.
X—>+0 X—>+00 X -00 -
>+ X +SINX x> gL 1+ lim +
X X x>+ X

3.4. Ung dung dao ham dé khao sat sy bién thién ciia ham s6

Dinh nghia 3.4.1. Ham s6 y = f(x) x4c dinh trong khoang I dugc goi 1a 16i néu véi Vael, Vbel
va v6i Vte[0,1] ludn cé tf(a) + (1 — t)f(b) = f[ta + (1 — t)b].

Xem y nghia hinh hoc ciia ham sé 16i trong Hoc liéu tham khdo bdt buge [1].
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Dinh nghia 3.4.2. Ham sd y = f(x) xé4c dinh trong khoang I duoc goi 1a 16m néu véi Vael, Vbel
va voi Vte[0,1] ludn co tf(a) + (1 — t)f(b) < f[ta + (1 — t)b].

Xem y nghia hinh hoc ciia ham sé 106m trong Hoc liéu tham khdo bdt buée [1].

Viéc tmg dung dao ham dé khao sat su bién thién cua ham sb dya trén cac dinh 1y sau day.

Dinh Iy 3.4.1. Gia st ham sb y = f(x) xac dinh, lién tuc trén [a,b] va kha vi trong (a,b). Khi do:

(1) Piéu kién can va du dé ham s f(x) don diéu ting (giam) trén [a,b] 1a £(x) > 0 [£(x) < 0] véi
Vvxe(a,b).

(2) Néu f(x) > 0 [P(x) < 0] voi Vxe(a,b) va néu £(x) > 0 [f(x) < 0] tai it nhat mot diém
xe(a,b) thi f(b) > f(a) [f(b) < f(a)].

Dinh 1y 3.4.2. Gia str ham s6 y = f(x) xac dinh, lién tuc trén [a,b] va kha vi trong (a,b) (c6 thé trir
ra mot sb hiru han diém); gia str ce(a,b) tirc 1a a < ¢ <b (co thé tai x = ¢ ham s6 f(x) khong kha vi).

(1) Néu khi x di qua x = ¢ (tir trai sang phai) ma f(x) doi ddu tir duong (+) sang am (-) thi f(x)
dat cuc dai tai do.

(2) Néu khi x di qua x = ¢ (tir trai sang phai) ma £(x) doi dau tir duong (-) sang am (+) thi f(x)
dat cuc tiéu tai do.
~ (3) Néu khi x di qua x = ¢ ma f(x) khong d6i du thi f(x) khong dat cyc tri (cuc dai hodic cuc
tiéu) tai diém do.
Dinh 1y 3.4.3. Gia st ham s6 y = f(x) x4c dinh, lién tyc trong khoang I nao d6 va gia sir ham s
f(x) c6 dao ham cép 2 £(x) > 0 trong I. Khi d6, vdi a <b, Vael va Ybel; ham s f(x) 16i trong [a,b].

Dinh 1y 3.4.4. Gia st ham s6 y = f(x) x4c dinh, lién tuc trong khoang I nao d6 va gia sir ham s
f(x) c6 dao ham cép 2 £(x) < 0 trong I. Khi d6, vdi a <b, Vael va Ybel; ham s f(x) 16m trong [a,b].

Viéc khao sat sy bién thién cta ham s6 y = f(x) thuong dugc thuc hién theo trinh ty nhu sau:
(1) Xac dinh D(f)
(2) Xac dinh tinh chin, 1¢ va tuan hoan ciia ham s6
(3) Tim f°(x), tim khoang don di¢u tdng, giam
(4) Xéac dinh cac diém cuc dai, cuc tiéu (néu co)
(5) Tim (), xac dinh diém udn (néu c6), xac dinh tinh 18i, 16m (néu can)
(6) Tim cac dudng tiém can ding, ngang va xién (néu co)
(7) Lap bang bién thién
(8) V& d6 thi
Xem cdc vi du trong Hoc liéu tham khdo badt buée [1].
3.5. Vi phin céip 1 va vi phén cip cao, ing dung vao phép tinh gin ding

Gia sir ham s6 y = f(x) x4c dinh, lién tuc trén [a,b]. Gia sir tai diém x = xoe(a,b), néu cho ddi sb
X mot sd gia AX = X — Xo thi tuong g, ham sd y = f(x) ciing c6 s6 gia Ay = f(X) — f(Xo) = f(Xo + AX) —
f(X0). Vi ham s6 y = f(x) lién tuc nén khi AX—0 thi Ay—0. Nhu vay, néu liy Ax lam VCB thi Ay la
ham sb ciia Ax. Do d6, néu ¢ lan can diém x = xo thi s6 gia Ay ctia ham, twong tmg véi s6 gia Ax cia
dbi sb, co thé viét duoc dudi dang Ay = A.AX + 0(Ax), trong d6 A 1a mdt s6 thuc chi phu thudc vao xo
con o(Ax) 1a VCB cép cao hon so véi Ax. Dya vao dinh nghia ctia dao ham ta c6 thé xac dinh dugc A
nhu sau.
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Theo dinh nghia dao ham coa ham s6 y = f(x) tai diém x = xo ta ¢O
f(x)_nmﬂ:li AMXHOAX) it A+ 2B | AL jim 22X _aLo—Avi o(ax) I
-0 AX Ax—0 AX Ax—0 AX Ax—0  AX

VCB cip cao hon so vGi AX. Suy ra Ay ~ *(xo).Ax khi AX—0 hay f(x) ~ f(xo) + *(x0).Ax. Ta st dung
cong thirc nay de tinh gan dung gia tri cuia mot ham sé tai mot diém x néu biét gia tri ctia ham s tai
mot diém xo rat gan véi diém x.

Vi du 3.5.1. Tinh gia tri gin dung cua cac ham sé y = f(x) tai diém x twong tng

a) y=f(X)=+/x taix=3,98; (b) y=Ff(x)=2 X taix =0,15
@) y=1(x) () y="F(x) 5
+X

Bai giai

AX=X-X,=398-4=-0,02 khde F'(x) 1
, mat khac f'(x) =——=

yo=f(xo)=f(4)=\/z=2 27/x

Thay cac gia tri vira xac dinh vao cong thic gan dung f(x) ~ f(xo) +

(a) Chonxo=4= {

= f'(x
(%) = 2\/_ 2f
(x0).Ax ta dugc+/3,98 ~ 2+ Z.(—O,OZ) =1,995

AX=X-X%X,=015-0=0,15

= 4 2+X )5

b) Chon x0 =0 — , mat khac f'(x) =- ( j

® yo=f(xo)=f(0)=5§ 8:1 52+ x)?( 2—x
+

4 4

. 4

f'(x,)=— 4 > 2% f___ 4 > (2 i 0)5 __1 —0,2. Thay cac gia tri vira xac dinh vao
5(2+X%,)° 2—-X, 5(2+0) 5

cong thire gan dung f(x) = f(Xo) + £*(x0).Ax ta dugcf(0,15) ~1-0,2.0,15 = 0,97

Vi du 3.5.2. Tinh gié tri gan dung cua (a) 3/26,19 ; (b) sin29°
Bai gidi

(a) Xét ham s6 f(X):i/;:f'(X): , néu chon xo = 27 thi f(Xo)zi/X_O:i/ﬁz&

1
R/x?
1

=—— va AX = 26,19 — 27 = -0,81. Thay cac gia trj vira xac dinh vao coéng thirc gan

f'(27) =

R/ 277

duing f(x) ~ f(Xo) + £(x0).Ax ta duoc3[26,19 ~ 3+ %.(—0,81) =297

(b) Xét ham s f(x) = sinx véi X=-—.29°= 2T Chon x, =~ 300 = O _m
180 180 180 180 6
:f(xo):sinE:1 va Ax=2T T __ T\t khic f(x) = cosx = f'(x,)= cosE:E.Thay
6 2 180 6 180 6 2
cac gi tri vira xac dinh vao cong thirc gan ding f(x) = f(xo) + £ (x0).Ax ta duoc
sin29° ~ 1 \/— (—-2)~048
2 180

Dinh nghia 3.5.1. (Vi phdn cdap 1) Gia st ham sd y = f(x) xac dinh, lién tuc trén [a,b] va kha vi
(tic 12 ton tai dao ham) tai moi diém x = xo<(a,b). Khi d6 biéu thirc (x0)Ax dugc goi 14 vi phan cip 1
ctia ham s y = f(x) tai diém x = xo va ky hiéu 1a dy hodc df, nghia 1a dy = f’(x0)Ax hodc df = f’(x0)AX.
Dic biét, khi f(x) = x thi dx =f'(x,)AX = (X)'|x:xo AX = 14 AX = AX, do @6 dy = f’(xo)dX.

58



Vi Xo 12 mot diém bat ky thudc khoang (a,b) nén ta cé thé dung x thay cho Xo va nhu vy dy =

(x)dx dugc goi 1a vi phan cép 1 ciia ham sb f(x) tai diém x. Tir day ta suy ra f'(X) = j—y , nghia la dao
X
ham ctia ham y = f(x) tai diém x 1 ty s cua hai vi phan dy va dx tai diém x, diéu ndy ciing giai thich
cho vi¢c dung ky hi¢u j—y cho £(x).
X

CA4c tinh chét ciia vi phén cip 1

(1) dlof(x)] = ad[f(x)]

(2) d[f(x) + g(x)] = d[f(x)] + d[g(x)]

(3) d[f(x)g(x)] = g(x)d[f(x)] + f(x)d[g(x)]

(4)d{f(x>} 9(d[f ()] ()dlg(x)]

2
9] 9°(x) o ,
(5) Cong thirc d61 voi vi phan cap 1 ding ca trong truong hop khi doi s6 cua ham s6 khong phai

12 bién doc lap, tirc 1a van ding ddi voi ham hop. Tinh chat nay duogc goi 1a tinh bat bién vé dang cta
vi phan cap 1.

voi g(x) #0

Bang vi phan cap 1 cia cac ham so cap

TT x 12 bién doc lap Bién u = u(x)
1 | d(x%) = ax*ldx d(u®) = au*tdu
2 | d(@) = a*lnadx = d(e*) = e*dx d(a") = a“lnadu = d(e") = e'du
d(log, x) = dx véia>0vax#0 | d(log,u)= du véia>0vau#0
xlna uln
3 dx du
=d(Inx)=— véia>0vax#0 | =d(lnu)=— véia>0vau#0
X u
4 | d(sinx) = cosxdx d(sinu) = cosudu
5 | d(cosx) = -sinxdx d(cosu) = -sinudu
6 | d(tanx)=— d(tanu) = —
COS" X cos“u
dx du
7 | d(cotx)=—— 5 d(cotu) = —— 2
sin” x sin“u

8 | d(arcsinx) =

dx voi x| <1 d(arcsinu) = du voi ju| <1
V1-x? V1-u?

9 | d(arccosx) =-— dx véi x| <1 | d(arccosu) =— du voi Jul <1
V1-x? V1-u?

10 | d(arctanx) = dx > d(arctanu) = du2
1+X 1+u

11 | d(arccotx) =— dX2 d(arccotu) = — du2
1+X 1+u

Dinh nghia 3.5.2. (Vi phdn cdp cao) Gia su dy = ’(x)dx la vi phan cap 1 cua ham sO y = f(x) tai
diém X, khi x thay dbi, no ciing thay d6i theo, do d6 nod 1a ham s6 cua x. Neu ham s nay ciing c6 vi
phan cap 1 tai diém x thi vi phan d6 duoc goi 12 vi phan cap 2 ciia ham s6 y = f(x) va dugc ky hidu 1a
d?y = d(dy) = d[f"(x)dx] = f@(x)dx?. Tong quét, vi phan cap n ctia ham s6 y = f(x) 1a vi phan cap 1 cta
vi phan cap n-1 ctia ham s6 f(x) va dugc ky hiéu 1a d"y = d(d™1y) = d[f"D(x)dx"] = fV(x)dx".

CAc tinh chit ciia vi phéan cip cao
(1) d"[af(x)] = ad"[f(x)]
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(2) d[f(x) +9()] = d"[f(x)] + d"[9(x)]

@ 9900]= S Cia" HIF 00K

~ Chdy. Cong thirc dbi v6i vi phan cip n > 2 khdng con diing khi doi sb ciia ham s6 khong phai 1a
bién doc lap.

Bai tap
3.1. Dung dinh nghia dao ham, tim dao ham cua cac ham s6 sau day, trong mién xac dinh cta nod
@) f(x)=x>—-2x+5 (b) f(x)=3/x
(©) f(x) = In(L+x) (A Fp) =X+
2x -1

3.2. Dung dinh nghia dao ham, tim dao ham trai £'(x-0), dao ham phai £(x+0) va dao ham £'(x) (néu
ton tai), tai diém x tuong tng, ciia cac ham so sau day

@ F(x)=3/x? taix=0 (b) F(x) =sin 2x|tai x =0
1 .
(©) Fx)= X sinT ki x#00 g () () =[L-x7]tai x = £1
0 khi x=0
3.3. X4c dinh a, b dé cac ham sau day lién tuc va kha vi véi VxeR
ax+b khi x<1 ax+b khi x<0
@ fx)=1 _, . (b) f(x) = . .
X khi x>1 acosx+bsinx khi x>0
a+bx? khi [x<1
(© f(x)=¢ 1 |X| >1
X

3.4. Chung minh rang, dao ham cua mot ham so6 1¢é 1a mot ham so chan va dao ham ctia mét ham so
chan la mét ham so 1€, néu dao ham ctia ham so ton tai.

3.5. Chtirng minh rang, dao ham cua mgt ham so tuan hoan cling 1a mot ham so6 tuan hoan c6 cung chu
ky, néu dao ham cua ham so ton tai.

3.6. Dung dinh nghia dao ham, tinh céc gidi han sau

1L+x)* -1 2% -16
a) lim———~-—— b) lim
( ) x—0 X ( ) x—4 X —4
(© lim 327 +x -3 (d) lim X'+ x-2
x—0 X x>l x—1

HD: (a) Xet ham s6 f(x) = (1+x)*2, tim f°(0) theo 2 cach: Cach 1. Dung dinh nghia dao ham s&
nhan dugc biéu thirc gidi han can tinh; Cach 2. Theo quy tic. Hai két qua nay phai bang nhau vi cling
1a £(0). Cach giai (b), (c) va (d) tuong tu nhu cach giai (a).

3.7. Tinh dao ham cua cac ham so sau
2

(a) y =arcsin 2x + voi x| <1 (b) y=|inx|
1+X

a (b)(xY .
() y=(—j (—J (—j véia>0,b>0,x>0 (d) y=x*voix>0

b) \x) \a
(e) y=a* +x* +x  v6ia>0,x>0 () y=x[x|

(Inx)* .
(@) y= o véix > 1 (h) y=|n(x+\/x2+1)
(i) y=VX+X+X v6ix>0 (k) y = cos[cos(cosx)]
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(I) y = (sinx)®™ (m) y =e*arctan e — In 1+ >

3.8. (a) Tim dao ham v, néu biét y = y(x) thoa man biéu thirc y° + 3y = x; (b) Tim dao ham X'y néu

biét x = x(y) thoa mén biéu thirc y = x + Inx v&i x > 0; (¢) Tim dao ham X'y néu biét x = x(y) thoa mén
2
, . . 2 X
A 4 _ X. Y \ A T A _ 9 ~ T A 4 _ 7.2
biéu thirc y = x + ¢%; (d) Tim dao ham X, néu biét x = x(y) thoa mén biéu thirc y = > voix <0.

1+x
3.9. Tinh dao ham Yy, cua cic ham s6 y = f(x) duoc cho dué6i dang tham sb
X =asint+sinat x=a(t—-sint
€)) (b) ( ) voi0<t<m
y =acost+cosat y =a(l-cost)
X =t? +2t x=1+e"
(©) ©)
y=In1+t) y=at+e
3.10. Tim dao ham y, ciia cic ham an
(@ x¥ =y~ (b) xsiny+ysinx=0
y
(c) ¥ +e¥—29 =1 (d)XJFexzs\/g
X X
@) Vx+.Jy =+/a véia>0 ) arctanlen,/szry2
X
, , X2 y2 ) .
3.11. Tim phuong trinh ti€p tuyén voi duong elip — + el 1 tai diém M(Xo,Yo) nam trén elip.
a

HD: St dung ¥ nghia hinh hoc ciia dao ham va quy tic tinh dao ham ciia ham an.

3.12. Chig minh dang thic > kCK =n2"*
k=0
HD: Tinh dao ham ctia ham s6 y = (1+x)" tai diém x = 1.
3.13. Ham s6 f(x) voi D(f) = [a,b] twong tmg sau ddy, c¢6 thoéa man dinh 1y Rolle khong? Néu thoa méin
thi théa man véi gia tri ce(a,b) nao?

(a) f(x) = x? — 6x +100 véi [a,b] = [1,5] (b) f(x)=3/8x —x? vdi [a,b] =[0,8]
3.14. Cho ham sb f(x)=3/(x—8)% véi D(f) = [0,16], khi d6 f(0) = f(16) = 4. Tuy nhién, dao ham

f'(x) = =0 v6i Vxe(0,16). Piéu ndy c6 mau thuin véi dinh 1y Rolle khong?

2
3Rx-8
3.15. Chtg minh rang, dao ham £(x) ctia ham s6 f(x) = x® — x> —x + 1 ¢6 nghiém thyc trong (-1,1).
3.16. Chirg minh céc bat dang thirc

(a) [sina—sinb|<[a—b|

(b) [arctana —arctan b| <|a—h|

(C) a- B o— B
0

<tana—tanf <
cos’ B cos’ o

r T
voi O<B£oc<§

voi0<a<b

a-b a a
d —<In=
(d) g <<

(e) nb"*(a-b)<a"—-b"<na"*(a—-b) véib<a

a+l (n _1)a na

() L <1[ ! —i} véia>0,neN
n a

HD: St dung dinh 1y Lagrange cho tirng ham s thich hop véi mdi bat dang thic.
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3.17. Chimg minh céc bat dang thirc

2

(@ e*>1+x voix#0 (b)x—X?<In(1+x)<x voix >0
x3 x® T
(c)x—E<sinx<xvc’rix>0 (d) tanx>x+? vc’ri0<x<§

HD: Véi mbi bat dang thirc, xét ham s6 f(x) thich hop, chang han f(x) = eX — x — 1 dbi véi (a).
Luu ¥ rang, néu £(x) > 0 thi ham s6 f(x) don diéu ting, con néu £(x) < 0 thi ham sé don diéu giam.

3.18. Chimg minh cac dang thuc

(a) 2arctan x +arcsin

> =7sgn(x) véi x| =1

. 1
(b) 3arccos x —arccos(3x —4x°) =7 véi |x| < 5
HD: Luu ¥ rang dao ham cua mot biéu thirc ma bang 0 thi biéu thirc d6 1a mot hang sb.

3.19. Tinh c4c tong

@ P, (9 = Y ko (6) Q,(x) = Y kx*
(©) Rn(x)zzn:ksinkx (d) Sn(x):zn:kcoskx

HD: Pé y rang (a) (x¢)’ = kx*?, (b) Qn(X) = Pn(X) + X[Pn(X)]’ = [XPn(X)]’, (c) (coskx)’ = -ksinkx,
(d) (sinkx)’ = kcoskx.

3.20. Chtng minh rang néu ham sé f(x) kha vi dén cip n thi [f (ax+ b)]f(n) =a"f™ (ax +b)

3.21. Gia st ham s6 f(x) 12 ham s chén c6 mién xac dinh di xtmg qua gbc toa d6 va kha vi moi cap
tai diém x = 0.

(a) Ching minh rang tat ca cac dao ham béc I¢ tai diém x = 0 déu bang khong

(b) Tim khai trién Mac Laurin ctia ham sb f(x) = cosx

3.%2. Gia str ham s6 f(x) 12 ham s6 1é ¢6 mién xac dinh dbi xtng qua gdc toa dd va kha vi moi cip tai
diém x = 0.

(a) Ching minh rang tat ca cac dao ham béc chén tai diém x = 0 déu bang khong

(b) Tim khai trién Mac Laurin ctia ham s f(x) = sinx
3.23. Tinh dao ham cép n cta cac ham sd f(x) sau ddy, tai diém x = xo twong Gng

(a) f(x) = arctanx tai x =0 (b) f(x) = x"Inx tai x = 1

3.24. Cho ham s6 f(x) = (x —a)".g(x) c6 mién xdc dinh D(f) = R, trong d6 g(x) 1a ham s lién tuc va c6
dao ham lién tuc dén cap n — 1 trén D(f). Tim f"(a).

3.25. Tinh dao ham cép n ctia ham sb f(x) = ax+b v6i cx + d # 0, tir két qua nhan duoc suy ra dao

’ ] cx+d
ham cap n cia cac ham s6 sau day
@f(x)= & voicx +d#0 (b)f(x) = b véicx +d#0
cx+d cx+d
(c)f(x):ivdix;él (d)f(x):ivc’yix#-l (e)f(x)zlvc’)’ix;éo
1-x ) 1+X X
3.26. Tinh dao ham cap n ctia cac ham so sau day
2
@ F() =~ voix#a (b)f(x)=1x Voix# 1
a — —_
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©109= 105
@ f()=tt
X —_

a

(9) f(x)= m
) )=

vol X £ 12
2 *

voibx +c¢c>0

1
01 x #0va 1 (d)f(X)=————
voix#0vax#1 (d) f(x) 7 312

x?+1

x? -1

(M f(x) =

(K) f(x) = X"

3.27. Tinh dao ham cép n cua cac ham so6 sau day

(@) f(x) = sin(ax)

(c) f(x) = sin(ax)cos(bx)

(f) (x) = sin’
(i) f(x) = sin®

(b) cos(ax)

(d) f(x) = cos(ax)cos(bx)
(9) f(x) = cos?x

(k) f(x) = cos®x

3.28. Tinh dao ham cap n ctia cac ham so sau day

(@) f(x) = e¥sin(bx)

(b) f(x) = e™cos(bx)

3.29. Tinh dao ham cap n ctia cac ham sd sau day
(b) f(x) = (ax? + bx + c)cos(dx)

(a) f(x) = (ax® + bx + ¢)sin(dx)

(c) f(X) = (ax? + bx + c)e™

ax+b

.. ax+b
VOl

voix£#1lvax+#2

vol x £+1

() fX)=In(x*>+x-2) véix2+x—-2>0

(e) f(x) = sin(ax)sin(bx)
(h) f(x) = sin®x.cos?x
(1) f(X) = sinx.cos®x

3.30. Dung Quy tic L‘Hospitale dé tim cac gidi han

X

_ xe?
(@ lim -
X—>+00 X + e

(k)

m
=0 In(1+ X)
3.31. Tim céac gidi han

(@) lim x*Inx
X—0+0

(d) Iirlno InX.In(x-1)

(9) lim

Xx—0 X
3.32. Tim céc gidi han

d)f(x)=In >0
(d)f(x) b " b
(b) lim —2=* (©) lim NX=8)
1 sin Ex *2 In(e” —¢7)
2
. In x : ™
e) lim————— () lim —=X
x=0 1+ 2In(sin x) 0ty
(h) lim n—Z?rctanx Q) Iirr(l) Iln((3|.n ax))
X—>+0 = X n Sln X
ex -1
. x*=1+Inx . sin3x —3xe* +3x?
= (m) fim, ;

(b) Iim( ! —izj
-0\ XSIn X X
p

(e) Iim(

Xx—1

q
1-x» 1-—x¢

(h) Xlimw[(n —2arctan x) In x|

. X
arctan x —sin X — E

. (1 1
omft

. X
@ lim| 2T j
Hg cotx 2cosx
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1
() lim (1+x)™ (b) lim (tan x) (c) lim (x +e> Jx
x—>§ -

1 T
. e . (tanx ¢ . n )2
(d) 1m(x+e ) () leino( : j ) leTl(taanj
1 X tanzin v 1
(g) lim x"~) (h)Iim(Z—— (i) lim| tan —"
x—0 X—a a X—>0 2X +1
1 1
) lim a*—xlIna | (I)"m(arcsm xjx
x—0 bx —XIhb x—0 X
- 2
3.33. Ching minh ring céc gi6i han (a) lim X+5t'” X o) tim X200 lim XX hong thé tim
X—> CO X X—0 X X—>00

duogc bang Quy tic L’Hospitale, trong khi cac gidi han nay co thé tim dugc bang phuong phap khac.
3.34. Tinh gi4 tri gan dtng cua

(a) Ham s6 y = arcsinx tai x = 0,51;

(b) Dién tich hinh tron c¢6 ban kinh r = 3,02m;

(¢) Thé tich hinh ciu c6 ban kinh r = 2,01m.

2 —
3.35. Tinh gi4 tri gin diing cia (a) (2,087)° =3 : (b)4/15,8 ; (c) arctan0,98
(2,037)* +5
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Chuong 4. PHEP TiNH TiCH PHAN CUA HAM SO MOT BIEN
4.1. Nguyén ham va tich phan khong xac dinh
4.1.1. Pinh nghia, bang céc nguyén ham co ban

Dinh nghia 4.1.1. Cho ham s6 f(x) xéc dinh trong (a,b); ta ndi rang ham s6 F(x) xac dinh trong
(a,b) 12 mdt nguyén ham cua f(x) néu F(x) kha vi trong (a,b) va F’(x) = f(x) hay dF(x) = f(x)dx véi
Vvxe(a,b).

Vidu4.1.1.
4 4
(a) Néu ham sé f(x) = x° thi mot nguyén ham ctia n6 1a F(x) = XI vi F'(x) = (XIJ: x® =f(x)

sinbx .
Vi

(b) Néu ham sé f(x) = 3 + cos5x thi mot nguyén ham cua nd 1a F(x)=3x+

sin 5x

F'(X)z(SX+ )'=3+cos5x:f(x)

Dinh 1y 4.1.1. Gia str ham sd F(x) kha vi trong (a,b) va F(x) 1a nguyén ham ctia ham sé f(x) véi
Vxe(a,b). Khi do:

(1) Véi moi hang sb C thi F(x) + C ciing 1a nguyén ham ctia ham s6 f(x) v6i Vxe(a,b);

(2) Nguoc lai, moi nguyén ham cua ham sb f(x) véi Vxe(a,b) déu ¢ dang F(x) + C.

Dinh nghia 4.1.2. Cho ham s f(x) xac dinh trong (a,b), gia stir ham sé F(x) xac dinh trong (a,b)
la mot nguyén ham cua f(x) trong (a,b) thi ho cac nguyén ham F(x) + C (C 1a m{t hang so0 tuy y) cua
f(x) trong (a,b) dugc goi la tich phan khong xdc dinh ctua f(x) voi VXe(a,b) va ky hi¢u la _[f(x)dx,
trong d6 dx 14 vi phan cua dbi sd x.

Ky hiéu j goi 1a ddu tich phan, f(x) goi 1a ham sé ldy tich phdn, x goi 13 bién ldy tich phdn,
f(x)dx goi 1a biéu thirc duwéi ddu tich phén.

Cha y. Khi can str dung khai niém nguyén ham F(x) ciia ham s f(x) trén [a,b] thi c6 nghia la
F(x) la nguyén ham cua f(x) véi VXe(a,b) va F’(a+0) = f(a), F’(b-0) = f(b).

Dinh 1y 4.1.2. Moi ham sd f(x) xac dinh, lién tuc trén [a,b] c6 nguyén ham trén [a,b].
Cic tinh chit ciia nguyén ham

@ ([Fedx) = Fx)

(2)d([f(x)dx)=f (x)dx

©) j dF(x) = F(X) + C v6i C 1a hing s tly y

) j Af(x)dx = A j f(X)dx v&i A # 0 12 mot hing sé tuy ¥

(5) [[F00 +g00Jix = [ (x)ax + fg(x)dx

(6) Néu [ (x)dx = F(x) + Cva u = p(x) thi [f(u)du = F(u) + C véi C Ia hing s6 tuy y
Bang cac nguyén ham co ban

1) j 0dx =C

(2) J.l.dx = Idx =Xx+C
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Injx+C khi a=-1
(3)J'x°‘dx: X+

a+l

+C khi a=-1

> =arctanx+C
dx .

5)| ———===arcsinx+C

®) | —

X _a
((s)jaolx_Ina

+C:>.[exdx:eX +C
) _[sin xdx = —cosx + C
(B)Icosxdx =sinx+C

@ -

=-—cotx+C

sm

s—=tanx+C
X

4.1.2. Cac phuong phap tinh tich phan khong xéc dinh
4.1.2.1. Str dung bang cac nguyén ham co ban

Pay la phuong phap tinh tich phan ty nhién nhat, khi d6 ta bién doi ham s 1y tich phan va bién
lay tich phan, trc 1a bién doi biéu thirc dudi dau tich phan vé dang c6 thé sir dung cac nguyén ham co
ban.

Vidu 4.1.2. Tinh céc tich phan
(a) I(2x3 —5x? +7x-3)dx = 2]x3dx — SJ.xzdx + YJ' Xdx — 3Idx =

2.1x4—51x +71x —3x+C—E 4 5x3+7x —3x+C
4 3 2 2 3 2

2 1y 1o 2 1 2
(b)j{&+%} dx=_|.(x2+x 3} dx=j(x+2x2x X 3]dx=jxdx+2fx6dx+jx 3dx =

1+1 _E+1
6 3
1x2+21( + X2 +C=1x +—x§/_+3x/—+C
2 —+1 ——+1 2
3
bZCS)x
¢) [a"b?c™dx = [ (ab’c?) dx = 22 C )
( )J. -[( ) In(ab’c®)
1 1
(d)_[x\/1+ x2dx :%j(u x?)? (2xdx) = %j(u x2)2d(L+ x?) =
1
2y2™ 3
%.(1+1X—)+C:%(1+ x?)2 +C:%(1+ x*)V1+x* +C

—+1
2

() j (X2 —3x +1)°(2x — 3)dx = j (x? —3x +1)°[(2x - 3)dx] =
(x? =3x+D"
11

I(x2—3x+1)1°d(x2—3x+1): +C
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In*x In®x

(f) +C

J'(I x)( J J.(Inx)d(lnx)_—(lnx) +C=

(0) J'e3°°“ sin xdx = Ie3°°sx(35|n xdx) = — _[e“"“d(Bcosx) = —; e¥** 1 C

(h)j(tanx+cotx) dx=j(tan X + 2tan x cot X + cot? x)dx=J'(tan X + 2+ cot’ x)dx =

dx
+j —
cos’x Jsin®x

[ (tan® x +1+ cot® x + 1)dx = [ (tan” x +1)dx + [ (cot” x +L)dx = j

tanx —cotx +C
4.1.2.2. Bbi bién

Trong nhiéu truong hop, khi tinh tich phénff(x)dx,néu dé bién 1y tich phan l1a x thi khong

thdy duoc tich phén can tinh d6 gan voi dang nao trong sd cac nguyén ham co ban, khi do can tim
cach dbi sang bién méi, dé hy vong voi bién méi thi tich phan can tinh ¢ dang gan voi cac nguyén
ham co ban. Khong thé c6 mot quy tac cy thé nao dé thuc hién phép ddi bién thich hop duoc, tuy
nhién, ciing ¢6 thé dua ra hai dang d6i bién thudng dung sau day:

(1) Pat bién cii x = @(t) v6i @(t) 12 ham don diéu, kha vi lién tuc d6i véi bién mai t. Khi do, cong
thtre ddi bién la j f(x)dx = j fot) [dle(t)] = j fo(t) Jp' (t)dt.

(2) Pt bién méi u = y(x) v6i y(x) 1a ham don diéu, kha vi lién tyc d6i véi bién cii x. Khi do,
cong thirc déi bién 1a j fly () ' (x)dx = j Ly ()ld[w(x)] = j f(u)du.
Sau khi tim duogc nguyén ham ddi v6i voi bién méi, can biéu dién két qua tré vé bién ci.
Vi du 4.1.3. Tinh céc tich phan
dx = @'(t)dt = 3t?dt
SIMVX dx, dat t=4x = x = () = © = dsin3/x S,nt

i/_

= 3jsm tdt = —3cost + C = —3cos3/x + C

:jsini/; _I3t s,tlntdt

(b) j(zx +3)®dx, co thé tinh tich phan nay ma khong can dbi bién, tirc 14 chi can khai trién biéu

thirc (2x + 3)?° theo Cong thirc nhi thirc Newton va 1y tich phan timg sé hang 1a dugc, tuy nhién cach
nay c6 khéi luong tinh toan 16n. Pon gian hon, ta ¢ thé doi bién méi t = y(x) = 2x + 3 = dt =

d[y(0)] = ' (x)dx = 2dx => dx = %dt

0 1 1t {2 (2% +3)%

Zdt== jtz"dt_— +C=—+C=
2’21 42 42

Nhdn xét. Qua vi du (b) ta co thé tong quat hoa mot mot trudng hop doi bién nhu sau: Gia sir ta
can tich tich phﬁnjf(ax +b)dx véi a # 0, ma mdt nguyén ham cua tich phénjf(x)dx da biét 1a F(x),

= [(2x+3) dx = jt +C

khi d6 ta d6i bién t = ax + b = dt = (ax + b)’dx = adx = dx =1dt, do @6
a

If(ax+b)dx=If(t)édt=§ff(t)dt=§F(t)+C=§F(ax+b)+C
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Khi tinh tich phan j f (ax + b)dx , trong thuc té co thé khong can ddi bién ax + b =t, ma chi can
aé y réngdx=§d(ax+b)va nhu vayjf(ax+b)dx:%jf(ax+b)d(ax+b) =F(ax+b)+C, ching
han, can tinh tich phénjsin(ax +b)dx véia+#0,tacd
[sin(ax + bydx = ijsin(ax + b)d(ax + b) = —icos(ax 1b)+C

(©) [x*Vx* +50x , dit Vx* +5=t=x*+5=1t> = d(x* +5)=d(t*) = (x* + 5)dx = (t*) dt
= 3x2dx = 2tdt = x2dx = 2tdt = [x23x* +5dx =[x +5(xdx) = It.%tdt - %Itzdt -

2l ,c22pic2? (\/ﬁ)stC——(x +5)Wx* +5+C

33 9

Nhan xét. Qua vi du (c) ta co thé tong quat hoa mot mot trudng hop ddi bién nhu sau: Néu ham
dudi dau tich phan 1a tich cua hai thira s6, mot thira s6 phu thudc vao ham y(x) nao do, con thira so kia
1a y’(x) (co thé sai khac nhau mot hé sb khong ddi) thi dung phép doi bién y(x).

3
(d) _[ de , ta thdy dao ham cia thira s6 (2Inx + 5) 1a 2 con thira s6 kia 1a 1 khac vai
X X

X
dao ham cia thira s6 (2Inx + 5) chi bai hé s6 2 nén theo nhan xét trén ta d6i bién 2Inx + 5 = y(X) = t.
Khi d6 d(2Inx + 5) = dt =(2Inx + 5)’dx = dt :>ng=dt:>d—X =%dt, do do
X X
3 4 4 4
.[Md J(Zlnx+5)3 dx _It3 Tdt== Jt3dtzi_t_+czt_+c:M+c
2 4 8 8

©) J. r (X) dx , d6i bién f(x) =t = d[f(x)] = dt hay ’(x)dx = dt, do do

Imdxzj'm=j%:|n|t|+C=In|f(X)|+C

f(x) f(x)
chang han, can tinh tich phan J )Zixl , ta thay néu dat fix) = x®+ 1 thi x= %f'(x) , do do tich phan
X"+
[ 28 LT g nff )+ C = Inf? +1+ C = In(x? +1)+ C
x2+1 2 f(x)

0 I f’ (X) dx , d6i bién f(x) = t = d[f(x)] = dt hay f'(x)dx = dt, do d6

jf(X) OIX=If(><)0|>< I I;dt_ t’%”+(:=2\/f+c:=2\/ﬁ+c

1
I JF0 W
2
Ta van nhan duoc két qua nhu trén néu doi bién ,/f(x) =t
4.1.2.3. Tich phan ting phan

Theo tinh chat cta vi phan cdp 1: d(uv) = udv + vdu hay udv = d(uv) — vdu
= IudV: jd(uv) —_[vdu = uv—Jvdu vaiu = @(X) va v = y(x) la cac ham kha vi lién tuc ctia x. Nho
cong thirc ndy ma viéc lay tich phan I udv duogc dua vé viéc lay tich phan Ivdu c6 kha nang don gian
hon tich phan J. udv hoac cung dang véi tich phan J. udv.

Muén vay, dé lam ham u ta léy ham ma dao ham cua n6 don gian hon, con dv la phén con lai

ctia biéu thirc dudi du tich phan ma tich phan cua phan nay, hodc 1a di biét hodc co thé tim duoc.
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Chéng han, déi véi céc tich phan dang j P(x)e™dx, j P(x)sin axdx, j P(x) cosaxdx, trong d6 P(x) 1a da
thire thi nén dit u = P(x) va dv tuong tng 1a cac biéu thirc e®dx, sinaxdx, cosaxdx; ddi véi cac tich
phan dang IP(X) In xdx, IP(X) arcsin axdx, IP(x) arccosaxdx, trong d6 P(x) 1a da thac thi nén dat u
tuong g bang cac ham so Inx, arcsinx, arccosx va dv = P(x)dx.

Vi du 4.1.4. Tinh céc tich phan

(a)J.In xdx, datu = Inx con dv = dx, khi d6 du =d—xvév:x:>jln xdx:J'udv:uv—J'vdu =
X

xlnx—jx.d—x=x|nX—Idx=x|nx—x+C=x(Inx—1)+C=xIn§+C
X e

(b) J.arctan xdx, dat u = arctanx con dv = dx, khi d6 du = SVvav=x

1+Xx

=N I arctan xdx = I udv = uv — '[ vdu = x arctan X — I de -

d(L+x?%)
1+ x?
() j x sin xdx, ditu=x con dv = sinxdx, khi d6 du = dx va v = -cosX

xarctan X — ZJ. _xarctanx—EIn(1+x2)+C

= Ixsin xdx :Judv: X(—cosx) —J(—cosx)dx =—XCOSX+SinX+C

Nhdn xét. Néu chon cac biéu thic u va dv khong khéo, chéng han, u = sinx, dv = xdx, thi du =
cosxdx, v = %xz = Ixsin xdx = J' udv = % X2 sin X — %J'x2 cos xdx s& dan dén tich phan khac phtc tap
hon tich phan xuat phat!

(d)szexdx, chon u = x?, dv = e*dx, khi d6 du = 2xdx, v = &
= Ixzexdx = J' udv = x%e* — ZI xe*dx

Nhu vay, ta da ha dugc bac cua x xuéng mét don vi. Dé tinh jxexdx ta lai tiép tuc st dung

phuong phép tich phan timg phan. Dit u = x, dv = e*dx, khi d6 du = dx, v =&
:>Ixexdx =J'udv=xe" —Iexdx =xe*—-e"+C

Do dészexdx =x%* —2(xe* —e*)+C=(x*-2x+2)e* +C
1= jex sin xdx , dat u = €*, dv = sinxdx, khi d6 du = e*dx, v = -cosx
=1 =IeX sin xdx—Iudv—eX(—cosx)—IeX(—cosx)dx =—e* cosx+jeX cos xdx

Dén day, ta c6 cam giac rang, viéc st dung phuong phap tich phén tung phan khong dén dich
dugc vi tich phan vira nhan dugc khong don gian hon tich phan xuét phat. Tuy vay, ta tiép tuc sir dung

phuong phéap tich phan timg phan dbi véi tich phan | = Ie cosxdx. bat u = e*, dv = cosxdx, khi do

du = e*dx, v = sinx :>.[eX cosxdx:_[udv:exsinx—_[exsin xdx =e*sinx—1.
X

, . . e* .
Do do6 1= -e*cosx + e*sinx — | = | :.[eX sin xdx:?(sm X—cosx)+C
I:_[exsin Xdx

(f) Céch tinh tich phan I ¢ trén goi y cho ta viéc tinh dong thoi hai tich phan
= j e’ cos xdx
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Str dung phwong phép tich phan ting phan 1an luot dbi véi cac tich phan I, J twong tu nhu & Vi
e* .
A ‘ L (1-J = —e* cosx I=?(smx—cosx)+c1
du (e) ta dugc h¢ 2 phuong trinh déi véi 2 an I, J 1a =

X

| +J=e*sinx J:%(SinX+COSX)+C2

Vi dy 4.1.5. Tim cong thirc truy hdi dé tinh tich phan 1, = [ (Zd_xz) v6ia#0vaneN*
X +a
dx 1 ¢(@*+x*)-x° 1 dx 1 x2dx
|n=jﬁ:_zjﬁdxz_jﬁ__zjﬁ=
(x“+a?)" a (x“+a) (x“+a) a“’ (x“+a“)
1 _if X (xdx)
a‘2 n-1 (X2+a2)n
2
o [ O Y . o W
(x*+a*)" (x*+a?)" (x°+a%)"
j—d(x +a)_—I(xz+a2)‘”d(x2+a2)=1.—1 Erafy™o- Lt 1
(x*+a?)" 2 —n+1 2(n-1) (x“+a”)"
dx 1 1 1 1
:>InZIWZa_ZIn1_a_2J.UdV:a_2Inl_¥|:uv_J-Vdu]:

iI —i[uv—jvdu]—il S X + L j dx =
2 g2 a2 "t oa?| 2(n-D(x*+a?)"t 2(n-1)7 (x®+a*)"*

a

il N X B 1 |- X +i 2n-3

a? "' 2a’(n-D(x*+a?)"t 2a*(n-1) " 22 (h-D(x*+a?)"*t a’2n-2 "
X 1 2n-3

Nhu vay, ta tim dugc cong thic truy hoil = l,,véin>2va

~2a%(n -1 (x% +a)"? T2 -2

s
Il:.[ dx :J a’ :EJ' a) _Locan®ic

x% +a? 1+(sz a 1+(Xj2 a a
a a

Qua mét s6 vi du va bai tap, ta bo sung mot sé tich phan thudng gip vao Bang cac nguyén ham
co ban dé dung khi can.

Bang cac nguyén ham co ban (b6 sung)

(11) j molx = In[f (x)|+C

(12) j f (X) dx 2Jf(x)+C

1 X .
¥ =—arctan—+Cvéia#0
a a

1
=—In
x?—-a® 2a

(15)[\/7
(16)'[m = In‘x+\/x2 +a‘+CV('yi a#0

(14).[ +CV01a7éO

X+a

=arcsin —+Cv01 a#0
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anjé§—=m

tan5 +C
2

(18) _[ tan( 5 4)

(19) _[ tan xdx = —In|cos x|+ C
(20) _[cot xdx = Infsin x|+ C

+C

CcosS X

4.1.3. Tinh tich phan cac phan thuc hiru ty

Phan thuc hitu ty 14 phan thic c6 dang g((x)) , trong d6 P(x) va Q(x) la cac da thuac. Phan thuc
X

hitu t}"/‘du’qc goi la thyuc su néu bac cua P(x) nho hon bac cua Q(x), ngugc lai, bac cua P(x) lon hon
hodc bang bac cua Q(x) thi dugc goi 1a khong thuc su.

Phén thtc hitu ty don gian nhat 1a cac phan thire thuc sy ¢6 dang sau:

A
N —
X—a
(1 ( A — trong d6 meN*\{1}
X_
Ax +B , p’ L Ao N
() ————— trong d6 — —q <0, tirc la tam thirc bac hai x° + px + g khong c6 nghiém thuc
X+ pxX+q 4
Ax+B , . p’ s o hae hat «2
(IV) ——— trong d6 neN*\{1} va —-q<0, tlrc la tam thirc bac hai x° + px + g
(X +px+Q) 4

khong c6 nghiém thyc.

Trong ca bon truong hop trén, cac s6 A, B, a, p, q la céac sb thuc. Cac phan thic noéi trén duogc
goi tuong tng la cac phan thirc hitu ty don gian nhat loai I, 11, 1T va IV.

4.1.3.1. Tinh tich phan c4c phén thirc hitu ty don gidn nhat

d(x-a) =Alnjx-a/+C
X —a

Tinh tich phan phan thuc loai I: J.— dx=A

Tinh tich phan phan thue loai II: I dx = AI d(x-a) = AJ. (x—a)"d(x-a) =

(x— a) (x—a)"
A (x—ay™ic=_ A I ¢
-m+1 (m-1) (x-a)"
Tinh tich phan phan thire loai III: Iﬂ dx
X" +pX+q
- Budce 1. Tinh tich phéan j—
X“+px+q

2 2 2 2 2
Ta bién d6i x2+px+q:x2+2.Bx+(Ej +q—(Ej =(X+Bj +q—p— vi & _q<0 nen
2 2 2 2 4

2 2
c6 thé dat Q—%zaz, do dé x2+px+q:(x+gj +a.

bat t—X+p
2

dx dt 1 t .
_[ ,—— = —arctan —+C, tr¢
x? +pPX+q t°+a° a a

X7 & - dx 2 2X X+p
ve bién cii ta duogc .[XZ X = prmrs arctan —— m

=dt=dxvax’+px+q=t*+a :>'[
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- Budc 2. Tinh tich phéan jﬂdx
X" +px+(q

Ta thay dao ham cua mau sb cua biéu thirc 1ay tich phan 1a (x? + px + q)” = 2x + p, do d6 ta bién

dbi tir s cuia biéu thirc 1dy tich phan thanh dang Ax +B = % (2x +p) + (B - %} , khi @6

Ax+B 2X + p)dx A dx A A
e P L) PR R
X“+pxX+q X? +pX+q 2 P X+px+q 2 2

T|'nhI1=.|‘(§X+p)dX=J'O|(X2 +pXJrq):In(x2+px+q)+C1vix2+px+q>0vc’riVX
X? +pX+(q X? +pXx+q
Tinhlzzj 5 dx = 2 arctan 2X+p +C, da dugc tinh ¢ Budc 1
XFepxeq Jag-pt o Jag-p?
DodéJ.Z'A‘X—+de:éln(x2+px+q)+ 2B-AD orctan—2XHP L
Xpxrq 2 \/Q—P2 Jaq-p’
dx
Vidu4.1.3.1.1. Tinh cactichphén (@) | ———, (b)) | ———
P ()-[ 6x 25° ()I2x2—2x+3
Bai giai
dx g \ p2 . £ A
(a)I:IZ—, daitp=6vaq=25 =>—-q=-16 <0, ap dung két qua trén ta dugc
X° +6X+25 4
2 2X+p 2 2X+6 1 X+3
| = ———=—=arctan

+C= arctan—+C:—arctanT+C

Jaq—-p? Jag—p?  J425-6° J4.25 62

hOﬁCbléHd()ltl‘lICtlép|=I > dx =J. 5 =I d(XjB) 2=1arctanX—+3+C
X“+6x+25 J(x+3)°+16 J(x+3)"+4° 4 4
2
(b)l:jzo'—x=1 X mp=-1vaq=S =P _q=—5 0. ap dung két qua
X?—=2x+3 27 > 3’ 2 4 4
X5 =X+~
trén ta dugc I—E Larctan 2x+p =
- 2 Jaq-p’ VA - p
%arctan +C=— arctan 2>\</:1+C
‘/4.2—(—1)2 /4f—( 1)? >
hoacblendmtmctlepl—I—:—I—:l de =
x? 4+ 6X + 25 3 2[ 1) [3 1)
— X+ x—= °_1
2 2 4
1
X_i
:_I ( 2] L aean 22t
G
2 2

(3x —1)dx () I Xdx © J-(2x +3x)dx

Vidu 4.1.3.1.2. Tinh céc tich phan (a)J. i i8’ STV T 1
X+ X7 +2X + X*+ X+

Bai giai
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— 2 14
(a)lzj(?XT;L()i);, ditA=3,B=-1,p=-4,9=8 :%—q:—4<0,épdungkétquétrénta

du’(.)'Cl=I2AX—+BC1X=A|I’I(X2+pX+q)+Marctanﬂ+C:
X°+pxX+(q 2 4q —p? /4q_p2
3 2.(-1)-3.(-4) 2X -4 3 2 5 X—2
ZIn(x® — 4x +8) + ————=—arctan —————+ C = = In(x* — 4x + 8) + = arctan +C
2 J4.8—(~4)? 1/4.8—(—4)2 2 2
o ) (2x 4) - 1+6
hoacbiéndaitructiépl_j (3x ~Ldx -[2 _3 j x4 4o
—-4x+8 x? —4x+8 x? —4x+8
5.[ x .[d(x —4x+8) SI d(XZZ) . :Eln(xz—4x+8)+§arctan—x_2+c
x? —4x+8 27 X°—4x+8 (x-=2)"+2° 2 2 2
2
(b)l:jzx¢=l XX g A=1,B=0p=1,q=2=2 _q=-2<0, 4
2X°+2Xx+5 2 2 4y 4> 2 4 4

dung két qua trén ta duoc

:—j Ax+B :1 “In(x® +px+q)+ parctanﬂ +C, =
X +pX+q 2| 2 4q p

1|1 20-11 2x +1 5) 1 2x +1
= =In| x ———"arctan —— x +X+— |- =arctan +C, =
2|2 ) ) 2) 6 3

4"1 4f—1

l[In(2x2+2x+5)—|n2]——arctan 2X+1 C, = 2x +2x+5)—larctan 2XJF1+C
4 6 4 6
Jxe2)-
hodc bién ddi truc tiéplzj xdx _j '[ (4x+2)dx
2X% +2X +5 2x° +2x+5 2X? +2X +5
2
J d(2X2 +2X+2)——j 5 dx :—In(2x2+2x+2)——f—dx =
2x? +2x+5 49 27+ 2x + 2 2x? +2x+5 4 47 o .2
1 1 d(“zj 1 11 X+
—In(2x2+2x+2)——j . - ==1In(2x? +2x +2) - = . —arctan —= 2,.C=
4 1 3 4 4°3 3
x+E + 5 5 5
%In(sz +2x+5)—%arctan 2x+1 ¢
3
1= j w d6i bién t = x% khi 46 dt = 2xdx hay xdx = = dit
x*+x2+1 2

2
dt. PatA=2,B=3,p=1,q=1 3%_

I_I(ZX +3)xdx 1_[ 2t+3

X rxi+1l 29 +t+1l

q =—%<O, ap dung
két qua trén ta duoc

J‘ 22t+3 J‘ At+B =é|n(t2+pt+q)+Marctanﬂ+Cl=
et P aptrg 2 4q - p? VAq-p*
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gIn(t2+t+l)+—2'3_2'l arctan 21 ¢ =In(t* +t+1)+— ~ arctan 2t+1+C1
V4.1-1° V4.1-1° ‘/§ V3
_ J‘ 22t +3 E In(t?> +t+1) + iarctan 2t+1 +C, tré vé bién cil ta dugc
a2 J3 V3

1 2 2x? +1
I ==In(x* +x?+1)+—arctan————=+C

2" NG V3

Ax+B

Tinh tich phan phan thtrc loai IV: J, = Iz—
(x“+px+q)"
- Budc 1: Bién d6i biéu thirc dudi dau tich phan ta dugc

A Ap
2(2x+p)+(B J J. (2x + p)dx J{B_&jj-d—xzéh{ _ﬂjj
(X*+px+q)" (X*+px+q)" 2 P (x*+px+q)" 2 2

(2x + p)dx _Id(x +pxX+q)
(X% +px+q)" (X*+px+q)"

- Buge 2: Tinh 1= = [(<* +px+0) "d(X* + px+0) =

n e 1 1
j(x2+px+q) d(x* +px+q) = (X*+px+q) " +C, = — —+C,
- 1-n (X“+px+qQ)
- Bu6c 3: Tinh J:I(Xz Si(( q)n :.[ dx n,béy glb’ néu dé.t t:X+B va
+pX +

(32

2
a’ :q—p— thiJ:jzcj—tz. Ta thdy J chinh Ia tich phan I, zjz(j—tz voi a £ 0 va neN*, da
4 (t*+a“)" (t*+a“)"
tinh & Vi du 4.1.5. va ta dd xac dinh duwoc cong thiuc truy hdi dé tinh tich phan nay
t 12n-3 - X dt 1 t oA 1A
I, == gt |,,véin2>2va I1=Iﬁ=—arctan—+C2. Tro ve bién cii
2a“(n=1)(t° +a“) a“ 2n-— t“+a° a a
Y
X+
ta dugc J=1, = 2 —+ 1 5 .Zn_?)ln_1 voi n > 2 va tich phén
p? D 2 p? q p° 2n-2
2n=1)jg-—" ||| x+= | +|g——~ T4
( )(q 4]( 2} [q 4j 4
| xi?
bandaula |, = —arctan 22 +C,,
P P
4 4
hay J=1, = L PN 2X 1P <+ 4 2.2n_3lml v6i n > 2 va tich phan ban dau la
(n-D(4g-p°) (X" +px+a)™" 4q-p° 2n-2
2 2X+p
|, =——=—=4arctan ———=—=+0C,
4q-p° V4q - p’
Dodé J, =" 1 1+( —&jln,
21—n) (x“+px+q)" 2
trong d6 | = L 2XFTP___ A 273 6in>2vatich phan ban diu 1a
(n-1)(4q-p*) (x*+px+0)""  4gq-p* 2n-2
Ilz;arctanﬂ+c

4q - p? V4q-p°
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Vi dy 4.1.3.1.3. Tinh céc tich phan (a) I, _I( _J'( (3x + 2)dx
X2 X?

+2x +10)?
Bai giai
(a) Tich phan da cho 1a 1 =I( de a v6in=3vaa=1,do d6 st dung cong thirc truy hoi
X“+a
da biét 1, =—; x2 - _1+i22n_3IHV(’ri n>2va Il:I Zdt - :larctan§+C1 ta
2a°(n—-(x“+a”)"™ a“2n-2 X“+a° a a
dwoe ly= X 12873 L x 3,
T 212(3-D(x*+1%)% 1223-2 % 47 (x*+1)? 4%
X 122-3 X 1 X 1 X
l,=—— ERPTIv R = <+-l, va I =-arctan—-+C, =arctanx +C,,
2.1°(2-1D(x" +1°) 1°22-2 2(x°+1) 2 1
, 1 X 3 1 X 3 X 1 X 3X 3
dodol,==.———=+-lL=—————S+-| F—+=l, |=—F—F+— +=1, =
4 (x*+1)? 47 4 (X*+1)? 4]|2(x*+1) 2 4x2+1)2  8(x*+1) 8
X 3X 3
St +—arctanx +C
4(x°+1)° 8(x°+1)
3
()3, [ (XD _Iz(zx+2)+(2‘3) 3 @ndk &
2 ) (x? + 2x +10)? (x? + 2x +10)? (x? +2x+10)% 7 (x? +2x +10)?

, d6i véi tich phan thi nhat doi bién z = x% + 2x + 10 = dz

J‘ d(X + 2X + 10) J‘
(x* +2x +10)* [(x +1)% + 9]2
= (2x + 2)dx, con d6i véi tich phan thir hai d6i bién t=x + 1 = dt = dx, do d6

dz dt 3¢ dt 3__ 1 t
Jz=§fz—z—f(tz+—9)z—§fzzdz‘fmz_izl{zaz.(z—l) (C+3)

122-3 dt 3 t 11 t
=~ j 5 | —io-sarctan - +C, tr¢ vé bién cil, ta duoc
3°22-27t°+3 2z 18(t°+9) 18 3 3
(3x + 2)dx 3 X+1 1 X+1
:I > ;== ~ —arctan 2= 4 C
(X +2x+10) 2(x* +2x +10) 18(x +2x+10) 54 3

4.1.3.2. Tinh tich phén cac phan thirc hitu ty nho phan tich thanh cac phan thic hiru ty don gian
nhit

Trudc khi 1ay tich phan phan thirc hitu ty g((x)) can thyc hién cac phép bién doi va phép tinh dai
X

SO sau:

(1) Néu P((X)) 1a phan thirc hitu ty khong thuc su thi thyc hién phép chia P(x) cho Q(x), két qua
X

nhin duogc c6 dang PO _ M(x) + R() , trong d6 M(x) 1a da thirc, con R()
Q() Q(x) Q(x)

la phan thie hitu ty

thuce su;
(2) Phan tich mAu s6 cta phan thirc ra cac thira s6 tuyén tinh va bac hai: Q(X) = (x — a)™. (x> +
2
px + q)"..., trong do6 %—q <0,ttc 1a tam thirc bac hai x® + px + q khong c6 nghiém thuc (hay co
nghi¢m lién hop phurc);
P, (X) _ A N A,
Q(x) x-a (x-a)’

(3) Phan tich phan thirc hitu ty thuc sy ra cac phan thirc don gian nhat:
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A, A, Bx+C, B,x+C, B, x+C, , B, x+C,
_ m-1 + _ m + 2 + 2 2 ot 2 n-1 2 n
(x—a) (x—a) X“+pxX+qg (X°+px+qQ) (X" +px+q) (X" +px+q)

(4) Tim céc hé s6 Ak, Bk va Ck bang phuong phap hé s bat dinh.

(5) Cudi cung, viéc tinh tich phan tich phan ctia phén thirc % dugc dua vé viée tinh tich phan
X

da thire M(x) va céc phan thirc hiru ty don gian nhét.

Khi phan tich mau sb Q(x) cua phén thirc ra cac thira s tuyén tinh va béac hai thi ¢6 4 trudng
hop:

Truong hop 1. Q(x) chi ¢6 cac nghiém thue khac nhau, tirc 1a Q(x) dugc phén tich ra cac thira 5O
bac nhat khong 1ap lai.

Truong hop 2. Q(x) chi c6 cac nghiém thuc, trong d6 c6 mot s6 14 nghiém boi, tirc 12 Q(x) duoc
phan tich ra cac thira s6 bac nhat va mot sd thira s6 d6 duoc 1ap lai.

Truong hop 3. Q(x) ¢6 cac nghiém phirc don, tirc 13 trong khai trién ctia Q(x) c6 chira thira sd
bac hai khong lap.

Trudng hop 4. Q(x) ¢6 cac nghiém phirc boi, tirc 1a trong khai trién ciia Q(x) c6 chira thira s6 bac
hai lap.

Vi dy 4.1.3.2.1. Tinh tich phan [ o _’;&f); )sz_ ¥ dx, nghiém cta Q(x) thude Trudng hop 1
X? +2X+6 _A B C :(A+B+C)x2—(6A+SB+3C)+(8A+4B+2C)
X=-D(x-2)(x—4) x-1 x-2 x-4 (X=D(x-=2)(x—4)
A+B+C =1 A=3 ,
= -6A-5B-3C =2=1B=-T=[ *2x+6 —3[ [ —7j—dx+

8A+4B+2C =6 |C=5 (X-D(x-2)(x-4)

N3 (v _ A5
I dx 3Injx =1 -7Injx - 2|+ 5Injx -4/ + C = In|(x ) (X74)|+C
| x-2) |
x?+1
(x —1)3(x +3)
x? +1 A B C D
3 = + 2+ 3+ =
(x-1°(x+3) x-1 (x-1)* (x-1)* x+3
(A + D)X’ +(A+B-3D)x* + (-5A + 2B+ C + 3D) + (3A - 3B + 3C - D)
(x=1)°%(x +3)

Vidu 4.1.3.2.2. Tinh tich phén.[ dx, nghiém cua Q(x) thudc Truong hop 2

A+D =0 ([A=5/32
A+B-3D -1 |B=3/8 x? +1 5.dx 3, dx
= = js— X=— += =+
-5A+2B+C+3D =0 C=1/2 x-1)°(x+3) 32 x-1 87(x-1

3A-3B+3C-D =1 |D=-5/32
dx d(x-1) 3pd(x-1 d(x-1) 5 d(x+3
J. X J- (x— ) J‘ (X— ) J‘ & )_§IM=

(x - 1) 32 x+3 329 x-1 (x-1> 29 (x-1° X+3
—In| -1 3 ! —iln|x+3|+C:— s 1 2+ilnx—_1+c
8(x -1) 4(x )% 32 8(x-1) 4(x-1)° 32 |[x+3
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. . . dx dx .
Vi du 4.1.3.2.3. Tinh tich phan = , nghiém cua Q(x) thuoc
' P J.xf’—xz J.xz(x—l)(x2+x+1) 8 Q)
Truong hop 3.
1 A B C Dx+E
2 2 =, T2t t 2
X“X=-D(x“+x+1) x x° x-1 x"+x+1
(A+C+D)x*+(B+C-D+E)X*+(C-E)x*+Ax-B
X?(X =1D(X* +x+1)
A+C+D =0 A=0
B+C-D+E =0 B=-1

C-E =0=4C=1/3 :>I 5dx = Idx lrox 1 ZX—_ldx:
X — X-1 3 x +x+1
A =0 D=-1/3
-B =1 E=13
1 2X+1- 3 1 1 d(x? + x +1) dx
R B e Lo e T P
X x+x+1 X 3 X?+x+1 2( 1} 3
X+=| +—
2 4
1 1 1 2x+1 1 1 (x— 1) 2x+1
ZIn|x — ——Inx +X+1D)+— arctan—+C=—+—In— —arctan———+C
3 -4 6 ( ) NG V3 X 6 x2+x+1 \/_ 3

3 —
Vi dy 4.1.3.2.4. Tinh tich phan [ Xz—z)xzdx, nghiém ciia Q(x) thude Truong hop 4

x® —2x _AX+B, Cx+D Ax +Bx*+(A+C)x+(B+D)

(x> +1)?  x2+1 (x +1)° (x? +1)?
A =1 A=1
B =0 B=0 X —2x xdx xdx
= _ = _ :I 2 2 :J‘ 2 _3_‘- 2 2 =
A+C =-2 C=-3 (x“+1) X +1 (x“+1)
B+D =0 D=0
2
lju_3jd(x +1) 1In(x 1) ZLWLC
27 x°+1 (x> +1)> 2 2(x° +1)

4.1.4. Tinh tich phan cac ham vo ty don gian nhat
m m,

4.1.4.1. Tinh tich phan dangf R| x,(ax+b)™,(ax + b) " ,..de, trong d6 R 1a phan thac hiru ty

d6i véi cac bidnx, (@x +b)™ , (ax+b) " ,...: Mk, NkeZ. Phép ddi bién ax + b = 5 véi s = BSCNN(ny, Nz,
...) s& bién ddi ham 14y tich phan thanh phéan thtrc hitu ty ddi v6i bién t.
Vi dy 4.1.4.1. Tinh tich phan | = [ x

2 T
(2x+1)°® - (2x +1)?
Bai gidi Ta thdy n; = 3 va n, = 2 nén BSCNN(ny,n2) = 6, do d6 dung phép thé 2x + 1 =5 suy ra
x:%(te—l)Védx=3t5dt:>I=j de . _jt?’t dtt —3jt dt_3j(t+1+i)dt:
(2x +1)% — (2x +1)2

gtz +3t+3|n|t—14+czg%/2x—1+3§/2x—1+3|n\2/2x—1—q+c

77



4.1.4.2. Tinh tich phan dang J. Dé tinh tich phan loai nay, ta tach binh phuong di

dx
Vax® +bx+c '
cuia tam thurc bac hai ax? + bx + ¢, 16i dua vé tich phan co ban (15) hoic (16).
Vi dy 4.1.4.2. Tinh céc tich phan (@) 1 = | B S [ dx
VXZ+2X+5 V=3x2 +4x -1

d(x+1) :In‘x +1++/x2 +2x+5‘+C do 4p dung tich

dx
VX +2X+5 _J.W/(x+1)2 +4

Bai gisi (3)l = j

phén co ban (16).
d(x - :ZJ 1 X — 2
- 3
(b)I = =——arcsin—=+C =
I\/3x+4x1 \/_I(j( 2j2\/§ 1
3 3
= arcsin(3x — 2) + C do ap dung tich phan co ban (15).
3
. , A Ax+B X s , A . , ., A
4.1.4.3. Tinh tich phan dangf—dx. bé tinh tich phan loai nay, ta tach tir sO0 Ax + B
Vax? +bx +c v
ra dao ham cua tam thirc bac hai ax? + bx + ¢ va phan tich tich phan nay thanh tong cua hai tich phan:
(2ax +b)+ A—b
Ax+B 2a 2a A Ab
[————dx=] dx =1+ B-——=)
Vax? +bx+c Jax? +bx +¢ 2a 2a
1 1
trong d6 | :Id(ax +bx+0) —j(ax2 +bx+c) 2d(ax® +bx+c) = (ax® +bx +c¢) 2 ‘ic=

1
Jax? +bx+c 1
2
dx
2Jax? +bx+c+Cval= | —mn-——
J.\/ax2+bx+c

Vi du 4.1.4.3. Tinh cac tich phan (a) | = j

la dang tich phan 4.1.4.2. da xét ¢ trén.

5x -3 3X+4

X734, (b)I=
N2x? +8x +1 I\/ X% +6x —

Bai giai

5
5X -3 Z(4X+8)_13 _5J~ (4x + 8)dx

dx
@1= 4 dx=-( 2227 q3f—= -
'[\/ZX +8x+1 ‘[\/2x2+8x+1 V2x% +8x +1 ‘[\/2x2+8x+1
J-d\;ZX +8x+1) 13I gm \/—I d(x+2) _
2x% +8x +1 /x +4x+5 P

2\/2x +8x+1——jM:§\/2x2 +8x+1—£lnx+2+‘/(x+2)2 —%

V2 ﬁ 2 V2
2
X+2+1fX2 +4X+% + C do ap dung cac tich phan co ban (12), (16).

3
——(-2x+6)+13
3X+4 dx — 2 dx —

'[\/—x2+6x—8 J-x?+6x-8

+C=

§\/Zx2 +8x+1—£|n
2 V2

(b) I =
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(=2x + 6)dx dx 3+ d(-x*+6x-8) d(x -3)
= o --3] o
27 J-x?+6x-8 J-x>+6x-8 27 J-x*+6x-8 J2—(x-3)°
—3v—x? +6x —8 +13arcsin XT_3 +C=-3vJ-x*+6x—-8+13arcsin(x —3) + C do 4p dung cac tich
phan co ban (12), (15).
4.1.4.4. Tinh tich phan dangj

[EEN

dx
(X —a)vax? +bx +¢
phan nay vé dang tich phan 4.1.4.2. da xét ¢ trén.

Vi dy 4.1.4.4. Tinh cic tich phan (2) I = | \/Sfxiu,(bn: [ =, dxz —
X X" —<ZX + X — — X" +4ZX +

. Phép d6i bién x —a == sé& dua dang tich

—+

Bai giai

2
détx:lhaytzljdx:—ﬂznz_.[lt—:

dx
a)l = , da
@ ‘[x\/5x2—2x+1 t X t? 5 2
—5—-—+1
tVt* t

dt
B _ d(t-1) > B
| = _-[1 - 2+1 —J' —ZH J' —t V14 In‘t—1+\/(t—1) +4‘+C_

Vt2 ¢t

1—1+‘/i2—E+5‘+C:—In|1_x+'5X2_2X+1|+C do é&p
X x? X ‘ X ‘

t
, dat x — 1_1:>x 1+1:>dx——%vat—L do do

b)I =
® J.(x DvV-x*+2x+3 t t? x-1

dt
nt+‘/t2—£
4

IZ_J- t2 :_J~ dt :_EJ- dt z—ll
1\/—(1+1j2+2(1+1j+3 Jart -1 2 tz_lll 2
t t
1|‘ 1 ( 1 jz |2+\/—x +2x+3|
2 ‘x—l x-1) 4

+C= ——I +C
\ 2(x —1) \
4.1.4.5. Tinh tich phan dang [

—In‘t—1+\/t2—2t+5‘+C:—ln

dung tich phan co ban (16)

+C=

2
P, (x)dx

Jax? +bx+c
duge nher déng nhét thire [ M = Q.. (VaxX? +bx+c+A B S

vax® +bx+c Vax® +bx+c
1a da thirc bac n — 1 v6i hé s6 bat dinh, con A 1a mot s6 thyc. Bay gid 1y dao ham dong nhat thirc trén
va quy dong miu s, ta s& nhan duoc dang thirc ciia hai da thirc ma tir 6 ¢ thé xac dinh cac hé sb cia
da thirc Qn-1(x) va s A.

trong d6 Pn(x) 1a da thirc bac n. Tich phan nay tinh

trong d6 Qn-1(X)

3 2
Vi dy 4.1.45. Tinh tich phan | = [ = 2X°+3X+4 4y

VX2 42X +2

Bai giai O day n = 3 nén dong nhat thirc twong tng 1a

3 2
jxjfx +3X+4dx=(b2x2+b1x+b0)\/x2+2x+2+xj'
X"+ 2X+2

dx
VX2 4+2x+2
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Dao ham hai vé dong nhit thirc nay ta dugc
3 2
XX AL o wr b )WX? 42X+ 2 + (0,X + byx + by) T A

+
VXZ 42X+ 2 IXP42x+2 X% +2x+2
= X° +2x% +3x +4 = (2b,X + b, )(X* + 2x + 2) + (b, X" + b, X + by ) (X +1) + 1
& X*+2x% +3x+4=3b,x° + (Bb, + 2b, )X + (4b, +3b, + b, )x + (2b, + b, + 1)

3b, =1 b, :]/3
5b, +2b, =2 b, —1/6 1
= = =l==|X + +— WX +2x+2+=
4b2+3b1+b0 =3 b —7/6 3( J J,/X 4+ 2X+2

2b,+b,+A =4 |A=5/2

;(x o+ )\/x F2X+2+= J'\/%—l(xz X 7j\/x +2X+2+

+gln‘x+1+\/(x+1)2+l +C=%(x2 +§+gj\/x2 +2x+2+gln‘x+1+\/x2 +2Xx+2|+C

4.1.4.6. Tinh tich phan nhi thic vi phﬁnjxm(a +bx")Pdx, trong d6 m, n, peQ. Nha toan hoc
Tsebusep da chirng minh, tich phan nay xac dinh dugc chi trong 3 trudng hop sau:

(1) peZ, khi d6 dat x =t véi s 1a BSCNN ciia mau sb ciia cac sd hitu ty m, n; tich phén s& dugc
dua vé tich phan cua ham so6 hiru ty;

2 m+1 e Z, khi d6 phép ddi bién a + bx" = t* v6i s 1a mau s cta phan sd p, s& bién doi tich
phan thanh tlch phan cua ham hiru ty;
O L, p e Z, khi d6, dé dua vé tich phan ciia ham hitu ty, dung phép ddi bién ax™ + b = t°

vé6i s 1a mau sb ctia phan sd p.

Vidu 4.1.4.6. Tinh céc tich phan

dx .[ x3dx

[— 2 )i-=
@ J.x/;(“\/;+1)w ®! a? - x?)va? - x?

dx
O]

Bai gidi
: : S VO S b :
(a) Viét ham l4y tich phan dudi dang Vx(4/x +1J° = x 2(x4 +1j . nén p = -10 1a s nguyén,

m= —% van= % Do d6 tich phan nay xac dinh duoc vi né thudc trudng hop dau tién cia tich phan

nhi thtrc vi phan, nén ta str dung phép d6i bién x = t* (4 1a BSCNN ciia mau s6 clia cac phan s6 m va
J- Atdt B J' tdt
( x+1)1 2(1+1)° (t+1)°
(t+1- 1)dt (t+1- 1)dt (t+1)dt
4 _
j I I(t+1)1° Ia )%

n). Khi d6 dx = 4t3dtva | =

=4[ (t+1)°dt-4[(t+1) dt =

(t+1)"Y (t+1)"Y
1 1 s
Al (t+D)°d(t+1) -4 (t+D)™d(t+1) =— + +C, trd vé bién cil, ta duoc
[(t+Dd(t+1) - 4] (t+D) ™ d(t+1) T :
I=I dx =~ ! + 4 +C.

\/;(4\/; + 1)10 2(‘{/; + 1)8 9(‘{/; + 1)9
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3 3
(b) Viét ham Idy tich phan du6i dang X =x*a?-x?)2 nenm=3n=2va

(a2 —x*Na® - x?
m+1 3+1

n
hop tht hai cua tich phan nhi thitrc vi phan, nén ta st dung phép doi bién a® — x

p= —g, suy ra = 21a s6 nguyén. Do d6 tich phan nay xac dinh dugc vi n6 thudc trudng

2 = t2 (2 1a mau s6 cua

3 3
phin s6 p). Khi d6 xdx = -tdtvax? =&~ = 1 = X = [x*(a® -x*) 2dx =

a? — x?) [a2 _ x2

2 2 2 2 2
~[(a? -t )Pt = [ 2 tzt dt=fdt—a2j‘t]|—2t=t+aT+C=t “;a +C, trd vé bién cii, ta duoc

2 2
|=2a—x_|_C_

/az X2

(¢) Viét ham 1ay tich phan dudi dang

1 » AN . 1
————=X"{l+Xx")2nénm=-4,n=2va p=——,
x*V1+ x? ( ) 2

m+1 -4+1 1

suy ra +p= 7 3= —21a s6 nguyén. Do d6 tich phan nay xac dinh dwoc vi nd thudc

truong hop thir ba ciia tich phan nhj thirc vi phan, nén ta str dung phép d6i bién x2 +1 =t? (-2 =-nva 2
1
2 *E —

:>I:_|'—X4 dl;-(kxz :Ix‘4(1+x )

Ix“‘ [xz(x‘2 +1)ﬁdx = .fx‘z(x‘2 +l)_%x‘3dx = —J‘ t2 —1)t‘1tdt = —j t2 —l)dt = t—§+ C, trd vé bién

m_w/(x‘;jtl)s ‘C \/1+x \/1+x 2x —1N1+ X2 ‘c

3x3 3x3

12 mAu s6 cua phan sb p). Khi d6 x3dx = -tdt va x* = ZL
t° —

cii, ta duoc | =

4.1.5. Tinh tich phan cac ham lugng giac

4.1.5.1. Tinh tich phan dang JR(Sin X,c0s X)dx, trong do R 1a phan thuc hitu ty. Cac tich phan
dang nay dugc dua vé tich phan cua phan thic hitu ty nhd phép d6i bién luong gidc van ning
1-t 2tdt

t=tan§,suyra sinx=i2,cosx_— X = 2arctant va dx = —.
2 1+t 1+t° 1+t

X ;3 o aks 1o A < X -2 \ T RTY .
Can luu y rang, phép doi bién van nang t = tan 2 trong nhi€u truong hop dua dén viéc tinh toan
phirc tap vi khi d6 cac ham s sinx, cosx dugc biéu dién qua t dudi dang phan thire hiru ty chua t2.

Trong mdt s6 trudng hop dic biét, viéc tim tich phan dangIR(sin X, cosX)dx c6 thé don gian

hon: (1) Néu R(sinx,cosx) 12 ham 1¢ d6i voi sinx, tirc 1a R(-sinx,cosx) = -R(sinx,cosx) thi dung phép
d6i bién t = cosx; (@) Néu R(sinx, cosx) 1a ham I¢ d6i voi cosx, tire 1a R(sinx,-cosx) = -R(sinx,cosx) thi
ding phép ddi bién t = sinx; (3) Néu R(sinx,cosx) la ham chin ddi véi sinx va cosx, tirc 1a R(-sinx,-
cosx) = R(sinx,cosx) thi ding phép dbi bién t = tanx.

H a3
Vi dy 4151 Tinh cic tich phan (a)[— dx - I(S'“X+Sln X)dx
4sin X +3c0sX +5 COS 2X
3 5
cos® X + cos® X dx
c dx, (d
( J.sin2x+sin4x Jsin2x+23inxcosx—coszx
Bai gidi
2
(a) Déi biént = tan X =sinx = 2 cosx =1L va dx = 20|
2 1+t 1+t 1+t
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2tdt
Do d6 J' dx :J‘ 1+t? _ZJ‘ dt __[ dt

: Y - 2 - 2 =
4sin X +3cosx +5 " 2t2+3.1 t2+5 2t° +8t+8 (t+2)
1+t 1+t
jd(”zz):— " C, tro vé bién ci ta duge [ — ox -1 .c
(t+2) t+2 4sin X +3cosx +5

tan5+2
2

- - 3 - - 3
\ I N s 12 a ke g s ,—SIN X+ (-SIN X SIN X +SIN~ X
(b) Ham lay tich phan la 1¢ do61 voi sinx vi ( ) __

nén ta dung phép

o C0S 2X - COS 2X
doi bién t = cosx, suy ra sin®x = 1 — t2, cos2x = 2c0s2x — 1 = 2% — 1 dt = -sinxdx. Do d(')
(sin x +sin®x)dx ¢ (L+sin®x)sinxdx ¢ (2-t° )( dt)
| | [ (2 (13 -
COS 2X C0S 2X 2t 2 2 2t

_I I2t 1 ; gf(ft 1dxt\/_t+1 ; U\/_t 1I\/_t+1j
i—E(\/—fM J~d\/_t] t ( dvz2t-1) (\/§t+1)]=

2 4 V2t-1 V270 V2t+1 24\/_ Jot-1 ﬁt+1
t 3 \/_t+1 o A1~
E—m(ln‘x/it—l‘—ln‘ﬁt+l‘)+c— L/_t %+C, trd vé bién ci ta duoc
J-(sinx+sin3x)dx_cosx |\/_cosx+1| .
cws2x 2 a2 VZcosx—1|"
(- cosx) +(- cosx) _ c0s° X +¢0s° X

(c) Ham 14y tich phan 13 1é d6i voi cosx vi

=—— —— héntadung
sin® x +sin* x sin“ X +sin” x

phép ddi bién t = sinx, suy ra cos?x = 1 —sin®x = 1 — t?, cosxdx = dt. Do d6
cos® x + cos’ x cos? x(L+cos® x)cosxdx ¢ {1—t?)2—t? [t 6
| - S

sin? x +sin* x sin? x +sin® x t? +t* 1+t

jdt+2j——6j dt =t+3—6arctant+c, tro vé bién cil ta duoc
t? 1+ t2 t

3 5

COS” X + C0S” X . 2 .

f — —— dx =sin X + —— —6arctan(sin x) + C.
sin® X +sin” x sin X

(d) Ham lay tich phan 1a chan doi véi ca sinx va cosx vi

—— 1 = — 1 ~— nén ta dung phép déi bién
(=sin xX)“ + 2(=sin X)(=cos x) — (—cosx)“  sin“ X + 2sin X COS X — COS“ X
. tan x t 1 1 \
t = tanx, suy ra sinx= = , COSX = = , X = arctant va
Ji+tan®x N1+t Ji+tan?x A1+t
dt
2
dx = 2t Do d6 [— o —=[— 1+1 -
V1+1t2 Sin“ X + 2sin X COS X — C0S” X t P t 1 1
1+t 14?2 Vi+t? 1+t
t t+1 t+1- \ g
J. 5 d :I a(t+d > | * \/_|+C,trévéb1éncﬁtaduqc
t°+2t-1 (t+1)2—(\/§) 2\/_ ‘t+1+\/_‘
dx 1 |1 \/§+tanx|
[ In +C.

sin? x + 2sin X cos X — €os? X 2\/_ ‘1+\/_+tanx‘
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4.1.5.2. Tinh tich phan dang J.sin ™ x cos” dx trong hai truong hop (1) it nhat mot trong cac s m

hodc n 1a s6 1& duong, néu n 1a sé 1¢ duong thi dung phép d01 bién t = sinx, con néu m 13 sd 1¢ duong
thi ding phép ddi bién t = cosx; (2) Ca hai sb m, n déu 14 sb chin duong, khi d6 bién d01 ham sb 1ay

tich phan nho cidc cong thiac lugng giac: SinXCOSX:%Sir\ZX, sin® X:E(l—COSZX),

cos® X = %(1+ 0S 2X).

sin® xdx

cos x3/cosx

Vi du 4.1.5.2. Tinh céc tich phan (a) Isin“ X c0s® xdXx, (b)J (c)fsin2 X cos* xdx

Bai giai
(a) Vin 1a s6 1& duong nén ta dung phép d6i bién t = sinx nén dt = d(sinx), do d6

J.sin4 X coS® XdX = _[sin“ X.cos” x(cos xdx) = jsin4 X.(1—sin? x)*d(sin x) = It“(l— t?)t%dt =

. 6 e, t°2t7 t° s
It dt—ZIt dt+J.t dt=——-—+—+C, trd vé bién cii ta duoc
5 7 9

=5 =7 =9
) sin>X  2sin“ X sin® X
Ism“xcos5 xdx = 57 + 3 +C.

(b) Vi m 14 s6 1¢ duong nén ta ding phép ddi bién t = cosx nén dt = -sinxdx, do d6

sin® xdx , o ) 2 -
— = sin“ xcos 2 x(sin xdx) = | (1—-cos” x)cos 3 x(sin xdx) =—| (1—-t°)t 3dt=
ICOSXSTOSX | ( )= ( ) ( )=—[@-t")

_4 2 I 1 1 o,
—jt 3dt+jt3dt=3t 342154023 — +=t3/t? |+ C, tro vé bién cii ta dugc

5 3t 5

=3
I sin” xdx :3( 1 +lcosx3\/coszxj+C.
cos x3/cos x 3/cosx 5

(c) Ca hai s6 m, n déu 1 s6 chin duong nén ta sir dung cac cong thirc ha bac, do d6 ta bién d6i
2
ham 14y tich phan nhu sau sin? x cos? x = (sin x cos x)? = (%sin ZXJ = %sin2 2X = % (1-cos4x) =

sin 4x
32
4.1.5.3. Tinh tich phan dang J.tanm xdxva J.(:otm xdx, trong d6 m 1a sé nguyén duong. Khi do,

+C.

J.sin2 X cos® xdx =1J.(1—cos4x)dx :ljdx—lj.cowxdx:i—ijcos4xd(4x) X
8 8 8 8 32 8

ta dung céc cong thirc luong gide tan” x =—=——1 hogic cot’ x =————1 d¢ ha lién tiép béc clia

COsS™ X SIn”™ X
ham s6 tan hodc cot.

Vi du 4.1.5.3. Tinh céc tich phan (a)_[tan7 dx, (b)jcot6 xdx
Bai giai

(a)Itan7dx:jtan5x.tan2xdx:jtan5x[ 12 —1jdx:jtan5x( ax j _[tan xdx =
cos? X cos? X

[ 12 —1jdx=
COoSs” X

tan® x
J‘tan5 xd(tan x) —J‘tan3 X.tan? xdx =
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6 6
tan” X —.[tan3 X dx +Itan xdx = AN X —_[tan3 xd(tan x)+_[tan X tan® xdx =
6 cos® X 6

6 4 6 4
tan®x tan X+jtanx[ 12 ~ jdx:tan X tan X+jtan ( dx j Itande—
6 4 cos’ X 6 4 cos’

tan® x tan X
6

6 4
n°x n* x n%x
+ftanxd(tanx) Itanxdx_ta _ta4 +ta

(b)J.cot6xdx Icot X.cot® xdx = Icot x( L —1}dx Icot x( dx } Icot xdx =
sin’ x sin’ x
—Icot4 xd(cotx)—‘[cotzxcot2 xdx = — cot>x _fcot x( _1 —1de:
sin’ x

2
5
_ oot X—jcotz ( d2 jdx+J'cot xdx_—CO
5 sin“ X

+In|cos x|+ C.

° X ) 1
cot“ xd(cot x —1|dx =
+J ( )+I(sin2x ]

5 5 3 2
_ cot x+cot X j J- _cot®x Cot X—Id(cotx) X__cot x+cot X _cot X rC
5 sin?x 5 3 2
4.1.5.4. Tinh tich phan dang I I ¢ dX trong d6 n 1a s6 duong chin. Khi dé, ta
cos" X sin”

. 1 21 AL gRs1a LA
=1+tan®x hoidc — — =1+ cot? x dé bién d6i ham sb lay tich
COS™ X SIN™ X

dung cac cong thuc lugng gidc

phan.

tan X

Vidu 4.1.5.4. Tinh céc tich phéan (a)_[ (b)j

sin* X
Bai giai

2
()Itan X dx = J.tan X. 14 ( d>2< jzjtan“x.( 12 j d(tan x) =
cos® cos” x \ cos” x COS” X

Itan4 X.(1+ tan® x)?d(tan x) = J'(tan4 X + 2tan® x + tan® x)d(tan x) =

9 7 5
ftan“ xd(tan x) + ZJ‘ tan® xd(tan x) + _[tans xd(tan x) = tar; X+ 2ta;1 X4 tar; Xic
(b) j dx = j ——dx= [ (1+cot’ x)( ):-j (1+ cot? x)d(cot x) =
sin x sin? x sin® x sin? x
3
—jd(cot X) — jcotz xd(cot X) = —cot X — corx . c

dx . dx o , .
oy val, ., = IS"]T khi do, ta chimg minh duoc

4.1.5.5. Tinh tich phan dang |, , = j
COoS X

hai cong thire truy hdi trong tmg sau day:

|2M=j%=i. sinx_ (- I v = [P - |ntan(5+fj+c
cos“™x  2n cos™" x 2n COS X 2 4
dx 1 cosx 1 dx X
J = —=—— +1-—] v6i J, = | ——=Injtan—({+C
2t J-sinz’”lx 2n sin®" x ( Zn} 2t sin x 2

Viduy 4.1.5.5. Tinh tich phéan J.
sin® x

Bai giai Ap dung cong thirc truy hdi Jons1 v6i 2n+1=5=n=2:
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X 2.2 sin*? x sin® x 4 sin’ x
dx 1 cosx 1 1cosx 1
= S S AN P R O AN
sin® x Isin“*lx 2.1 sin%! x ( 2.1j 27 2sin?x 2t
COS X 3cosx 3

+C:j —In
sin®x 4sm X 8$|n X 8

4.1.5.6. Tinh tich phan dang J.sm(mx).cos(nx)dx, Icos(mx).cos(nx)dx va _[sin(mx).sin(nx)dx.

dx 1 cosx 1 dx 1 cosx 1
Js =J20u :J-SinT:__' : +(1_E]‘]2.21 hay J :J.Tz__' : +(1_Zj‘]3 =

1 cosx 3 .
- ——+ =], V01 ), =
4'sin“x 4° s -[

. dx
VO1 \]1: S|n—x =In

tan — +C.

tan

Khi do, cac cong thirc luong giac: sin o.cosP = % [sin((x +B) +sin(a — [3)] ,

COS 0L.COS 3 = %[cos(oc +B) +cos(a—B)], sino.sinp= % [cos(o. —B) —cos(a+PB)] cho kha ning biéu
dién tich cac ham luong giac dudi dang tong.
Vidu 4.1.5.6. Tinh céc tich phéan (a) _[sin 2Xx.cos 5xdXx, (b)jcos X. cos%.cos%dx
Bai giai
. 1. . 1, 1,.
@ J.sm 2X.C0S5xdx = Ej.[sm X + sm(—3x)]dx = Ej.sm 7xdx — Efsm 3xdx =

2 L sin7xd(7x) - =% [sin xl(3x) =~ S2X L 5 ¢
2'7 2'3 14 6

(b)_[cosx.cosfcosidx:ij cos?’—x+cos5 cosidx:ljcoss—x.cosidx+
2 4 2 2 2 4 2 2 4
ljcosi.cosidx:lj cos7—x+c055—x dx+1J. coss—x+cos§ dx =

2 2 4 4 4 4 4 4 4

1J'cos7—xdx+1j.coss—xdx+l.|.cos?’—xdx+1_|'cos§dx=
4 4 4 4 4 4

L Toos X X)L 4 g S S L4 1o 3¢ 1 05X f X))
4 7 4 4 4 5 4 4 4 3 4 4 4 4 \ 4
1. 7x 1 . 5x

1. 3x . X
=sin — +=sin — + =sin — +sin — + C.
7 4 5 4 3

.1.5.7. Tinh tich phan dang X,va“ —Xx“ax, X,va“® +Xx°dx, va X,V X —a“dx, trong
4.1.5.7. Tinh tich phan d R( Va? 2d R( Va? 2d a | R( Jx?-a’d

d6 R 1a phan thirc hitu ty, duoc dua vé cac tich phan ctia ham hiru ty dbi v6i sint va cost bang cac phép
doi bién lugng giac thich hop;

- Dbi véi dang.[ R(X, va? - x? )jx thi ding phép d6i bién x = asinu hodc x = acosu
- Dbi v6i dang .[ R(X va? +x? )ﬂx thi ding phép d6i bién x = atanu hodc x = acotu
- Béi véi dangJ. R(X, Vx? —a }ix thi dung phép d6i bién x = —— hodc x = 2

cosu sinu
\/7

Vidu 4.1.5.7. Tinh céc tich phan (a)J'

o ol

Bai giai
2 2 2 2 arn2
. . . rva =X Ja® —a’sin‘u
(a) bat x = asinu = dx = acosudu va j— dx = J' - acosudu =
X asinu
cos’ u 1—sin? u,
aj - du:aJ' ——a sinudu = alntan +acosu+C=
sinu sinu sinu 2
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. u . u u
sin—  2sin —Cco0S —
2 2

sinu X u sinu s M4 A
alnl +acosu+Cvi tan— = ﬁ = J =1 , trd vé bién cii ta dugc
+cosu cosE 2cos? U +Ccosu
2 2 2 2
a‘—Xx a—+a®—X
j—dx=a|n—+\/a2—x2+C.
X X
a
,—du
(b) bat x = atanu = dx = duvaj =I cos u = J.
cos’ u x\/a + x? atanu~a® +a’tanu sinu
1 u 1 sinu D M4 A dx vJa? +x?2
ZInftan =|+ C ==In|—— +C, troveblencutaduch =—In| |+C.
a a |[l+cosu xyJa?+x? a ‘ X ‘
. a asinu u
(c) bat x=——=4dx = I dX a I , bay gio ap dung cong thic
cosu cos? u ,/
X du 1 sinu 1 . . du u =
truy hoi I2n+1:IT:—. s+ 1-—— |l véin=1va l, = | ——=Intan| —+— |+ C
cos"™u 2n cos“"u 2n cosu 2 4
du 1 sinu 1 1 sinu 1 u = ,
taduge Iy = [—5—=>.———+|1-Z |l ==.———+Inftan| — +—" | +C, do ¢
cos’u 2 cos“u 2 2 cos‘u 2 2 4

a sinu u g - -
dx =a I [ + In(E + ZH + C, trd vé bién cii ta dugc

cos’ u
X ++/x%—a?

X

-

X\/x -a +a?|

+C.

[

4.2. Tich phan xac dinh

4.2.1. Bai toan tinh dién tich hinh thang cong, dinh nghia tinh phan xac dinh

Gia sir ham s6 y = f(x) xac dinh trén [a, b] Xét hinh thang cong AabB la hinh gi¢i han boi do thi
ham s6 y = f(x), cac duong thing x = a, x =b va y = 0 (truc hoanh Ox). Lam thé nao dé tinh dwgc dién
tich S cua hinh thang cong nay?

Mudn viy, ta chia [a,b] thanh n doan boi cac diém a=xo < X1 < X2 < ... < Xn-1 < Xn = b ¢6 d6 dai
cua moi doan 1a tuy y, trén tirng doan [xi-1,Xi] ¢6 do dai Ai = X; — Xi-1 chon mot diém &; tuy y.
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Bay gio, tir cac diém x; (0 < i < n) ta ké cac duong thang x = xi, va nhu vdy, ta dd chia hinh
thang cong AabB thanh n hinh thang cong nho Pi-1xx1xiPi (1 < i < n) c6 day Axi (1 <i < n). Do dé, néu
ky hiéu dién tich cua hinh thang cong AabB la S va dién tich cua hinh thang cong nho thir i 1a S;j thi

S= ZSi ~ Zf(E_,i)AXi. Vé mit hinh hoc, ta thdy rang: n cang I6n thi dién tich S cia hinh thang cong
i i1
AabB tinh duogc bang cong thire trén cang chinh xac.

Pinh nghia. Tong Z“f(E_,i)AXi =f(&)AX, +T(E,)AX, +...+F(E,)AX, dugc goi la tong tich phan
i1
ctia ham sé y = f(x) trén [a,b]. Gidi han cia téng tich phan IiAm Ozf(éi)Axi duoc goi la tich phan
max Ax; >0 4=

b
xdc dinh ciia ham sb y = f(x) trén [a,b] va ky hiéu 1a j f(x)dx . Khi d6, ta n6i ring ham sb f(x) khd tich

trén [a,b], trong do6 [a,b] 1a khodng ldy tich phan, a |4 cdn dudiva b 1a cdn trén cua tich phan, x 1a bién
50 lay tich phan, T(X) 1a ham so lay tich phan va f(X)dx 1& biéu thirc dwoi dau tich phdn.

4.2.2. Cac 16p ham kha tich
Dinh ly. (1) Néu f(x) lién tuc trén [a,b] thi f(x) kha tich trén [a,b]; (2) Néu f(x) bi chan trén [a,b]
va ¢6 mot sd hiru han diém gian doan trén [a,b] thi f(x) kha tich trén [a,b]; (3) Néu f(x) bi chin va don
diéu trén [a,b] thi f(x) kha tich trén [a,b].
Céc nha toan hoc di chirng minh duoc rang, gidi han IiAm OZ:f(E)i)AXi ton tai hiru han dbi véi
max AX; i1

cac 16p ham kha tich, khong phu thudc vao do dai ctia Axi va cach chon & trén doan [xi-1,Xi].

4.2.3. Céc tinh chét co ban cua tich phan x4c dinh

(1) 'Tf(x)dx = —jf (x)dx

) if(x)dx -0

3) j)'f (X)dx = jf (X)dx + j)'f (x)dx

(4) TCf (x)dx = Cj'f(x)dx (C 14 hang s6)
(5) T[fl(x) +f,(x)Jdx = Tfl(x)dx + sz (x)dx

b
(6) Néu m < f(x) < M trén [a,b] thi m(b—a) < jf(x)dx <M(b-a)trén [a,b]
4.2.4. Cac quy tic tinh tich phan xac dinh
b
(1) Cong thirc Newton — Leibniz: If(x)dx = F(X)|: = F(b)—F(a), trong d6 F(x) la nguyén ham

cua f(x), tuc 1a F’(x) = f(x).
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b
Tir cong thic Newton — Leibniz suy ra rang, tich phan I f(x)dx khong phu thudc vao ky hiéu
r r r 2 b b \ A)
bien so lay tich phan, chang han I f(x)dx = I f(t)dt vi ca hai tich phan nay déu bang F(b) — F(a).

b b
(2) Tich phén timg phan: judv = uv|: —Jvdu, trong d6 u = u(x), v = v(x) la cac ham s lién tuc
va kha vi trén [a,b].

b B
(3) Doi bién: j f(x)dx = j flo(t) o' (t)dt, trong d6 x = (1), ’(t) va flo(t)] 1a cac ham sb lién tuc

trén [o,B], a = ¢(a), b = ¢(B).
(4) Néu f(x) 12 ham s 18, ttrc 1a f(-x) = -f(x), thi j f(x)dx = 0; néu f(x) 1a ham s6 chén, tic 1a f(-

x) = f(x), thi jf(x)dx = Z:a[f(x)dx.

(5) Néu f(x) 1a ham sb lién tuc va tudn hoan vé&i chu ky T > 0, tic 1a f(x+T) = f(x),
a+T

thi j f(x)dx = j f(x)dx.

Vidu 4.2.1. Chung minh quy tic (4)
] , , ) . t=a khi x=-a .
- Gia stir ham so0 f(x) 1a ham s6 1¢, khi do6 ta doi biént = -x= . Khi , dt = -dx va
=-—a | X=a

fi(t) = f(-x) = -f(x), do d6 jf(x)dx = _f—f(t).(—dt) = _ff (t)dt = _ff (x)dx = —if(x)dx - jf(x)dx -0

, L e , , t=a khi x=-a
- Gia str ham s0 f(x) 1a ham so chan, khi do6 ta doi bién t = -Xx= ] , dt = -dx
t=0 khi x=0

va f(t) = f(-x) = f(x), do do6 jf(x)dx = Tf(t).(—dt) = —j{f (t)dt = jf(t)dt = j.f(x)dx
= j‘f(x)dx = jf(x)dx + jf (xX)dx = if (x)dx + jf(x)dx = Zif (x)dx

1 b
Vi du 4.2.2. Tinh cac tich phan (a) | = j x2dx, (b) I, = j x*dx v6i a.eR, 0 < a < b bang dinh nghia
0 a

va bang quy tic.

Bai gidi. (a) Theo dinh nghia, dé tinh I ta 1ap tong tich phan ciia ham s f(x) trén [0,1]. O day

f(x) = X2, a=0, b = 1; ta chia doan [0,1] thanh n phan bang nhau, khi d6 Ax, = b-a_1-0_1 a<i

n n n

. 2
<n)va xi:l(OsiSn).Bﬁygic‘ytachon&. Xi(L<i<n),suyra f(§)="1(x,) = ( J (1<i<n)nén
n

1 1 4. .1 nn+D(2n+1
= [x’dx = lim Zf(ﬁ)AX —AL"EOZ[ j n LLQFE'ZZL'L‘TO? ( )6( -
0 "

lim 1(1+ E}(Z-ﬁ-lj = 1(1+ lim 1j(2+ lim 1) =1(1+ 0)(2+O)=1
oo 6 n n/ 6 n—o nsen ) 6 3
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1 3 3
Theo quy tic tinh tich phan xéac dinh ta dugc ngay | = Ixzdx =— Lol

3, 3 3 3

(b) Tinh lq bang dinh nghia. O day f(x) = x*, ta chia doan [a,b] thanh n phan boi cac dlem tao
thanh mot cdp s6 nhan c6 s6 hang dau tién 13 a va cong bodi q: Xo = &, X1 = Xoq = aq, X2 = X1q = aq?,

1
X3

Xi =Xi1g=ag, ..., xn=Xn1q =aq"=b, suyra q = n\/gva AX, =X, —X_, = aq —aqgt=ag(q-1) (1<
i < n), do d6 maxAxi - 0 khi g — 1. Bay gio ta chon & = X1 = ag™* (1 < i < n), suy

raf (&) =f(x.) =x%; = (ag"")* =a"q"*?, do do Zn:f(éi)AXi = Zn:aaqa(i*l’aqi*l(q -=

i=1 i=1

ao‘+l(q _1)[1+ qul N (q(“l)z I (qa+1)n_1]= aa+1(q _1)iq(a+l)(i—l) _ a(Hl(q _Di(qaﬂ)i—l _

i=1 i=1

b o+l
a+l n o+l 1- ( j
0L+l (q 1) (q ) (x+l (q 1) (q ) — (x+l (q 1) — (ba+1 _ aa+l) q - 1

o+l

q(x+l 1 q(x+l qul _1
()
= I|m f AX _Ilm ba+1 <x+1 q ba+1 u+l I|m q — bq+1 u+1 I|m—
maxAanZ (&) ( )qu—J. 1 ( )q 1 qot+l_1 ( )q91 ((X,‘i‘l)q
(bcx+l _ aa+1\ 1 _ b(x+l _ cx+1
’(a+1)|in} q* a+l
q->
b o+l b atl o+l
Tinh | bang quy tic. |, = J.x“dx . _b a
" OL+1|a a+l
1 12+1 _02+1 1
Nhan xét: Khi o =2,a=0vab=1thi I, = [X’dx="———=2=16(a).
2+1 3

n-1
Vi du 4.2.3. Tim giéi han limS_véi S, = iSZ i* bang cach xay dung tong tich phan cta ham sb
n

n—w -
i=1

thich hop.

n-1 n-1/ i \4 n o/ i\*
Bai gidi. Ta thiy — 45, = Loispety Z(lj . Z(lj 1 13 téng tich phan ciia ham
n

nn_l n <n) n Sn

s6 f(x) = x* trén [0, 1] That vay, ta ch1a doan [0,1] thanh n phan bing nhau, khi d6
AX; :H:1L=1 (1<i<n)va x, =—(0 <1< n). Bay gio ta chon & =X (1 <i<n), suy ra

n n n n
f(&i)=f(xi)=(LJ (i< nen D 1) —z[—j 1.ts
- =\n) n n
1
:malkrlw%OZf(é )AX, = I|m Zf(& )AX, _Ilm( +S j_LmnﬂmS =0+lims, =lims,

5t

s . e C _fuige - X
Mat khac, theo dinh nghia thi ma)l(lArlLO;f(ii)Axi = IX dx = =

n—oo

_1 dodo lims, =21
5

0
4.2.5. Cac ting dung cua tich phan x4c dinh
4.2.5.1. Tinh dién tich cac hinh phang
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Tir két qua ctia bai toan tinh dién tich hinh thang cong va dinh nghia tinh phan xac dinh ta thay,

b
néu f(x) > 0 thi tich phan If(x)dx la dién tich S cta hinh thang cong gidi han bai duong y = f(x) va

b
cac duong thing x =a, x =b, y = 0. Trong truong hop téng quat thi S= ﬂf (X)|dX.
Dién tich ciia hinh phing gi6i han boi hai dudng cong y = fi(x) va y = f2(x) [f1(x) > f2(x)] va hai

b
duong thing x = a, x = b dugc tinh theo cong thirc S = |[f,(x) —f,(X)Jdx. Trong truong hop téng quat
1 2

thi S= T|fl(x) —f,(x)|dx.

. . | X=0(t
Néu duong cong dugc cho boi phuong trinh tham so6 { o thi dién tich S cta hinh thang

y=w(t)
cong gidi han boi duong cong ndy, cac duong thiang x = a, x = b va doan [a,b] cta truc Ox dugc tinh

t
bang cong thic S = J |\|1(t)(p' (t)|dt, trong d6 t1 va to dugc xac dinh tir phuong trinh a = ¢(t1) va phuong
b

trinh b = @(t2), vai o(t), w(t) va @’(t) 1a cac ham lién tuc trén [t1,t2].

Néu duong cong duge cho bai phuong trinh r = r(¢) trong toa do cuc (r,¢) thi dién tich S cia
hinh quat cong gidi han boi hai tia ¢ = o, @ = B (a0 < B) va cung AB cua duong cong r = 1(¢), trong do

B
r(p) 12 ham sd lién tyc trén [o,B], dugc tinh bang cong thirc S = %I r?(o)de.
Xem cac vi du trong [1].

4.2.5.2. Tinh d¢ dai cung ctia duong cong phang

Néu duong cong y = f(x) lién tuc trén [a,b] va dao ham f(x) ctia nd ciing lién tuc trén [a,b] thi

b
d6 dai cung twong tng cua dudng cong d6 dugc tinh theo cong thue L = J.\/l+ [f'(x)]zdx.

x = o(t)
y=w(t)
trong do t1 va tz dugc xac dinh tir phuong trinh a = @(t1) va phuong trinh b = o(t2), vdi o(t), w(t) va
@’(t) 1a cac ham lién tuc trén [t1,t].

Néu duong cong dugc cho boi phuong trinh tham s6 {

i L= o OF + [y OF .

Néu dudng cong duoc cho bai phwong trinh r = r(e) trong toa do cuc (r,¢) véi a. < ¢ < B, trong

B
d6 r(¢) 1a ham sé lién tuc trén [o, B thi L = j Jr2 (@) +[r' (o) Fde.

Xem cac vi du trong [1].
4.2.5.3. Tinh thé tich clia vat thé
Néu dién tich cua thiét dién ngang cua vat thé duoc tao ra do mat phéng vuong goc voi truc Ox

c6 thé biéu dién nhu 13 ham s6 cta x dudi dang S = S(x) v6i a < X < b thi thé tich ctia phan vat thé ndm

b
giita cic mit phang vudng goc vai truc Ox 1a x = a va x = b dugc tinh bang cong thuc V = IS(x)dx.

a
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Néu hinh thang cong giéi han boi dudong cong y = f(x) va cac duong thing y=0,x =a,y=b
b
quay quanh truc Ox thi thé tich ctia vat thé tron xoay nay dugc tinh bang cong thirc V, = nIf 2 (x)dx.

Néu hinh gi¢i han boi cac duong cong y = fi(x) va 'y = fa(x) [0 < fi(x) < f2(X)] va céc duong
thing x = a, x = b quay xung quanh truc Ox thi thé tich cua vét tron xoay nay dugc tinh bang cong

thie V, = j [206) = 2 () Jix.
Xem cac vi du trong [1].

4.2.5.4. Tinh dién tich cua mat tron xoay

Néu cung cia dudng cong y = f(x) v6i a < X < b quay quanh truc Ox thi dién tich mit tron xoay
b
dugc tinh bang cong thirc S, = 27‘CJ.f(X) 1+ [f'(x)]zdx.

Néu cung ctia duong cong y = f(x) véi a < X < b quay quanh truc Ox dugc cho bdi cic phuong
. [ Xx=o(t .
trinh tham so { (P((t)) vol t1 £t <t thi dién tich mdt tron xoay dugc tinh bang cong thuc
y=v

s, = 2r w(Oyo OF + v (OF ot

Xem cac vi du trong [1].
4.3. Tich phan suy rong
4.3.1. Khai niém va cach tinh tich phan suy rong

Trong cac phan trén ta di xay dung khai niém tich phan xac dinh trong trudng hop céc cén tich
phan 13 hiru han va ham sd 13y tich phan 1a bi chin, trong phan nay ta s& xét trudng hop khi ma mot
trong hai diéu kién trén bi vi pham, tirc 1a hodc can tich phan 1a v6 han, hodc ham ) léy tich phan Ia
khong bi chan.

4.3.1.1. Tich phan suy rdng loai 1 (cén tich phan la v6 han)
Tich phan suy rong loai 1 ctia ham s6 f(x) [f(x) 1a ham s bi chan], tir a &n +oo dugc xac dinh
+00 b
boi ding thirc J'f (x)dx = lim j f (x)dx. Néu gi¢i han nay ton tai va hitu han thi tich phan suy rong loai
1 dang nay, duoc goi 1a hoi tu; con néu giéi han nay khong ton tai hodc bang oo thi tich phan suy rong
loai 1 dang nay, duoc goi 1a phan ky.

Tuong tu, tich phﬁn suy rong loai 1 cta ham s6 f(x) [f(x) 1a ham s6 bi chan], tir -0 dén b duoc

xac dinh boi dang thirc _[ f(x)dx = IIm '[f (x)dx. Néu giéi han nay ton tai va hiru han thi tich phan suy

rong loai 1 dang nay, duoc goi 1a hoi tu; con néu gi61 han nay khong tdn tai hodc bang oo thi tich phan
suy rong loai 1 dang nay, dugc goi la phan ky.

Truong hop, néu tich phan suy rong loai 1 ciia ham s f(x) [f(x) 13 ham sd b chin], tir -co dén

+00 c b
+oo duoc xac dinh béi ding thirc j f(x)dx = lim j f(x)dx + lim j f(x)dx (c 12 mot sb hiru han). Néu

ca hai giéi han ¢ vé _phai dang thu’c trén ton tai hu’u han thi tich phan suy rong loai 1 dang nay, dugc
g01 12 hoi ty; con néu c6 it nhat mot trong hai gidi han & vé phai dang thirc trén khong ton tai hoic
bang oo thi tich phan suy rong loai 1 dang nay, dugc goi 1a phan ky.
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Vidu 4.3.1.1. Tinh cac tich phan (a) I (b) Icosxdx (©) I

Bai giai.

x +2x+5
b b b
i dx . d(inx) . 1 . (1 1
a m = lim = lim| - =lim| =—-————|=
()len X b»+oojxln3x bﬁme{ In®x b»ﬂo( 2Inzxjez bﬁm(S 2In2bj
11 1 11
im

————0— , do do tich phan suy rong loai 1 nay hoi tu.
8 20>=Inb 8 2 8 Phan suy Tons Y

(b) Icosxdx_ lim Icosxdx_ lim sin x| = Ilm (sinb—sin0) = Ilm sinb, gi6i han nay khong

b—>+o0 b—>+o0 b—>+o0

ton tai, do do tich phan suy rong loai 1 nay phan ky.
0

T dx ¢ d 6 dx
C = + = lim + lim =
()-[Ox2+2x+5 [Ox2+2x+5 -([x2+2x+5 a—>w£x2+2x+5 b—>+w-([x2+2x+5

0 b
im | d(x+1) i | d(x+1)

1. x+1
Y — = += lim arctan ——
s (X+1)7+2 o (X+1)°+2° 28> 2

2 b—-+o0

0

a—>—0 b—+o0 a—>—0

1. 1 b+1) 1. b+1 1) 1 1 1, b+1
— lim| arctan = —arctan —— |+ = lim | arctan —— —arctan —~ | = —arctan — —— lim arctan —— +
2 2 2 2 2) 2 2 2 2

1 lim arctan b+l 1arctan 1 = —1. _r 1 Iz , do d¢ tich phan suy rong loai 1 nay hoi tuy.
2 bo 2 2 2 2\ 2 2 2 2

4.3.1.2. Tich phan suy rong loai 2 (ham s 1ay tich phan khong bi chin)

Tich phéan suy rong loai 2 cia ham sb f(x) ¢ Iirbnof (X) =0, tir a &én b duoc xac dinh boi ding

b b—g
thure J.f (x)dx = Iirrtl) '[f (x)dx. Néu gi¢i han nay ton tai hitu han thi tich phan suy rong loai 2 dang nay,

duogc goi 1a hoi ty; con néu gidi han nay khong ton tai hodc bang o thi tich phan suy rong loai 2 dang
nay, dugc goi 1a phan ky.

Tich phan suy rong loai 2 ctia ham sb f(x) c6 Iim f(x) =0, tir a &én b dugc xac dinh boi dang

thirc If (x)dx = Ilm If (x)dx. Néu giéi han nay ton tai hitu han thi tich phan suy rong loai 2 dang nay,

duogc goi 1a hoi tu; con néu giéi han nay khong ton tai hodc bang o thi tich phan suy rong loai 2 dang
nay, dugc goi 1a phan ky.

Trudng hop, néu tich phan suy rong loai 2 ciia ham sb f(x) co lim f(x)=c0 va_lim f(x)=oo,

tir a &én b duoc xac dinh boi dang thic jf (xX)dx = Ilm jf(x)dx + Ilm If (x)dx (a < c <b). Néu ca hai

a+:,
gi61 han & vé phai dang thic trén ton tai hitu han thi tich phan suy rong loai 2 dang nay, duogc goi la
hoi ty; con néu c6 it nhat mot trong hai gidi han ¢ vé phai dang thirc trén khong ton tai hodc bang oo thi
tich phan suy rong loai 2 dang nay, dugc goi la phﬁn ky

1
Viduy 4.3.1.2. Tinh cac tich phan (a) , (b) ( )
[ o ol

Bai giai.
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(a) Ham 14y tich phan khéng bi chan tai diém x =0 = J.— =lim | = fox_ =limin x| =limn X|
e X e

Iing(ln 1-Ing) = IIng(—In €) =400, do d6 tich phan suy rong loal 2 nay phéan ky.

1 n ¢ odx MR dx
(b) Ham 14y tich phan khong bi chin tai diém x == = | —=lim | — =
COSX 2 3 COSX 20 ¢ COSX
n/2-¢ E_
lim In[tan( 5 %ﬂ =In Iing tan| -2 +% = In(tan gj =0, do do tich phan suy rong loai 2 nay

0
phéan ky.

(c) Ham 1y tich phan khéng bi chin tai tai cac diém x = +1

1—x2

0
. . 1
=lim '[ +I|m j = limarcsin x| + limarcsin x| ‘=
-0 0

b} /l X e—0 / e—0 /1 X e—0

— Iing arcsin(-1+¢) + Iing arcsin(l—g) = —[— gj +g =1, do d¢6 tich phan suy rong loai 2 nay hoi tu.
4.3.2. Dau hiéu hoi tu (tiéu chuan so sanh) doi vai tich phan suy rong

4.3.2.1. DAu hiéu hoi tu d6i véi tich phan suy rong loai 1

Gia s f(x), g(x) 1 hai ham s6 khong 4m va kha tich trén [a,+o0), khi d6 néu ton tai s6 ¢ > a sao
cho f(x) < g(x) vai moi xe[c,+o) thi

(1) Néu j g(x)dx héi tu thi j f (x)dx héi tu, néu j f (x)dx phan ky thi j g(x)dx phan ky

(2) Néu lim 09 =k vai 0 <k < +oo thi cac tich phan suy rong If(x)dx va J.g(x)dx cung hdi tu

X—>+0 g(X)
hoac cung phan ky.
Hé¢ qua.
u lim 109 _ =0va Ig(x)dx hoi tu thi If(x)dx héi tu, néu lim 09 = +o0Va Ig(x)prhén ky
X—>+00 g(x) X—>+00 g(x) !
thi | (x)dx phan ky.

Truong hop ham sé f(x) co ddu tiy y, ta c6: Néu tich phan j [f()|dxhoi tu thi tich
phan jf(x)dxh@i tu; khi do, ta noi ring tich phan jf(x)dxhoi tu tuyét déi. Con néu tich

phan [ f(x)dx hoi tu nhung tich phan [|f (x)/dx phan ky thi ta néi rang tich phan [ (x)dx hoi tu khong

tuyét doi.
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Vi du 4.3.2.1. (a) Chtrng minh rang tich phan suy rong Jd—): hoi tu khi p > 1, phan ky khi p < 1;
© X

(b) Khéo sét tinh hi tu ctia tich phan j sin(x?)dx
0

+00 b b —p+1 b 1 1-p
Bai gidi. (a) Theo dinh nghia jd—x im [ im [xPdx = im 2| =L imp o2
' xP b—)+ooa xP b—>+ooa b—>+oo_p_|_]_|a 1_pb—>+oo 1_p
+00 1_p +00
- Néu p>1thi lim b = lim — L —=0= d_X 2 , tre 12 tich phan suy rong Id—x hoi tu
b—>+o0 b+ P xP _’]__p ' xP

- Néu p < 1 thi lim b*® = +oo tirc 14 tich phan suy rong J.d—): phén ky.
o X

b+

Két qua nay duoc sir dung (ma khong can phai chimg minh lai) khi khao sat tinh hoi tu cia tich
phén suy rong loai 1.

(b) Néu dat x =t thi jsm(x )olx——js'”t [j sint TsmtdtJ:l(lle)
LAt 2

/2 -
- Tich phan 1, = j S\I/_Lttdt 1a tich phéan binh thuong vi ham s6 14y tich phan 1a ham bi chan. That
0
vay, tai can tich phan t = 0 ham ) léy tich phin c6 kha nang khong bi chan thi

tim S _ i S'”tf_l sint limt=10=0.

t—0 \/¥ t—0

. sint % d(cost) cost|’ cost
- Tich phan|, = dt—I ———— =—lim lim | —-dt=
P 2 n-!-z b—+o0 I b—>+oo n«!-z \/E b—>+o0 \/_ b—>+oo I t3/ 2
cost cost cost £ t 1 h pha
bﬁm _[ —d3/2 t= —bﬁm _[ 7 —J- —d3/2 t. Ta tha y 3/2 < t3/2 ma tich phéan I rEa da biét 1a hoi

Tc/2

tu theo (a) nén tich phan j théi tu theo ddu hiéu hoi tu dbi voi tich phan suy rong loai 1, suy

n/2

192
cost
ral, =—_[ Tdthm tu.
/2

+00

- Nhu vay, tich phan|, = J sin ¢ ——dthoi ty, suy ra tich phan ISIn(X )dx hoi tu.

/2 \/I

Vidu 4.3.2.2. Khao sat tinh hoi tu cia tich phan suy rong J-(l— cos 1jdx
X
1

1
. 1, 1 . f(x) . LTcoss
Bai gidi. Ky hiéu f(x) =1-cos=va g(x) =—, tathdy lim —== lim ———* =
X X X—>+0 g(x) X—>+0 i
XZ
2 2
2sin? — sinZi smi 1 sin — 1 1
lim X — = lim 2X _ = fim | —2X | =2 lim —2X | =2 12==
X—>+0 i 2 X—>+o i 2 X—>+0 i 2 zi_)o i 2 2
4x2 4x°? 2X 2%

94



+00

Do d6, theo hé qua trén thi tich phan I f(x)dx = I (1 cos— jdth tu vi tich

1

phan j g(x)dx = j d—z da biét 1 hoi tu.

1 1 X

4.3.2.2. Dau hiéu héi tu (tiéu chuan so sanh) dbi vai tich phan suy rong loai 2

Gia str f(x), g(x) 1a hai ham sé khong 4m va kha tich trén (a,b], ca hai ham nay ddng thoi khong
bi chin tai x = a (diém x = a duoc goi 13 diém bt thudng hoic 1a diém gian doan). Gia st f(x) < g(X)
véi moi xe(a,c] (a< ¢ <b)thi

b b b b
(1) Néu [g(x)dx hoi tu thi [ (x)dx hoi tu, néu [ f(x)dx phan ky thi [ g(x)dx phan ky

b b
(2) Néu lim 09 _ =kwvéi 0 <k < +oo thi cac tich phan suy r(f)ngJ.f(X)dX Véjg(x)dx cung hoi tu

x—a+0 g(x) !
hodc cung phéan ky.
Hé¢ qua.
f(x) f(x) . e
u lim —>2 =0 va j g(x)dx hoi tu thi j f(x)dx hoi tu, néu lim —2 = cova j g(x)dx phan ky
x—>a+0 g(x) x—a+0 g(X) !

b
thi [ f (x)dx phan ky.

b
Truong hop ham sé f(x) c6 ddu tuy ¥, ta c6: Néu tich phan J |f(X)|dXh(}i tu thi tich

a

b b
phan j f(x)dxhoi tu; khi d6, ta noi ring tich phan j f(x)dxhdi tu tuyét dbi. Con néu tich

b b b
phén jf(x)dx hoi tu nhung tich phén“f (X)|dX phan ky thi ta noi rang tich phénjf(x)dx hoi tu khong

tuyét doi.
dx

b
Vi du 4.3.2.3. (a) Chtrng minh rang cac tich phan suy rong I ) b )p ,J. ( X
X)’ 7 (x—a

vl a <b hoi tu

cos® X

o V11— x2

khi p < 1, phan ky khi p > 1. (b) Khao sat tinh héi tu cua tich phénj

dx .t dXx 1 Lp[be
Bai giai. (a) Theo dinh nghlaJ.(b X7 = !l_rn) ;': (b Xy =1 > Iﬂg(b X) p|°
—a)P
L i (02
p_lzao p_]_

4 . \ - N 1 \ A+ N A 1
Néu p <1 thi lime™ =0, con khi p > 1 thi lime"® =lim —— =+o0 va cudi cung néu p = 1 thi

e—>0 e—0 £—0 gp -1
b—¢ dX
lim | —=
e—>0 b —X e—>0
a

b
=400, Do d06, khi p <1 tich phan suy réngj ® dx - hoi ty, con khi p >

1 thi tich phan suy rong _[ phan ky.

)P
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Koo ey A " dx
Dai vaéi tich phan J. )
X—a

a

5 chirng minh tuong tu.

Cac két qua nay duogc sir dung (ma khong can phai chimg minh lai) khi khao sat tinh hoi tu cta

tich phan suy rong loai 2.

(b) Ham sb 13y tich phan 1a khong bi chin khi x — 1. Ta viét ham s6 14y tich phan du6i dang sau

cos’x _cos’x 1

1 1 1 1

1 1

)= sh_x2 Y1+ x 1-x

< .
Y1+x Y1-x

2

0 \/1—X2

3/1—X - (1—X)1/3

1 1
. . COS” X dx
ket qua o (a) ta thay tich phan suy rong | ———=0dx hoi tu vi tich phan suy rong hoi tu.
;';3\/1—x2 -([3\/1—x

<. =
3131 —x

1 -
Vi du 4.3.2.4. Khio sit tinh hoi ty cita tich phan [ 372X

Bai giai.
¢ sin 2xdx
Tich phan I 1a tich phan suy rong loai 2 vi ham 14y tich phan khong bi chan tai x = 1.
0 V1— X
Ty [SN2X |1 1 1 .1
‘\/1 X ‘ J1-x2 \/(1+x)(1—x) Vi+x J1-x  J1-x
1 1
dx dx sin 2x
= la tich phan hdi tu nén tich phan
;[Jl—x ;|).(1—x)“/2 !,/1 X2
1 .
ISIn 2xdx hoi tu tuyét doi.
0 V11— X

4.1. Tinh cac tich phan

(a) _[ x~/xdx

(g)J.(&—%j dx
( )-[xlnx

(n) Icos(sm X).cos Xdx

4.2. Tinh céc tich phan
@) Icos(ax +b)dxvéia#£0

vora#0

(d)f%
( )J.COSX

BAI TAP

o[
(e) j e¥3*dx
(h) I (2tan x + 3cot x)*dx

(I)Ixe'\/ax2 +bdxvéia#0

(b) J'eax+bdx

vora#0

dx
O e

(h) I tan xdx

2 —+1-x?
©[—F— ¢

(1‘).ftan2 xdx
(i)Ix cos(x*)dx

(m)j\/sin X COS Xdx

7 voia#0

©f -
]2

sin x

Q) I cot xdx

=g(x). Ap dung

trén [0,1]. Vi tich phan

dx hoi tuy, suy ra tich phan
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dx sin 2xdx . X ? X
K) | —— | —— (m) (Zsm —+3j cos —dx
'[X X—-9 I\/3—cos4x I 2 2
4dx xdx e>
)|l ——-— dx
()-[ ()Ix4+2x2+5 (p)J.e“X—S
(q)J' r J'SII’]\/—+COS\/_
™ +5 Jx.sin(2v/x)
4.3. Tinh céc tich phan
@) _[ X In xdx (b) J.arcsin xdx (c) _[ x? arctan xdx
(d) '[ (X +De*dx (e) _[ x? sin xdx ) j x%e* dx
() _[ (X2 + 2 + 3) cos xdx (h) '[ezx cos xdx (i) jsin Jxdx
I = | sin(In x)dx
I (|)j\/a2 —x2dx véiaz0
= Icos(ln x)dx
sin xdx
I = [e™sin bxdx I = -
(m) I voia2+b?>0  (n) IalC"SX”’S'”Xvc’yiaz+b2>o
J= Ieax cosbxdx - I cos xdx
acosx + bsin x

4.4. Chtng minh cac dang thirc (n, meZ) va tim cong thirc truy hoi ddi v6i In hodc Inm

. —sin"*xcosx n-1;. .
@1, :I3|n” xdx = + Ism” 2 xdx
n
cos"txsinx n-1 _
)1, :_[cos” xdx = + _[cos” 2 xdx
n n
dx 1 cosx n-2 dx
(C)IHZJ‘ H) - san-1 + J. ran-2
sin" x n-1sin"x n-17sin"""x

J dx 1 sinx +n—2J- dx
cos"x n-1cos"*x n-1 cos”’zx

cos™* xsin™* x

@1, =

+ _[cos xsin" xdx khi m<n
m+n

(e)lnm:jcosmxsin“xdx: m+n-
' cos™™ xsin"™ x -
- + _[cos xsin"“xdx khi m>n
m+n m+n
e cos"* x(acosx+nsinx) n(n-1
(f)In:IeaXcos”xdx: (2 ; )+ ( )Ieaxcos xdx
a‘+n a’-n
Xm+1
(g)ln:_[xmln”xdx: In" x — Ixmln“‘lxdx
m+1 m+1

4.5. Tinh céc tich phan

(@) [t dx, <b)jX4LX2, <)jx20'X

x® +6X% +11x +6 +6%x°*+5 (x -1)°
x3+3x%+5x+7 x° +1

d dx, )| ———

()J. X2 +2 ()J.x“ 8x° +16

4.6. Tinh cac tich phén
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(a)IJl— 2xd—X‘{/1— 2x | (b)I\/— x> —2x+8 ©] x3X++x2+
(d)'[x\/Zx _ox-1 ° I(x+1)j)>(<2++23x+3dx’ (f)j(l—i%
O oy O]

4.7. Tinh cAc tich phan
@3 gy Of grramms g
(d) [ sin® xdx, (e )ICSC:; XX (f)f:; ;(

4.8. Dung dinh nghia d¢ tinh céc tich phan sau day

n/2

(b) 1= [sinxdx (0)10x) = [ costdt véix >0
0 0

1
(@1, =[a"dxvéio<a#1
0

sau d6 tinh bang quy tac dé kiém tra két qua.
4.9. Tinh cac tich phéan

(x4 (c)jmdx

(@) jxe‘xdx

X sin X x? arcsmx x2sin 2)(
d
()ICOSX ()I V1+x? (f)-[s x?+1
(g)JxarCtan xax (h) I X +sin X dx (i)J'ex+ede
b 1+ cosx °

4.10. Tim gi6i han lim S_ bang cach xay dung tong tich phan ctia ham s thich hop

1 n—1_ 1 n -
@S, = ;2 (b)s, —;E ©8, = 5 2
18 . in
(d)S, _nlzl"n (e)S, = ZH (f)s”_ﬁ,lsmF
1 i (2n)! e &
(Q)Sn—nizﬂ‘, 1+n (h)S, = P (I)S“_izzl:now (a>0,p>0)

4.11. Chirng minh quy tac tinh tich phén Néu f(x) 12 ham s6 lién tuc va tuan hoan voi chu ky T, tirc 1a
a+T

f(x+T) = f(x), thi j f(x)dx = j f(X)dx.

4.12. Chuing minh cac cong thirc
/2
(@L, = Icos“ X cosnxdx = % v6ineN
0
/2

(b)K, = Icos” xsin nxdx = Z— Vi neN*
0

n+l
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n/4 , d T n-1 (_1)i—l
c)l = |tan”" xdx = (-1)"| =— 5ineN
©]1, ! ( ){4 éZi—l}ane
1 _Nn =1
(@B, = [Xx"(1-x)""dx = % véi m, neN* (Ham Beta)
. +n-1)!

/2 2
. - , o , LT (2ni 1
4.13. () Tinh 1, = ~'.Sln xdx, (b) Chirng minh cong thirc Wallis — = lim
0 2 o (2n-DI | 2n+1

4.14. Chimg minh rang Isin mxsin nxdx =

—T

0 khi m=n
n khi m=n
4.15. Tim dién tich cua hinh gidi han béi cac duong

(@) y = 4x — x? va truc Ox (b)x+y=0,y=2x—-x?
(c)y:xz,yzx?z,y:ZX (d)y?=2x,x2+y?=8,x>0
(e)y=x>+2x-3,y=-x>-2x+3 (flx=-2y%, x=1-3y?
4.16. Tim do dai cung ctia dudng cong
(@) y2=xC tirx =0 dén x = 1 (y = 0) (b){xzc_oft firt1=0dént, = =
y=sin’t 2

¢ ¢

(c) r=asin3§ tir @1 = 0 dén (p2=g (a>0) (d)r:acos3§ tir g1 = 0 dén (p2=g(a>0)

4.17. Tinh céc tich phéan
e 3
(8 [[inx(dx (b) ['sgn(x —x* i
/e 0
4.18. Chung minh cac cong thic

b b
(a) j f(x)dx = j f(a+b—x)dx véi f(x) lién tuc trén [a,b]

b 1

(b) Jf (X)dx = (b - a)_[f [a +(b- a)x]dx voi f(x) lién tyc trén [a,b]
:/2 n/2 "

(0) [f(sinx)dx = [f(cosx)dx véi f(t) lién tuc trén [0,1]
0 0

(d) j xf (sin x)dx = g j f (sin X)dx véi f(t) lién tuc trén [0,1]
0 0

n Ck 2n+1 _1
(e)z n__

Zk+l  n+l

4.19. Tinh thé tich cuia vat thé tron xoay
(a) Hinh phang {y = 2x — X%, y = 0} quay quanh tryc Ox
(b) Hinh phang {y? + X — 4 = 0, x = 0} quay quanh truc Oy
(c) Hinh phang {y = x?, y = 4} quay quanh dudng thang x = -2

4.20. Tinh dién tich ctia mit tron xoay boi hinh phing x? + (y — 2)? = 1 quay quanh truc Ox.

4.21. Tinh cac tich phan suy rong loai 1

v&i m va n la cac s6 nguyén duong.
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(a j = (b) j

¢) [xe ™ dx
1+x © -([

T xdx
(e)J; /(x2—3)3 (f)j(x +1)(x +4) (g)Ix +2x +5

4.22. Tmh cac tich phan suy rong 10a1 2

5dx ©dx
(a j (b) j m (©) j =
©odx © dx 2 dx
©) j — (f) j s ©) j s

4.23. Khao sat tinh hoi tu cua céc tich phan suy rong

¢'sin X4 X
(a) .[1+ X ® I . Lm
In(1+ x? )d () Isin ;dx (g)f X (X _dl);(x—Z)

< (x-1)°

o [
" I3

05 %4 (9] -

(d) Ixsin Xdx
0

" arctan x
o f 2

—00

dx

1
(d)jxlnzxdx
0

<h)jﬂ
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Chuwong 5. Chudi s6 va chudi ham
5.1. Chudi s6
5.1.1. Pinh nghia chudi hoi ty, cic tinh chét cua chudi hdi tu, tiéu chuin Cauchy
Xét day s6 vo han ug, Uz, ..., un, ..., trong d6 un = f(n) véi neN”. Biéu thirc ug + Uz + ...+ up +...
= Zun duoc goi 1a chudi ) (hay chudi), con céc s6 u, Uz, ..., un, ... dugc goi la cac ) hang cua

n=1
chudi; un = f(n) duoc goi 13 s hang téng quat.

Tong n s6 hang dau tién ctia chudi ky hiéu 1a Sy va duoc goi 1a tong riéng thir n ciia chudi: Sp =

n
up+u+...+u= ZUK.
k=1

Chudi dugc goi 1a hdi tu, néu tong riéng Sn ctia chudi co gidi han lim S, ton tai hitu han; nguoc

n—oo

lai, néu gi6i hanlimS, khong ton tai hodc bang oo thi chudi dugc goi 1a phan ky. Trong truong hop

n—o

chudi hi tu, ta ky hiéu S=1imS_, S duogc goi la téng ctia chudi.
n—oo

Vidu 5.1.1. Khéo sat tinh hoi tu/phan ky cua chudi sb iaq“’l voia#0
=1
Bai giai n
Céc s6 hang un = aq™ (neN*) caa chuaiiaq“_l —a+aq+aq’+..+aq" " +... 1a cac s6 hang
=1
ctia cap s6 nhan c6 s6 hang dau laug =a # 0 va cénng boi q.
a

: 0 —q" _1-q" 2 khi 1
-Néu|q|;rélthisn=Zaq“=u1l 4 _,1=d =S=1imS, ={1—q ol <
= 1=a 1-q R N S
0 khi n=2k

khi q = -1, tirc 1a gidi han nay

n—o0

- Né =1 thi limS, =lim n ~N¥ta =
vl v é( ) {a khi n=2k+1

n
khong ton tai; va limS, =lim Za =limna=o khiq=1.
n—oo )

T6m lai, chudi ) aq™™ véi a # 0 hoi tu khi |q] < 1 va phan ky khi [q] > 1. Két qua nay duoc sir
n=1
dung khi can, ma khong can phai chtig minh lai.
1 1

Vi du 5.1.2. Chtng minh rang, chudi sd + + +... hoi tu va tim tong cta no.
123 234 345
Bai giai
Biéu dién s6 hang tong quat ctia chudi u, = Y Gw dang tong ciia cac phan s6 don
n(n+1)(n+2)

giém§+i + bang phuong phép hé sé bét dinh, ta dwoc A = 1/2, B =-1 va C = 1/2; do d6

n n+l n+2

un:1 12,1 :>Sn:Zuk:l 1 t, 1 :IimSn:E.
= 2\2 n+1 n+2 n—> 4

Nhén xét. Tong riéng Sn ciia chudi chinh 12 S!™ véi m = 2 & Bai tap 0.12., do d6 tir két qua cia
Bai tap 0.12. ta suy ra dugc ngay
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S(ﬂm)zi 1 1 jsn:sf):l 1 L :>IimSn=1
mim (n+1)(n+2)..(n+m) 212 (n+D(n+2)(n+3) n—ee 4

0
Diéu kién can cia chuoi hfi tu: Néu chuoi s6 Z u, héi tu thilimu, =0

n—o

n=1
- , & Ilm Sn = S
Churng minh: Gia st chuodi séZun hoi ty, khi d6 {" " , mat khac do un = Sp — Sp-1 nén
1 limS, , =S
nN—o0
limu, =lim(S, -S, ,)=1imS, —limS,_, =S—-S=0.
n—o n—oo n—oo n—oo

Diéu kién limu, =0 1a can chir khong phai 1a du dé chudi s6 Y u, hoi ty. Chang han, xét chudi

nN—o0
n=1

sb 1 0i 14 chudi diéu hoa), ta thiy limu :limizo,m nhién chudi s6 nay lai phan ky. That
> =(g y . y y lai phan ky

=1 n—o0o N—o0 n
N 0 1 Ilm Sn = S
vdy, gia st nguoc lai, chudi » = hoi ty, khi do <" = lim(S,, -S,)=1imS,, —limS, =
nel |m SZn = S n—o0 n—oo n—oo
n—oo
limS,, —limS, =S—S=0, diéu nay mau thuin véi S,, —S, = i L > Zn: L =Zn:i =1.
n—o n—o =n+k =n+n &2n 2
Nhu vay, néu chudi s6 Z u, colimu, = 0 thi n6 phan ky.
=1 n—o0
. . 1 2 3 4
Vi du 5.1.3. Khéo sat tinh hoi tu/phéan ky cua chudi s6 2 + g + g + T +...
Bai giai
£ 2 p X 1x . . n . 1 1
So hang tong quat cua chuoi lau, = = limu, =lim =lim = =
3n _1 n—o0 n—oo 3n _1 n—oo 1 - l
3-= 3-lim=
n n—o N

SENN # 0 nén chudi da cho 1a phan ky.
3-0 3 ] )
Cac tinh chat ctia chuo6i héi tu

(1) Néu chudi sb Z u, hoi tu va co téng 1a S thi chudi sd Z:cun (c 1a hang s6) cling hoi tu va co
n=1 n=1

téng 1a cS.

(2) Néu cac chudi sb Z u,, Zvn hoi ty va co tong tuong tng 14 Sy, Sy thi chudi sb Z:(un + Vn)
n=1 n=1 n=1
cling hoi tu va co tong 1a Sy + S..

(3) Tinh hoi tu/phéan ky ctia mot chudi sb khong thay ddi khi bo bot di mot sé hitu han sé hang
dau tién cua chuoi.
Tiéu chuin Cauchy

0
Dicu kién can va du dé chudi s0 ) u, hdi ty 1a v6i Ve > 0 bé tily ¥ cho trude, tim dugc sO

n=1
P
DUk

k=g+1

<E.

nguyén duong no sao cho khi p > q > no thi|S, —Sq‘ =

5.1.2. Chudi s6 duong
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Chudi sb Z u, €6 Un >0 véi ¥n > 1 dugc goi 1a chudi s6 duong. Vi uns1 > 0 = Snit = Sn + Uns1
n=1

> Sy nén {Sn} 1a diy sb tang. Do d6 néu day s6 {Sn} bi chan trén thi IlimS,_, do d6 chudi hoi ty;

nguoc lai day s6 {Sa} khong bi chan thi limS_ =0, do d6 chudi phan ky.
Cac du hiéu so sanh
(1) Cho hai chudi s6 dwong> u,, > v

n=1 n=1

Gia st un < Vo v6i VN > ngeN*, khi d6 néu chudi

n-*

z v, hoi tu thi chudi Z u, hoi ty, con néu chudi Z u, phan ky thi chudi Z Vv, phan ky.

=1 =1

(2) Cho hai chudi sé du’ongZU ZV Néu ton tai giéi han hitu han lim Y0 — Kk thi hai chudi

=1 n—1 n—o0 Vn
s6 nay dong thoi hoi tu hodc dong thoi phan ky.

(3) Gia s ham s6 f(x) 1a ham s6 duong, lién tuc va don diéu giam trén [1,+o0), dong thoi
lim f(x) =0. Khi d6, tich phan suy rong j f(x)dx va chudi s0 ) u, v&i un = f(n), dong thoi hoi tu
X—>+00 1 n=1

hodc dong thoi phan ky.

1 1 =1 &1\
Vidub5.1.4. Chudi sb hoi tuVi—<—V01 vn > 1 va chudi sb 0i
3 i s 3 =53] b

n=1

tu theo Vidu 5.1.1. tuong tmg véia=1vaq=1/3.

Vi du 5.1.5. Khao sat tinh hoi tu/phéan ky ctia chudi sb %+ é + ; +1—11+
Bai giai
S6 hang tong quét cua chudi 1a u,= o1 So sanh chudi nay véi chudi diéu hoa co sé hang
n —
2 s 1. . u . n 1 4 X an T e S
tong quat lav, =—: lim—=1lim =—. Do do6 chuoi da cho 1a phan ky vi chudi diéu hoa phan
n ey me3n-1 3
ky.
Cac quy tic khao sat tinh hdi tu ciia chudi so
Quy tic D’Alembert. Cho chudi s6 duong Zu Néu IIm =D thi chumz u, hoi tu khi D
n—oo u

n=1 n=1
<1, phan ky khi D > 1. Con khi D = 1, khong thé khang dinh dugc chudi hdi tu hay phan ky ma phai
dung céch khac dé khao sat.

Quy tic Cauchy. Cho chudi s6 du’ongZU Néu IIm ”\/u_ C thi chumZu héi tu khi C < 1,

n=1 n=1
phén ky khi C> 1. Con khi C = 1, khong thé khang dinh duoc chudi hoi tu hay phan ky ma phai dung
cach khac dé khao sat.
1"
Vi du 5.1.6. Khao sat tinh hoi tu/phan ky ciia cac chudi s6 (a) Z 0 (b) z o ( —j
na N n-1 n

Bai giai
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10

(a) Ap dung Quy tic D’Alembert lim Y0t — im L = lim #10 =2=D. ViD>1nén
n—w un n—w (n _|_1) naw( 1)
1+
n

chudi phan ky.

(b) Ap dung Quy tic Cauchy Ilm "\/u_— lim 2( %) :%Iim(l+%j :%:C. Vi C > 1 nén

chudi phan ky.
Vi du 5.1.7. Khao sét tinh hdi tu/phan ky ciia chudi s6 1+ 2i + 312 + % +...
Bai giai
S6 hang tong quat coa chudi la u, = iz , néu 4p dung Quy tic D’Alembert
n
2
T LN - =1thi khong khang dinh duogc chudi 1a hoi tu hay phan ky.
o n— (n +1) naw( 1
14—
n

Bay gid ta 4ap dung dau hiéu so sanh voi tich phan suy rong: Tir un=i2=f(n)
n

1 Tdx % dx 1
=Sf(X)=—= [f(X)dx= | = = lim =—lim=
( ) )(2 -[ ( ) 1 X2 b%+ool X2 b~>+ooX

rong nay hai ty, nén chuoi da cho hoi tu.

=1-lim 1_1 0=1, suy ra tich phan suy

b—+0

5.1.3. Chudi s6 ¢6 s6 hang voi dau bat ky
5.1.3.1. Chudi héi tu tuyét d6i va hoi tu c6 diéu kién
Pinh ly. Gia st chudi soZu v6i cac sb hang co dau bat ky. Néu chudi sb Z|u | hoi tu thi

n=1

chudi s6 Z u, hoi tu. Khi d6 chudi sb Z u, dugc goi 1a hoi tu tuyét ddi.

n=1 n=1

Trong trudng hop, néu chudi sb ZU hoi tu ma chudi sb Z|u | phan ky thi chudi sé

n=1 n=1

Z u, duoc goi la hoi tu cod diéu kién (hay ban hoi tu).

n=1

Cha y 1. Biéu kién chudi Z|u | hoi tu chi 1a diéu kién da dé chudi z u, hoi tu, chtr khong phai
n=1
1a diéu kién can.

Cha y 2. Néu nho Quy tic D’ Alembert hodc Quy tic Cauchy ma biét duoc chudi Z|un| phan ky

thi c6 thé khang dinh 1a chudi Zu phan ky. That vay, khi d6 I|m|u |¢ 0= limu, #0nén chudi

nN—o0
n=1

i u, phan ky.

n=1

5.1.3.2. Chudi dan dau

Chudi dan dau 1a chudi s6 ) (~1)""u, =u; —U, +U; —U, +... trong d6 un > 0 véi Vn > 1.
n=1
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Dau hiéu héi tu ciia chudi dan dau (Dau hiéu Leibniz). Néu diy s6 duong u, Uz, ..., Un, ...

giam dan va limu, =0 thi chudi s6 Z( 1)"*u, hoi tu va c6 téng S= Z( )"'u, =limS, <u, va

n—w n=1 n=1

s 2 ) X A z _
Rn| < Un+1, trong d6 S, = >’ (=1)"u, 1a tong riéng thir n cia chudi sd va R, =S-S, = > (-1)'u, la

n
k=1 k=n+1

phan du thtr n cua chuoi so.

Vi du 5.1.8. Khdo sat tinh hoi tu/phan ky cua chudi ) 1— 22 + 23 - 24
2 2741 3 +1 4°+1
Bai giai
Chudi da cho 1a chudi dan diu c6 sb hang téng quat la u, = ] va vi ul=%,
n°+
u 2 L u 3 L u 4 L nén u; > Uz > U3z > Us > ... nén
= = , = =— = = Y een 1 2 3 4> ...
202741 241270 % 341 34137 Y 4741 4414
diéu kién thi nhit ciia Dau hiéu Leibniz thoa man. Mat khac limu, = lim 1=|imL=0nén
n—o0 n~>oon + n—o0

n
diéu kién thr hai ctia DAu hiéu Leibniz cling thoa man. Do d6 theo DAu hiéu Leibniz thi chudi héi tu.

Vi dy 5.1.9. Xét chudi dan déuZ(—l) il , ta co 1>%> :1% > 411 >.. hay u,>u, >u; >.. va
n

limu, —Ilm——O nén chudi Z( n" 1l hoéi tu theo DAu hiéu Leibniz, trong khi chudi

nN—o0 n—oo n =1 n

Z( 1)n 11

n=1
diéu klen.

5.2. Chudi ham
5.2.1. Binh nghia

o0

Zl 1a chudi diéu hoa nén phan ky. Do d6, chudi s6 Z( -n" = a1 1a chudi s6 hoi tu co
n

n=1

Chudi U, (X)+U,(X)+Ug(X)+...+ U, (X)+... = iun(x) , trong d6 cac sb hang ciia chudi 1a ham
s6 cua x, dugc goi 1a chudi ham. "

Tap hop nhitng gid tri ctia x ma cac ham un(x) v6i Vn > 1 xac dinh va chudi iun(x) hoi tu,
dugc goi 1a mién hoi tu ciia chudi ham va ky hiéu 1a X. Mdi gia tri cia mién hoi tu )E:iu’(mg ung voi
mot gia tri xac dinh cta gidi han IIm S, (x)véi S, (X) = Zu (x) dugc goi la tong riéng thir n cua

k=1
chudi ham. Nhu viy, gi6i hanlimS_(x)la ham s6 cia x, ky hiéu 1a S(x), dugc goi 14 tong cua chudi
n—o

ham.

R,.(X)= Z u,(x)-S,(x) = Z u, (x), duoc goi la phan du thir n cta chudi ham.

k=n+1

Chudi hélmz u,(x) trong mién hoi tu X, duoc goi la héi ty déu trong mién X néu véi mdi € > 0
n=1
bé tly ¥ cho trudc, ma tim dugc s6 noeN* dé véi n > no thi |Ra(X)| < & véi YxeX.

Vi du 5.2.1. Cho chudi hamZu (x) voi u,(x) = %[74_)(2) . Xét su hoi tu cua cua chudi
n=1 - X +

taix=0vax=1.

105



Bai gidi. Tai x =0 thi u,(0)= ! 4-0 = 2 , khi @6 chudi ham Zun (X) tré thanh
2n-1\7.0+2 2n-1 ~

) 0 n n+l n _
chudisé Su,(0)=Y 2. Taco tim Y22 _ 2 / 2 _om2n=i
n=1

“ion—1 e U (0) me2(n+l) -1/ 2n-1 ne2n+l
2_E 2_Iim1 2_0 , - o0 n
2lim—D =2, ”*“"1‘ =2. =2=D>1, theo Quy tic D’ Alembert thi chudi Y phan ky.
7o+ 24tm= 2*0 2N -1
n n—o N
, . 1 (4-1Y 1 e R & s X
Taix=1thi u,(2) = = , khi do chudi ham Zun(x) tr¢ thanh chuoi
2n-1\7.1+2) 3"(2n-1) “~
s6 Zun(l):zn;. Ta oo lim Y22 _ jim " / - L Lyl
— < 3"(2n 1) oo U (1) w3 [2(n+1)-1]/ 3"(2n-1) 3m>=2n+1
1 1
1, 27, 127me 100 1 , N
—lim n_-, rl] ==, ===D <1, theo Quy tac D’ Alembert thi chuoi Zn— hoi
gnoe, 13, 1 372+0 3 < 3"(2n 1)
n n—o N
tu.

5.2.2. Tiéu chuin hoi tu déu cta chudi ham

Tiéu chuan Cauchy. Chudi ham ) u, (x) trong mién hdi tu X, s& hi tu déu trong mién X khi
n=1

va chi khi v6i Ve > 0 bé tuy ¥ cho trudc, néu tim duoc sé noeN* sao cho khi p > q > np thi

5,00 -5,00] =| 2, )

k=g+1
Tiéu chuin Weierstrass. Néu cac ham sb ui(x), uz(x), us(x), ..., un(x), ... trong mién X c6 gia

<gvil VxeX.

tri tuyét d6i khong vuot qua cac sé duong ay, @z, as, ..., an, ... twong ung, déng thoi chudi s6 Zan hoi
n=1

tu thi chudi ham Z u, (x) hoi tu déu trong mién X.
n=1
Can luu y rang, Tiéu chuan Weierstrass chi la diéu kién du dé mot chuoi ham hoi tu déu trén
mién X.

) o & . in"nx | .. n gAt o n A A
Vi dy 5.2.2. Chitng minh chuoi ham Zun(x) voi U, (X) = ST hdi tu tuyét doi va déu trén
n=1 n+/n
R = (-00,+).
. 2 . sin” nx| 1 1 . . 2
Bai giai. Hién nhién |u,(X) =| < = =a,v6i Vn > 1 va voi VXeR. Ta da biet
5 s (09 | nvn | nn n*

sin" nx

nvn

chudi sé Ya, =3 = =3 L vei p= g >1 1a chudi hoi tu, do dé chudi duong >’ hoi ty

n=1 n1 N n=1 n=1

nén chudi

z.sin"nx . X
Z hoi tu déu trén R.

n=1 n\/H

5.2.3. Tinh chét cta chudi ham hoi tu déu
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(1) Néu moi sb hang un(x) ctia chudi ham » u, (x) la cdc ham lién tyc trong mién X, dong thoi
n=1

chudi ham Z u,(x) hoi tu déu trong mién X thi tong S(x) cuia chudi ham ciing 1a ham lién tuc trong
n=1
mién X.

(2) Néu moi s6 hang un(x) ctia chudi ham z u,(x) la cac ham lién tuc trong mién X, dong thoi
n=1

chudi ham Zun(x) hoi tu déu trong mién X va co tong la S(x) thi chudi
n=1

o [ b bl o« b
Z [I u, (X)dx} = J[Z u, (X)}dx héi tu va c6 tong la J.S(X)dx voi  [ab]cX, thc
a Ln=l a

n=1| %

|aiﬁ u, (x)dx} = i[i u, (x)}dx = j'S(x)dx véi V[a,b]leX.

n=L| a
(3) Néu cac ham s6 un(x) v6i ¥n > 1 xac dinh, kha vi trong mién X nao d6 va néu chudi
hémZu'n(x) hoi tu déu trong mién X thi tong cua nd bang S’(x), v6i S(x) 1a tong cua chudi ham
n=1

Z u,(x), tac la z u,(x) = {Z u, (X)} = S'(x) trong mién X.
n=1 n=1 n=1

5.2.4. Chudi liiy thira
5.2.4.1. Pinh nghia

Chudi Ity thira 14 chudi ham c6 dang a,+a,(x—a)+..+a,(X—a)" +..= > a,(x—a)", trong
n=0

do a, aog, ai, ..., an, ... 1a cac so thuc.

5.2.4.2. Dinh 1y Abel (tinh chét co ban ctia chudi liy thira)

Néu chudi Ity thira D" a, (x—a)" hoi ty tai x = xo thi n6 hoi ty, dong thoi hoi ty tuyét doi véi VX
n=0
thoa man bat dang thirc [x — a| < [X — Xo.

Nhgn xét. Khong mat tinh tong quat, ta c6 thé nghién ctru chudi liy thira dangZant” sau do
n=0

thay t = X — a; hodc nguoc lai, ¢6 thé nghién ciru chudi liy thira dang Zan (x—a)" sau do6 thay a = 0.
n=0

Hé qud. Moi chudi lity thira déu c6 mot khodng héi tu (-R, R) ¢6 tam 1a diém a: [x —a| <R hay a
— R <x <a+R, bén trong khoang do chuoi lliy thtra hoi tu tuyét doi, con ¢ ngoai khoang do thi chuoi
phan ky. Tai cac dau mut ctia khoang héi tu (x = a + R) tinh chat hoi tu/hdi tu tuyét doi/hdi tu cod diéu
kié€n/phan ky tuy theo chudi lliy thtra cu thé, ma dé khang dinh duoc, can phai khao sat truc ti€p chuoi
tuong ung vaéi gia tri cua x tai hai dau mut cua khoang hoi tu.

SO R béng ntra d6 dai cua khoang hoi tu ctiia chudi lily thira duoc goi 1a bdn kinh héi tu cia
chuoi liiy thtra. Trong truong hop dac biét, ban kinh hoi tu R c¢6 thé bang 0 hodc bang vo han; néu R =
0 thi chudi lily thira chi héi tu tai diém x = a, con néu R = +oo thi chudi lity thira hoi tu trén toan truc s6
thuc R.

Tap hop tat ca cac gid tri ciia x ma chudi liy thira hoi tu, dwoc goi 1a mién héi tu cua chudi lity
thtra. Nhu vay, khai niém mién héi tu ctia chuoi Iy thira phu hop véi khai niém mién héi ty ctia chuoi
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ham vi chubi Ity thtra 12 mot dang cia chudi ham. P& tim mién hoi tu cua chudi Iy thira, dau tién ta
tim ban kinh hoi ty, sau doé khao sat truc tiép sy hoi tu cua chuoi tai hai dau mut cua khoang hdi tu.

5.2.4.3. Quy tic tim ban kinh hoi tu cta chudi liy thira
Néu lim || “*ﬂ =p hodc limy/a,| =pthi ban kinh héi ty cua chudi liy thl‘raZanX” duoc xac
n—w g nN—0o0 n=0
1/p khi O<p<+o
dinh nhu sau: R =<0 khi p=+w
+0 khi p=0

Vi du 5.2.3. Khao st sy hoi tu ctia chudi liiy thira 21(X —5) + 2/(X —5)° +31(X =5)° +...

Bai gidi. Dt t = x — 5, s§ hang tong quat caa chudi ity thira 1a u,(x) =nl(x-5)" =nlt" =a,t"
véi a, =n!
SN - P Y (L A LI A L RAT b K 13 ,
Taco p=Iim =lim = lim(n +1) = +oo nén ban kinh hdi tu cta chuoi 1a R = 0, do do
n—w |an| n—w n! n—o

chudi hoi tu chi khit=0 < Xx —5 =0, tic 12 chudi hoi tu chi khi x = 5.

Vi du 5.2.4. Khao sat sy hoi tu ctia chudi Ity thira > a, X" voi a, = =
n=1
Bai giai.

Taco p_I|m|“*l|_I LIy

im =lim =0 nén ban kinh hoi tu cua chudi
n—w |a | n—ow (n +1)| n—w (n _|_1)I n—o14n

la R = +o0, do d6 chudi hoi tu v6i moi gia tri ciia x & (-00,+00).

Cha y. Néu chudi liy thira duoc viét dudi dang Zun(x) v6i u, (x) =a,x" thi theo Quy tic
n=0
D’Alembert hodc Quy tic Cauchy, ta co thé tim dwoc khoang hodi tu theo bat ding thirc

(x )| L .
D = lim .21 Yne <1 hogc theo bit déng thirc C = lim 1/lu_(x)| <1.
n—w |u X| . g n—w | n( )|
N XZ 3
Vi du 5.2.5. Khéo sat su hdi tu cua chuodi lily thira x +?+?+...

n

\e  eas QA 2 L X: 1 N X L
Bai giai. SO hang tong quat cua chudi iy thura 1a u (X) = = a,x"voia, ==

Céch 1. p_llm| ”*1|_Iimi E=IimL=Iim 11 __ ! =1 nén ban kinh hoi tu
n—o |a | n»on+1/ n n—»on4+1 n—>oo1+7 1+ lim =
n n—o N

X s 1 B X1 A . e e R N~ 1A, 2l ,
cua chudila R ===1, do d6 chuoi hdi tu véi moi gia tri cua x thoa man bat dang thuc -1 < x < 1.
P

Tai x = -1, chudi trd thanh chudi dan dau 1+%—%+%—% +... hoi tu theo Déu hiéu Leibniz;

con tai x = 1, chudi tré thanh chudi diéu hoa 1+ ; + ; + 2'1 + 3_; +...1a chudi phan ky.

Vay mién hoi tu ctia chudi lily thira dang xét 1a -1 < x < 1 hay [-1,1).
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n

n+1
Cach 2. Ta c6 D=Iim LIS |X X— = I|m|x| |x| lim ' = =|x| lim L
n—»o0 |u (X)| n—>oc|n +_’]_| n—oo n—on+1 n—»o0 1
n
|x| 1 = |x| Tir day suy ra, & chudi hoi tu thi D phai nhé hon 1, tic la D<1< -1<x<1. Do
1+1lim =
n—oo n

d6 khoang hoi tu ctia chudi la —1< x <1.

Tai hai diu mat, cling xét twong ty nhu & Cach 1. Cudi cung, tim dugc mién hoi tu cta chudi la -
1<x<1hay[-1,1).

(x-2° (x-2)°

Vi dy 5.2.6. Khao sat su hoi tu ciia chudi lity thira (x —2) +

22 32
Ns  ens QA 2 (o X 1n N (X—Z)n n g 1
Bai gidi. SO hang tong quat cta chudi liy thura la u, (X) =——"—=a,(x-2)" v6i a, =—,
n n
néu dit t = x — 2 thi chudi try thanh Za x-2)"= Za t" voi a,
n
| n+1| 1 1

Céch 1. p=Iim—" =Iim

— =lim = =1 nén ban kinh
n—w |a | n—w (n +1) n—>oo (n +1) n—w

1+ l+lim
n

hoi tu cua chudi 1a R=1=1, do d6 chudi hoi tu voi moi gia tri ciia t thoa man bat dang thue -1 <t <
[
1 -1<x-2<1<1<x<3.
. %o L 4 s 1 1 1 o X L x.. 11 1 N
Tai x = 3, chudi tr¢ thanh 1+ — + = +—+... 1a chu6i hoi tu vi chudi 1+ —+—+-—+... hoi
2° 3 4 P34

3_12+4_12_5i2+... hoi tu tuyét déi.

tu khi p > 1; con tai x = 1, chudi tr& thanh chudi dan dau —1+— -
Vay mién hoi ty ctia chudi la 1 < x < 3 hay [1,3].

n+l
Cach 2. Ta c6 D= I|m| na(X )|<1<:>D:Iim (X 2)2
n—w |u X| n—w (n+1)

2

- rll'ﬂ'X 4 (n+17

2
x=2]fim

n—oo (ni 1)2 _|X_2|,I1ifo'o 1\ :|X_2|;12<1=|X—2|. T day suy ra, dé chudi hoi
(1+j (1+Iim

n n—wo N

ty thi D phai nhé hon 1, tic 1a D<1 |x -2/ <le —1<x-2<1<1<x<3. Do d6 khoang hoi tu
clia chudi la 1< x < 3.

Tai hai dau mut, cling xét twong tu nhu ¢ Cach 1. Cubi cung, tim duogc mién hoi tu ctia chudi 1a
1<x<3hay[1,3].

5.2.4.4. Tinh chét cua chudi liy thira

(1) Chubi lity thira Z:anxn hoi tu déu trén moi doan [a,b] ndm trong khoang hoi tu ctia né.
n=0

(2) Téng S(x) cua chudi liy thl‘J:aZanX“ 1a ham s lién tuc trong khoang hoi tu ciia nd.
n=0
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(3) C6 thé 14y tich phan timg sé hang cua chudi liy thuaZa X" trén moi doan [a,b] ndm trong

n=0
khoang hoi tu ctiia no: I(Zanxnjdx = Zjanxndx.
a \.n=0 n=0 4
Dic bigt, voi Vxe(-R,R) thi I(Za t" ) => j a,t"dt=>" % 1xn+1 va chudi nay ciing 14 chudi
— o N+
n=0 0 n=0
h a n+l

lily thira c6 khoang hoi tu 1a (-R,R). Nhu vay, néu S(x) = Zanx" thi j S(tydt = —n_x
n=0 0 n=0 n+

(4) C6 thé tinh dao ham timg s6 hang cua chudi lity thl‘IaZanX“ tai moi diém x thugc khoang
n=0

hdi tu cta no: (Zanx”] Z(a X" ) = z na x"" va chudi nay ciing 1a chudi lily thira c6 khoang hoi

n=0

ty 14 (-R,R). Nhu vdy, néu S(x) = > a,x" thi S'(x)=> na,x
n=0

n=0
Chu y. C6 thé 1y tich phan va tinh dao ham timg s hang cuia chudi lity thira v6 s lan trong

n=0

khoang hoi tu cta no.
Vi dy 5.2.7. Tim mién hoi tu ctia chudi liiy thl‘J:aZ(n +1)x" va tinh tong S(x) cta chudi trong
n=0

mién hoi tu do.
Bai gii. Ta viét chudi da cho duéi dang Z:anxn voian=n+1

n=0
2 .1
1+— 1+2lim=
Ta ¢6 p=lim 2o = jim WD+ G 02 s _1+20 4 4o d6 ban
n—o an n—oo n+1 n—o N +1 n—>001+7 1+|Im— _’]_+O
n nawn

kinh hoi tu cia chudi la R = 1 =1, nén khoang hoi tu ciia chudi la -1<x<1
p

Tai x = -1 chudi lily thira Z:anxn tr& thanh chudi dan déu Z:(—l)”an véi an =n + 1, 1a chuoi
n=0 n=0
phan ky vi lima_ =lim(n +1) =+, titc 1a vi pham diéu kién can cta chudi hoi tu; con tai x = 1 chudi

Iy thua Zanx” tro thanh chudi sb Zan voi an = n + 1 cling 1a chuéi phan ky vi
n=0 n=0
lima_=Ilim(n+1) =+, tirc 1a vi phamdiéu kién can cua chudi hoi tu

n—oo

Nhu vy, mién hoi tu ciia chudi da cho 13 -1 < x < 1 hay (-1,1)
Pé tinh tong S(x) = Z(n +1)x" trong mién hoi tu (-1,1) ta tich phan tir 0 dén x hai vé ciia dang

n—o

n=0
x o x 1-x" 1-limx® 4 o5 1
thic trén: |S(t)dt=) (n+1)|t"dt=) x"=Ilim > x“=Ilim1. =—fox = = Vi
! ® g( )£ nz HCZ noo 1-X 1-x 1-x 1-X
limx" =0 khi -1 <x < 1. Do do S(x) = DS(t)dt} =[1 1)() = a 1X)2 trong mién hoi tu (-1,1) cua
) _ _
chudi.
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, \ A 1A , X. 1 R G 2 , . A 1A
Vi du 5.2.8. Tim mién hdi tu ctia chudi lliy thira Z— va tinh tong S(x) cua chuoi trong mién hoi

n=1
tu do.
Bai gidi. Ta viét chudi da cho dudi dang > a,x" véi a, = 1
n=0 n
. . . 1 1 . n . 1 1 1 sy
Ta c6 p=Ilim At _ jjm /: lim =lim = = =1, do d6 ban kinh
oo g nson+1l/ N nmoen+1 n*)wl_'_i 1+Iim1 1+0
n n—o N

hoi tu cua chudi ZX— laR= 1 =1, nén khoang hoi tu ctia chudi la -1 <x< 1.
n=l P
. Re g L~ X" ) \ X- IS (_1)n
Tai x = -1: Chudi luy thu’aZ—tro thanh chuo6i dan dauz

=t N = N

hoi tu theo DAu hiéu Leibniz,

con tai x = 1: Chudi l{iy thira ZX— trd thanh chudi diéu h(‘)az 1 1a chudi phan ky.

n=1 n=1

Nhu vay, mién hoi tu cia chudi lily thira ">~ 1a -1 <x < 1 hay [-1,1).
n

n=1
X g 2 = X" -2 A- \ Y 2 , N
bé tinh tong S(x) = Z— trong mién hoi tu [-1,1) ta dao ham hai vé cua dang thuc trén:
n=1

© n o n n 1—"an
. X N K 1 1-x 1-0 1 ., .
Sx:z — :Ex =i Ex =lim1. =2 - = vi imx" =0 khi-1<x
(x) [n} n oo 1—X 1-Xx 1-x 1-X N—o0

= S(X) = J.S'(t)dt = 1d_—tt =—Infl—{
0

=—In(l-x)=1In % trong mién hoi tu [-1,1) ctia chudi.
—X
0

0
5.2.4.5. Khai trién ham s6 thanh chudi lity thira

~ Moi ham 56 f(x) kha vi vo han lan trong khodng [x —a] <R < a— R <x <a+ R déu co thé khai
trien dugc thanh chuoi Iy thwra v6 han dang Taylor trong khoidng nay va hoi tu té1 no:
[e¢) (n)
f(x)= Zm (x—a)" néu trong khoang do thoa man dieu kién
n=0 !
. - f (n+1) (C) n+l ’ \ A 5 N 14
limR, (x)=lim W (x—2a)"" =0, trong d6 Rn(x) la phan du cta cong thirc Taylor, c =a + 6(X — a)
nN—o0 nN—o0 n + 1
X : X .Y : = £7(0)
va 0 <0 < 1. Khi a =0, chuodi nhan dugc la chuoi Mac Laurin f(X) = z :
no I
Néu trong khoang nao d6 chira diém a, voi moi n thoa man bt dang thire [fV(x)| < M, trong do
M 14 hing s6 duong, thi lim R, (x) = 0va ham s f(x) khai trién dugc thanh chudi Taylor.

Xn

Vi du 5.2.9. Khai trién ham f(x) = sin? thanh chudi lity thira theo x.
Bai giai. Ta thiy f(x) = 2sinxcosx = sin2x = f"(x) = 2"‘1sin[2x+(n -1) ﬂ véin > 1. Bay

gid ta tim gia tri ciia cac ham f(x), fY(x) véi 1 <k < ntai x = 0 va f"V(x) tai x = ¢, thi dugc £(0) =0,
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va

_ 1\k-192k-1 H —
f(n) (0) — 2nlSin|:2.0 + (n _1) £:| — 2n71 Sin (n —1)TC _ ( l) 2 khl n 2k
2 2 0 khi n=2k-1

- nm
2 sm(2c+2j 1 (2x)™ n
f(n+l) (C) 2n sln(ZC +7j Nen phan du' R (X) = Xn+1 - ( _) S|n(2C + 77.[) .
n+l
Vi lim>—— (2x)

(n+1)! 2 (n+1)!
. ( nnj
sin| 2¢c+—
e (N +1)! 2

trién duoc ham f(x) = sin?x dudi dang chudi Taylor sau day:
3 5 7
f(x)=sin’x = 2y Ty 2y 2 e (-00 < X < +00)
2! 4! 6! 8! ) i i
Nhdn xét. Qua vi du trén ta thay, viéc st dung truc ti€p cong thirc Taylor d€ khai trién mgt ham

s6 thanh chudi liy thira, thi viéc tinh toan kha cong kénh va viéc chimg minh limR_ (x) =0 khéng
n—w

=0 vébi VX, con

<1 do d6 limR_(x)=0. Nhu vay, c6 thé khai

phai don gian. Trong nhiéu trudng hop, ngudi ta thudng sir dung cac khai trién dang cong thirc Mac
Laurin cia mdt so ham so cap co ban sau day dé khai trién mdt ham so thanh chuoi liy thira:
2 n

X X
€ =14 4+t +.. (-0 <X < +o0)
o2 n!

3 5 2n-1

sinx=x——+x—...+(—1)”’l X +... (-0 < X < +00)
3 5l (2n-1)!
2 X4 2n
cosx=1-—+—..+(-1)" .. (F00 < X < +00)
20 A (2n )I
3 5 2n-1
arctan x = x—X—+X— + (=) X (-1<x<1)
3 (2n-1)

X2 X"
In(L+x) :x—7+...+(—1)”’ ?+... (-1<x<1)

L=1+x+x2+...+x“+...(-1<x<1)

1-x

a(a—1) X2+0c(0c—1)(0c—2) <
21 3
+khin>0néu-1<x<1
+khi-1<n<0néu-l<x<1
+khin<-1néu-1<x<1

o . < A A+ N ‘ 14
@+x)* =1+ 1 X+ , khai trién cudi cung nay dung:

Chrflng han, nhu & Vi du 5.2.9 ngay ¢ trén, ta co thé thuc hién nhu sau: Ta bién doi

f(X):SiHZX:l—%COSZXVé thay cos2x bang khai trién thanh chudi lily thura cia ham sb

2 2n
Cost—l—t—+t—.. +(-D" (|0 < X < +40) voi t = 2x thi ta dugc
2! (2 )I
2n
cos2x =1— (2;) (2:) +(-D)" ((ZZX))I +.. Sau d6 thay khai trién trén vao biéu thic
! n)!

f(x) =sin’x :%—%cos 2x thi ciing nhan dugc két qua gibng nhu két qua da nhan dugc ¢ trén la
3 25 7

f(x) =sin® x—zx X X=X 4L (Fo < X < +o0)
2! 41 6! 8!

Vi du 5.2.10. Khai trién céc ham f(x) = (1 — x)* thanh chudi lily thira theo x.
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Bai giai.
o  ala-1) <2 4 oo —)(a—2) N

Thay x boi —x vao khai trién da biét (1+x)* :1+£x+ 5 2 +.. ta
nhan duge (L—X)* =1— Ex + o) o, Ha=D@=2) ;s
1 21 3
5.2.5. Chudi Fourier (T doc trong hoc liéu bat budc [1]).
BAI TAP
5.1. Khao sat tinh hoi tu/phan ky cia cac chudi sb
1 3 5 7 1 (2) (3Y (4Y)
A+ ++—+.. D)=+|=| +|=| +| = | +--
@35 5ty o3+(2) (3] +(s)
2 3 4
(C)g+ 3 + 4 + > +... ()— i+i
3 \7 11 15 1.2 23 34
(e)i+—+i+... )] L + 1 - L +
1.3 35 57 1.35 357 579
(g)g+1 1+i+i+ (h)i+g+ 3 +ﬂ+ > +
37376 12" 24" J3 3 3/3 9 93
2 3
(0,6 +0,51+0,501+0,5001 +... ()2 g 1;
(1)11-1,01+1,001 —1,0001 + ... (M)1-1+1-1+..
5.2. Khdo sat tinh hoi tu/phan ky cua céac chudi sb
>N N | = 1 = 2n+1
a b c
()Zloul ( );2”+1 ()24.2"—3 ( )Zn 2(n +1)?
= 1 = (m-1)"
)Y —véip<l e — oim>1
OYgig O Ewip<l @XM
5.3. Ap dung dau hu-j:u so sanh (1) dé xét sy hoi tu cua cac chudi sb
()_ i+i+i+m b
N2 In3 In4 In5

5.4. Ap dung dau hiéu so sanh (2) dé xét su hoi tu ciia cac chudi sb

2+1 22+1 23+1 1 V2 V3 N

ST 7 ® it 2.2 1723-1 24-1"

5.5. Ap dung d4u hiéu so sanh (3) dé xét sy hoi tu ciia cac chudi sb
1 1 =1
b — véip>1

@ 9In9 T 191n19 29129 | (b) ;np P

5.6. Ap dung Quy tic D’Alembert hodc Quy tic Cauchy dé xét sy hoi tu ciia cac chudi sb
2n“+2n+1
b)3+21% +2,01° +2,001* +
()Z(Sn +2n+1] (b)
3 2 3 4
(C)E+(EJ 2° +(E) 3+ (10) /A (d)E+(Ej %+(Ej %+(Ej .15+
11 \11 11 11 10 \10) 2 10) 3 10) 4

5.7. Nghién ctru sy hoi tu va xac lap dac tinh cia sy héi tu (hoi tu tuyét doi, hdi tu céd dieu kién) cua
cac chuoi dan dau sau

1 4.7 10, < n+1
a) 4L b)11-1,02 +1,003 —1,0004 +... OS> ()t
@ 5 s " (®) © 2. n>+n+l
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5.8. Tim mién hoi tu caa chudi hamz 1
=14+ x2"

5.9. Ching minh rang, chudi lity thira Z x" hoi tu khong déu trong (-1,1).

n=l

5.10. Chimg minh rang, chudi ham z sin” nx
n-1 n?

héi tu tuyét dbi va déu trén R = (-00,+0).

5.11. Chimg minh rang, chudi lity thira Z

7 N
5.12. Nghién cutru sy hoi tu cua céac chu01.

= X" 4x*°  8x"® 16x*
a) y — b) 2x° +
@ Z; n! (b) 3 5 7
(n+1) o
n+1 (x- 1)n " X2
—-2) d e
OFtw-or @ pEIT G
5.13. Tim tong cta cac chudi:
1, 2x 3x 4x° x> x> x*
S+ S+ —+—+..v0ia>0 b) —+—+—+... vdia>0
( ) HPCIT (®) 2a 3a’ 4a’
2
(c)¥+g.+3'4—i(+... véia>0 (d) —2x +4x>—6x° +8x’ -
a a a
5.14. Khai trién ham f(x) thanh chudi lily thira
@ f(x)= e_x2 theo lily thira cta x (b) f(x) = Inx theo iy thira cta (x — 1)
() f(x)= theo Ity thira cua (x — 2) (d) f(x) =In(x + a) vdi a > 0, theo lliy thira cua
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