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1. Dao ham rieng, vi phan

DPinh nghia dao ham riéng theo bién x

Cho ham hai bién f = f(x, y) véi diem M, (x,, y,) co dinh.

Xét ham mot bien F (x) = f(x, y,) theo bién x.

Pao hém ciia ham mot bién F(x) tai x, dugc goi la dao ham riéng
theo bién x cta ham f(x, y) tai My(x, vo), Ky hiéu:

o (X1 Yo) - F (% + AX) — F (%)
= f/(Xq,VY,) = lim 0 0
x « (X1 Yo) am Ax
— lim T (X +AX, ¥o) = T (X Yo)
AX—0 AX
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1. Dao ham rieng, vi phan

Dinh nghia dao ham riéng theo bién y

Cho ham hai bién f = f(x, y) véi diem M, (x,, y,) co dinh.

Xét ham mot bien F(y) = f(x,,y) theo bién y.

Pao hém ciia ham mot bién F(y) tai y, duoc goi la dao ham riéng
theo bién y ctia ham f (x, y) tai My (xy, yo), Ky hiéu:

of (Xo, : . F(y,+Ay)-F
(%0: ¥o) _ £/ (X, Yo) = lim (Yo +4y) = F(¥o)
oy Ay—0 Ay
— lim f(XO1y0+Ay)_ 1:(X();y())
Ay—0 Ay
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1. Dao ham rieng, vi phan

Dao ham riéng cua f = f(x,y) tai My(x,, yo) theo x la dao ham
ciia ham mot bien f = f(x,V,).
Dao ham riéng cua f = f(x,y) tai My(x,, Vo) theo y la dao ham
ciia ham mot bién f = f(xg, y).

Qui tiac tim dao ham riéng

Pé tim dao ham riéng cta f theo bién x, ta coi f 1a ham mot bién
x, bién con lai y la hang so.
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f(x,y) biéu dién bdi mit S (mau xanh).
Gia st f(a,b) = c, nén diém P(a, b, c) € S.

C6 dinh y = b. Puodng cong C; 13
giao cua S va mit phang y = b.

0 C, Phuong trinh ctia dudong cong C;
o la g(x) = f(x,b).
< ,f-?-___""-----*_ Hé s0 gocC cua tiép tuyén T; voi
—— ’;““ y  dudng cong C; la:
(a. b, 0} g'(a) = f;(a,b)

Pao ham riéng theo x cua f(x,y) 1a hé s6 goc cua tiép tuyén T; voi dudng

cong C; tai P(a, b, c).

Tuong tu, dao ham riéng theo y cta f(x,y) la hé s6 goc cia tiép tuyén T, voi
duong cong C, tai P(a, b, ¢).
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1. Dao ham rieng, vi phan

Cho ham f(x,y) = 4 —x? — 2y2. Tim £/(1,1) va biéu dién hinh hoc
cua dao ham riéng nay.

fllx,y) = =2x - f1(1,1) = =2

zZ=4—x"—2y°

Mat bac hai f(x,y).
Mit phang y = 1 cat ngang duoc
/ G duong cong C;.
Iv‘/ Ié r
B-r=] Tiép tuyén vo1 Cq tai (1,1,1) 1a

duong thing mau hong.

s / Ty — H¢ s6 goc cua tiep tuyén vot Cq
| . , y . \ \ A A \
5 /// / (A —(1,1) tai (1,1,1) la dao ham riéng can tim.
¢ & /
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1. Dao ham rieng, vi phan

Tinh chat cua dao ham riéng

Vi dao ham riéng la dao ham ctia ham mét bién nén tinh chat cua
dao ham riéng cting c0 tinh chat cua dao ham ctia ham mot bién.

) (af), =af 2) (f+9)k="T+0;
3 (F-9),=f-g+f-g 4 @ o 1o,
X g

Ham mot bién: ham c6 dao ham cap 1 tai x, thi ham lién tuc tai x,.

Ham nhiéu bién: ton tai ham c6 cac dao ham riéng cap 1 tai (Xy,Y,)
nhung chua chac ham da lién tuc tai di€m nay.
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1. Dao ham rieng, vi phan

Tim dao ham riéng f,(1,2), f/(1,2) , biét f(x,y)=In(x*+2y?)

/
X

f(x, y) =(In(x’ +2y2))

2X 2

fX’(X,y)ZXZJr2y2 = fx’(l,2)=9
fy(x, ) =(In(x +2y%))
yo y
: _ 4y : 8
fy(x’ y)_X2+2y2 — 1ty(l,z)zg
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1. Dao ham rieng, vi phan

Tim dao ham riéng f,(12), f,(L2), biet f(x,y)=(x+2y)’

i y)=((+29))
f(xy)=y(x+2y)’" = {(1,2)=10
In f =ylIn(x+2y)

Pao ham riéng hai vé theoy, taco: 2 =In(x+2y)+y- 2
f X+2Y
= fy(x, y):(x+2y)y{ln(x+2y)+y- 2 }
X+2Y
= /(%) = 25(In5+g)
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1. Dao ham rieng, vi phan

Cho f(x,y)=yx+y3
1) Tim (L) 2) Tim (0,00  3)Tim f,(0,0)

1) fi(x y)=(\/><2 - y3)’

X 1
= = f,(L)=—"F+
2) Khéng thé thay (0,0) vao cong thtc dé tim f.(0,0). Ta st dung dinh nghia:

0.0 = lim TOFMX0 =100 _ - J(AX)2 +0-0 i 1]
_Ax—>0 AX  Ax—0 AX _Ax—>0 AX

Khong ton tai giéi han ndy vi giéi han trai va gidi han phai khong bang
nhau.

f(0,0+Ay) - f(0,0) (Ay)® -0
f,(0,0)= lim = lim khong 3
3) Tuong ty: 1,(0,0) = am Ay A Ay ong
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1. Dao ham rieng, vi phan

X% +y? 2
Cho f(x,y)= [ e dt

1

Tim f(xy), f,(x, ).

fx,(x1y)£\/XITyet2dt] ( X+y) (\/X +y ) :ex+ y?

1

X
Jx2+y?
Vi biéu thirc d6i xting d6i vai X va y nén, doi chd x va 'y cho
nhau ta duoc dao ham riéng theo .

= f(x,y) ="

: y
2 2
ey
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1. Dao ham rieng, vi phan

[ V(P +y?) 2 2
Cho f(xy)=1° Xyl
0, X° +y% =0
Tim f,(0,0).
B —1/(Ax)?
£(0,0) = lim f(0+Ax0)-1(0,0) _ i ©
AX—0 AX Ax—0  AX

Dit t=— ,SUyrat—so
AX

— £/(0,0)=limte ™ =0 (sir dung qui tic Lopital)

{—o0
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1. Dao ham rieng, vi phan

Pao ham riéng cap cao

Cho ham hai bién f = f(x,y). Pao ham riéng theo x va theo y la
nhirng ham hai bién x va y. Ta c0 thé lay dao ham riéng cua ham

fr (%, ¥): g

(fe(x, ), = (X, y)—(j;(2 (X, ) (fe(x, y)) = T (X, y)—gy(x y)

Tuong tu, cO thé 1lay dao ham riéng cua ham ()
2 2

(f,00)) = fo(% y)—(x v (fx y)) = f,1 (X, y)—éy2 (X,Y)

Tiép tuc qua trinh, ta co khal niém cac dao ham cap cao.

Vi dao ham riéng 14 dao ham cua ham mot bién nén viée tinh dao ham
riéng cap cao ciing tuong tu tinh dao ham cap cao cia ham mot bién:
diing céng thire Leibnitz va cac dao ham cap cao théng dung.
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1. Dao ham rieng, vi phan

Cha

NOI chung
0%f 0%f
axay (x()’ yO) i ayax (xO’ yO)
nén khi lay dao ham riéng cap cao ta phai chi y dén tht ty lay dao
ham.
Pinh ly

"

Cho ham f(x,y) va cac dao ham riéng f,, f,, f,, f;; xac dinh trong lan

can cua (X, Yy) va lién tuc tai diém nay. Khi do:

o° f o° f
X, V) = Xn,
Gxﬁy( 0+ Yo) 6y8x( 0+ Yo)
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1. Dao ham rieng, vi phan

Ching to rang ham f (x,y) =e*siny thoa phuong trinh Laplace:
o°f o°f
>+ =0
ox® oy

f (x,y)=¢€"siny fr=e"siny

fy(x,y)=¢"cosy fo, =—€"siny

0°f o°f
—~ 2 T A2
ox= oy
Ham f = f(x,y) thoa phuong trinh Laplace duoc goi 1a ham diéu hoa.
Ham diéu hoa déng vai tro quan trong trong 1y thuyét fluid flow, heat

conduction, electric potential,....
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1. Dao ham rieng, vi phan

Ching to rang ham u(x, t) = sin(x — at) thoa phuong trinh song:
ot OX*
u; (x,t) = —acos(x —at) uy =—a®sin(x —at)
u;, (x,t) = cos(x —at) Uy, =—sin(x—at)
U L,0U 5.
= . =a°—, =-a‘sin(x—at
ot ox° (x-at)
Phuong trinh song mé ta sy chuyén dong ctia cac loai song: song bién,
song am thanh hay song chuyén dong doc theo mét soi day rung.
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1. Dao ham rieng, vi phan

, » 3 1 x? ) \
Chu’flg to rang u(t,x) = " exp( 4a2t) thoa phuong trinh
truyén nhiét: ou o

=
ot OX*
u’ (X,t) :1e_X2/(4a2t) . —2X —~ " (X t) _ X —2a t —X /(4a )
' 2a~/nt 4a’t) oY o2 Tt
6_” :( 1 e_XZ/(4a2t)j X — 23. t —X /(48. t)
ot \ 2a/xt . 8a ot
ou  , 0%
ot OX
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1. Dao ham rieng, vi phan

Cho f(x,y)=<X"+Y

Tim £, (0,0).

£0.0)= lim [©@+AX0 =100 _ 0-0_,
AX—0 AX AX—0 AX

YRy
= h(x,y) = (X, y) =1 (x2 + y2)2
0, x° +y%=0
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1. E))a ham rieng, vi phan

Tim dao ham riéng cap hai:

£7(0,0) = h.(0,0) = lim

h(0 + AX, 0) — h(0,0)
AX—0 AX
0-0

f”(0,0)= lim ——=0
AX—0 AX

Tuong ty tim dugc f,,(0,0)=0 va 7, (0,0); Af(0,0)

Chu y: Dé tim dao ham riéng cap hai tai (x,, y,) ta phai tim dao ham
riéng cap mot f, (X, y) tai moi diém (tue la tim ham . (X, y)).

Ham nay cé cac dao ham riéng cap 1 tai (0,0) nhung khéng lién tuc tai
day.
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1. Dao ham rieng, vi phan

8100 f

Cho ham u(x,y) =(2x+3y)In(x+2y) . TIm 1,2).

8X100

Str dung cong thirc Leibnitz, coi f(x,y) 1a ham mot bién theo x.
bat u=1f-g;f(x,y)=2x+3y;9(X,y) =In(x+2y)

6100 f
00 (6 ¥) = Cro {7057 + Caoo £95™ + Ci 1,057 +
' o (n) _ (n) n—1 1
fy =21, =0; In(X + 2 "Ly —1)1
" gx " =(In(x+2y))," =(=1)"( )(X+2y)”
A100 ¢ (- 1)99 99! (_1)98 o
X, Cioo(2X+3 +Cigo2- +0
ox100 (X, y)= 100( y)- (X+2 )100 100 (x+ 2)/)99
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Cho f ¢6 cac dao ham riéng cap 1 lién tuc.
C; va C, la hai duong cong tao nén

- I, dohaimity = bvax = acitS.
Piém P nam trén ca hai duong
nay. Gia st T; va T, la hai tiép
tuyén véi hai duong cong C; va
C, tai1 P.
Mt phéng (a) chira Ty va T, goi
la mat phang tlep dién v&1 mat S
tai P. Tlep tuyén voi moi c'hm’ng
cong nam trong S, qua P déu nam

o (a, b, ) -. trong ().
ir, =(10, f{(a,h)),ir =(0.1 f/(a,b))

1

Phuong trinh mit phang tiép dién voi mit S tai P(a, b, C).
z—-c= fy(a,b)(x—a)+ f;,(a,b)(y —b)
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1. Dao ham rieng, vi phan

Tim phuong trinh mit phang tiép dién vai paraboloid elliptic:
z = 2x% + y? tai diém (1,1,3).

f/=dx= f/(L1) = 4.

fr=2y= f/(L1)=2.
Phuong trinh mit phang tiép dién:
2129 = T,(Xp, Yo)(X—Xo) + Ty (X0, Yo)(y — Yo)
2—-3=4(x-1D+2(y-1)
Z=4x+2y—-3=L(X,Y)
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Néu tai diém tiép xtc ta
phong to 1én thi mat

paraboloid gan tring véi
mit phang tiép dién.
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Ham tuyén tinh L(X,y) = 4x +2y — 3 1a ham xap xi tot cho f = 2x2 + y2
khi ma (x,y) gan voi diém (1,1).

f(X,y)=4x+2y—3
(1.1,0.95) = f(1.1,0.95) ~ 4(1.1) + 2(0.95) -3=3.3
GAan bing véi gia trj thuc: f(1.1,0.5) = 2(1.1)* +(0.95)* = 3.3225
Néu ta chon diém xa diém (1,1) thi két qua khdng con dung nita.
(23) = f(2,3)~4(2)+2(3)-3=11

Khac xa voi gia tri thuc: f(2,3) =2(2)* + (3)* =17
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1. Dao ham rieng, vi phan

Cho ham f = f(x,y) va (x,, v,) 1a diém trong ctia mién Xac dinh.
Ham f duoc goi 1a kha vi tai (x,, y,) néu so gia toan phan:

AT (X, Yo) = T(Xg +AX, Yo +Ay) — T (X0, Yo)
co thé biéu dién dugce & dang: Af (Xy, Yy) = A- AX+ B- Ay + £(AX, Ay)
trong do A, B 1a c4c hang so;

e(Ax,Ay) = 0(p),p = 0 ; p = /Ax2 + Ay?.

DPai luong df (xy,yo) = A.Ax + B. Ay goi la vi phan ctia ham f = f(x,y) tai
(X0, Vo).
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1. Dao ham rieng, vi phan

Pinh Iy

Pinh Iy (diéu kién can kha vi)

Néu ham f = f(x, y) kha vi tai (x,, y,), thi:
1. f hlentuc tai (x,, y,)

2. f ¢6 cac dao ham riéng cap mot tai (x,, y,) Va
A= fi(x0,¥0), B = fy’(xo:J’o)

Pinh Iy (diéu kién du)

Néu ham f(x,y) xac dinh trong mot 1an can cta (X,,Y,) va co cac dao
ham riéng £/, fy lién tuc tai (X,,Y,), thi ham f(x, y) kha vi tai (x,, y,).
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1. Dao ham rieng, vi phan

Pinh Iy

Pinh Iy (diéu kién can va du)

Ham f (x, y) kha vi tai (X,, Y,) khi va chi khi Af (x,,y,) bicu dién
duoc duot dang:
Af (Xo’ yo) =1 (Xo +AX, Y, +Ay)— 1 (Xo’ yo) =

= 1,(Xs Yo) - AX+ T,(X;, Yo) - Ay + £(AX, Ay)

g(AX,Ay)=0(p),p > 0; p= \/sz + Ay?
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1. Dao ham rieng, vi phan

Vi phan cap 1 cta f(x,y) tai (x,, y,):
df (Xo, Yo) = Tx (X, Yo)dX+ T, (Xg, Yo)dy

Tinh chat cua vi phan

Cho f(x,y) va g(x,y) kha vi tai (x,, y,). Khi do:
1) d(af)=cadf 2) d(f +g)=df +dg
3) d(fg) = gdf + fdg 4) d (fj _ gdf - fdg
g g
30-Jan-21 TS. Nguyén Vin Quang 29
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(a+Ax,b+ Ay, f(a+ Ax, b+ Ay))

- fla, b)

_—

J-_——_—_—_*.}*.

(@a+ Ax,b+ Ay,0)

z—f(a,b)="1,(x—-a)+ f;(y—Db)
Mt tiep dién
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1. Dao ham rieng, vi phan

Dung vi phan cap 1 dé tinh gan dung

Cho ham f(x, y) kha vi tai (x,, y,). Khi d6 ta co:
F (X +AX, Y, +Ay) = T (X, ¥o) = £,(Xg, Yo) - AX+ T/(Xq, ¥p) - Ay + £(AX, Ay)

F(X,y)=T(Xg,¥o) + T,(%: Yo) - AX+ £(X5, ¥o) - AY + £(AX, Ay)

FOGY) = T (X0 Yo) + £.(X0, Vo) - A+ T(Xp, o) - Ay (1)
Cong thuc (1) dung dé tinh gan ding gia tri cua f tai (x, y).

Cong thirc (1) ¢6 the viét lai: f(x,y)— f (X, V,) ~ f/(X,, Y,)dX + f, (%o, Yo)dy
hay ta c0: Af =~ df.
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1. Dao ham rieng, vi phan

Qui tac dung vi phan cap 1 dé tinh gan dung

Pé tinh gan dung gia tri ctia ham f tai diém cho trude (x,y). Ta thuc

hién:

1. Xac dinh ham f, chon mot diém (x,,y,) gan véi diém (X,y) sao
cho Ax, Ay nhé.

2. Tinhgidtri: AX=X—X,, Ay =Y —VY,, f.(X;,¥,), T, (X, ¥,)-

3. St dung cOng thuc:

FOGY) = 1%, Yo) + 1,(Xg, Yo)AX + T(Xy, Yo)Ay (1)

Chu y: Néu diém (x,, y,) Xa v6i diém (x, y) thi gia tri tinh dugc khéng
phu hop.
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1. Dao ham rieng, vi phan

Chung to f = xe*¥ kha vi tai (1,0). St dung két qua nay dé tinh gan
dung gia tri f(1.1,—0.1)

f/(x,y) =€ +xye?: f/(x,y) = x%e¥
Cac dao ham riéng cap mot lién tuc trén R2, nén lién tuc trong 1an can
ctia (1,0). Theo dinh Iy (dk di kha vi): f = xe*¥ kha vi tai (1,0).
Chon x;=1Yy,=0 = Ax=x-x,=1.1-1.0=0.1
Ay=y-Yy,=-01-0=-0.1
f1.1,-0.1)~ f(@0)+ f (1,0)Ax+ f/(1,0)Ay =1+1(0.1) +1(-0.1) =1

So sanh véi gia tri thue: f(1.1,-0.1) = (1.1)e > ~ 0.98542
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1. Dao ham rieng, vi phan

Cho f(X,y) =X +3xy—y?
1) Tim df (x,y)
2) Khi x thay doi tir 2 dén 2.05, y thay doi tir 3 dén 2.96, so sanh

df va Af.
1) df (x,y) = fydx+ fydy < df (X, y) = (2x + 3y)dx + (3x - 2y)dy
2) Cho Xy =2, Y, =3 => Ax = 0.05,Ay = —0.04, x = 2.05, y = 2.96.
df (2,3) = (2.2 +3.3)0.05+ (3.2 — 2.3)(~0.04) = 0.65
Af(2,3) = £(2.05,2.96) — (2,3)
AF(2,3) =[ 2.05) +3-(2.5) - (2.96) - (2.96)* | -[ 2* +3-2-3-3% | = 0.6449

Ta thay hai gia tri gan giong nhau nhung df tinh dé hon.
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1. Dao ham rieng, vi phan

Vi phan cap cao

Cho ham f = f(x, y) khi @6 df (x,y) ciing 1a mot ham hai bién x, y.
Vi phan (néu c06) cta vi phan cap 1 dugc goi la vi phan cap 2.

d*f(x,y) =d(df (x,y)) =d(fedx+ fydy) =d(fydx)+d(f,dy)
= dxd(f,)+dyd(fy) =dx| (f,),dx+(f,),dy |+dy| (), dx+(f,),dy]

= faxdx+ f,

< d?f(x,y) = fdx® +2f7 dxdy + f,7 dy?

dxdy + fydxdy + f, dydy

Mot cach hinh thire, c6 cng thie tinh vi phan cap n. Sir dung nhi thuc
Newton: P o )
d"f =| —dx+ _—dy| f
OX oy ~ )
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1. E))a ham rieng, vi phan

Cong thuc vi phan cap 3 ctia ham f = f(x, y):

3
03f = Cax+ Py 1
OX oy

3 2 2 3
:(adxj f +3(adxj g —dy | f +3( g dxj gdy f+ gdy f
OX OX oy OX oy oy

3 3 3 3
T3 9T ooy 13 97 axdy?+ O L gy?
ox® oX“oy 8x6y ay

d3f =

4
Cong thue vi phan cép 4: d*f = gdx+gdy f
OX oy
4 4 4
_ 0 I dx* + 4 831‘ dx°dy + 6 62 f ~dx*dy’ + 4
OX ox oy oX“oy oxoy’
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1. Dao ham rieng, vi phan

Tim vi phan cap hai d?f(1,1), biét f(x,y) = e*¥

fr=ye? = f7 =y%¥, {7 =e¥(1+xy)

r Xy o G2AXY
Vi phan cap hai:

d*f = fydx®+2f, dxdy + f,dy?
d2f(x,y)=e" (yzdx2 +2(1+ xy)dxdy + x2dy2)

d?f (1,2) = edx? + dedxdy + edy?
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1. Dao ham rieng, vi phan

Tim vi phan cap hai d?f(1,1), biét f(x,y) =Y/

’ T " 2y " _1
L L
’ 1 "

Vi phan cap hai:

d*f = fy,dx® +2 fy,dxdy + f,1 dy”

d?f (X,V) :Z%Idx2 —22dxdy+0dy2
X X
d?f(1L,1) = 2dx? — 2dxdy
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1. Dao ham rieng, vi phan

Dung vi phan cap 1, tinh gan dtng:

A =+/(1.03)24(1.98)3

Chon ham f(x,y) = /x2% + y3.
Chon Xo = 1,y0 = 2.
— AX=X—-X, =1.03-1=0.03 . X 3y’

(X, y) =  fy (X y) =
2 3 2 3
Ay =Yy—Yyy=198-2=-0.02 \/X Ty 2\/X ty
F(Xy)= (X0, Yo) + Tx (X0, Yo)AX + Ty (Xg, Yo)AY
f(1.03,1.98) ~ f(1,2) + £,(1,2).(0.08) + . (1,2)(-0.02)

A=1/(1.03)2 + (1.98)% = f (1.03,1.98) ~ 3+é(0.03) +§'g(—o.oz) =2.97
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2. Pao ham rieng, vi phan cua ham hop

Ham mét bién

= f'(x)=1'(u)-u’(x)

{fzf(u)

u=u(x)

Ham hai bién: Truong hop 1

I () I
{u:u(x,y):fx =f'(u)-u ; fy =1'(u)-uj

Truong hop 2

(f =f(u,v)
T u=ux) = f'(x)="f-u(x)+f, -v(x)
| V=V(X)
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2. Dao ham riéng, vi phan cua ham hop

Tim cac dao ham riéng cia ham hop f = f (u) = e’ U =sin(xy)

f = f(xy)=e"
2 _ )
f/ = f'(u)-ul =2ue" -ycos(xy) =2sin(xy)e™™ ™) .ycos(xy)

fy=f'(u)-uj, = 2ue¥ -xcos(xy) = 2sin(xy)es™ ™) . xcos(xy)

Tim f, , biét f = f (u,v) =u’v+In(uv),u =e*,v=sin®x

g‘; = £'(x)= £/ -u'(X)+ f,-V(X) =(3u2v+3jex +(u3 +\1Jsin(2x)
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2. Dao ham riéng, vi phan cua ham hop

Truong hop 3 (Quy tic day chuyén)
P=tUv) o o vt
<U:U(X,y):>f’ .I:r 4 .I:r ’
V=V(X,Y) y T e Hy Yy
f=1(u,v)
/ \ fX’
u = u(x,y) vV =V(X,y)
/\ /\ fy
X Yy X y
30-Jan-21 TS. Nguyén Vin Quang 42

DPai hoc Cong nghé - PHQGHN



2. Dao ham riéng, vi phan cua ham hop

Tim f,, f; caiaham hop f = f(u,v)=e",u(x,y) = x>+ y*,v(X,y) = xy

f=f(xy)=e
fo="f -u, +f -v.=ve" -2x+ue™ -y

2 ,.,2 2,2
f, = xyeU Y 2x 4 (x2 4 y2)e YV Ly

fy =1 -u, +f/-v, =ve™ -2y +ue™ -x

2 2 2 2
fr=xyeX .2y 4 (2 + y?)e I . x
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2. Dao ham riéng, vi phan cua ham hop

Truong hop 4
{f = T(X,y)
y =y(X)
f = f(x,y) 1a mot ham hai bién theo x va y. Khi dé ta c6 khai niém
dao ham riéng theo x: y of
X — & ,
Thay y = y(x) vao ta dugc ham mot bién theo x:
df 8fdx8fdy of afdy
dx 8xdx oy dx ox aydx

Trong truong hop nay vira ton tai dao ham df /dx cua f theo x nhu la dao ham
cua ham mdt bién X, vira ton tai dao ham riéng of /ox cua f theo x.
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2. Dao ham riéng, vi phan cua ham hop

Tim 81;(3]; cua ham f = f(x, y):exy+x2y,y:y(x):ln(x+\/1+x2)

of [ AXY 2.\ . Xy
&—(e + X y)x—ye + 2Xy
@:(e"y+x2y)’ = xe¥ + x°
oy y
dy A\
i =y'(X) = (In(x+\/1+x )) _m
at _ ot 8f gy = ye¥ 4+ 2xy + (xe¥ + Xx*)- L
dx 5x oy dx 1+ X
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2. Dao ham riéng, vi phan cua ham hop

Pao ham cap hai cia ham hop

f = f(u,v) fo=f u +f v, f’ :(fx')’x =(f,-ul + fv’.\/;(),X
su=u(x,y) Y
v =v(x, Y) u la ham hop

hai bién u, v

4

_ ” ! 2 " 4 / / 4 " / ! " 2 4 4
- fuu '(ux) + fuv'Vx Uy + fu “Uyy + fvu Vy Uy + fw'(vx) + fv°Vxx
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2. Dao ham riéng, vi phan cua ham hop

Tim fg cua ham hop f = f(u,v) =u®+2v,u(x,y) = xy*,v(X, y) = X +3y

fo=fo-u+fvi=20y +21 = f7 =( fx')'y — (2u,y2 + 2)'y

fo = (Zu.yz) - 2u,.y° +2u.2y

Tim fy, ctia ham hop f = f(u,v) =e",u(x,y) = xy + y*,v(X,y) = 2X +y

/
fo=fo-ug+ f)vi=vety+ue™2 = f; :(ve“".y+ue“".2)
y

Wy +V(eUV )’y y+vel +2(x+2y)e™ +2u (e”v )’y

TTAY w\ w\ uv uv
(e ) :(e ) u +(e ) v, =ve .(X+2y)+ue .1
y u Y v Y
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2. Dao ham riéng, vi phan cua ham hop

Pao ham cap hai cia ham hop

f'(u) 14 ham
f=f(u) o , | hop mét bién u.
u=u(x,y) = Ty

foo=(f), =(f'(u)-uy) =(f'@), -up+f'(u)-(u),
:[(f%u))’ (u)-u’x]u; +Fr(u)-ug = Fru)-(uy)’ + Fu)-ug,
o= (1), =(F/@)-uy) =) -up+ f)-(uy)

:|:(f’(U))’ (U)-U;}.U;—I— f’(u)°u;2y = f”(U)'U;(-u;/+ f’(u)'U;y
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2. Dao ham riéng, vi phan cua ham hop

Tim f, chiahamhop f =f(u)=Inu; u(x,y)=xy>+e’

f :(1j .y2+£2y :—%(2xy+ey).y2+1.2y
y u/, u U

Tim fy ctahamhop f = f(x® +¢Y)

Pit u(x,y)=x"+e’ = f/=f'(u)-u. = f'(u).2x

fo =(f '(u).zx)’y = 2x.f"(u).e"
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2. Dao ham riéng, vi phan cua ham hop

Vi phan cap moét cua ham hop

(f=fUV) 3 v lahai bién ham, x va y 12 hai bién doc 1ap.
- U I \ \ .
| \lj_v((x 3,/)) Khi thay u(x, y), v(x,y) vao ta dugc ham f theo hai

bién x, y doc lap.

df = fedx+ fy-dy =(f;-uj + - vi)dx+( f-uj + -V, )dy

=, (uydx+ujdy)+ f, (vidx+vidy) = fydu+ fydv

df = fydu+ fdv (1 \ S tnAn ng o
QU+ 1V (D) Tuy theo bal toan ma ta dung cong thuc (1)

df = fydx+ fydy (2) hodc (2). Thuong dung cong thuc 5O (1)

Hai cong thirc giong nhau. Trong (1) 1a bién ham, trong (2) 1a bién doc
lap. Nén ta noi: vi phan cap mot co tinh bat bién.
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2. Dao ham riéng, vi phan cua ham hop

Tim df caa hamhop f = f(u,v)=e",u(x,y) = xy*;v(x, y) = 2x +3y

df = f,du+ fjdv  du=y%dx+2xydy  dv=2dx+3dy
df =ve™ (y%dx + 2xydy) + ue" (2dx + 3dy) = e (vy* + 2u)dx + " (2vxy + 3u)dy

Tim df cia ham hop f = f(u):i,u(x, V) = In(x+2y)

, 1, 1( 1 2
df = 1'(u)du =—u—2(uxdx+uydy) = — ( dx + dyj

W2\ x+2y  X+2y

Cha y: Trong hai vi du nay ta déu c6 thé dung: df = f,dx+ f dy

nhung viéc tinh toan phirc tap hon.
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2. Dao ham riéng, vi phan cua ham hop

Tim df cua ham hop f = f(x* +2y,eY)

Pat u=x°+2y;v=eY
Taco f="Ff@u,v);: uxy)=x>+2y,v(x,y)=e
du = 2xdx + 2dy dv = ye™dx + xe™¥dy

df = f du+ f,dv

df = f;(2xdx + 2dy) + f,(ye™¥dx + xe™dy)

Chdy: C6 thé dung df = fdx+ fdy
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2. Dao ham riéng, vi phan cua ham hop

Vi phan cap hai ciia ham hop

(f =f(u,v) d?f =d(df) =d(f,du+ fdv)
<u:u(x,y) , ,
v =v(xy) =d(f, du)+d(f, dv)

Chiy & day u, v 12 bién ham nén du, dv khéng 14 hang so.
d?f =d(f/)-du+f/-d(du)+d(f))-dv+ f/ -d(dv)
f., f, 14 nhitng ham hop hai bién
d(f))=(f)), du+(fy), dv d(f)=(f), du+(f,), dv
d(du)=d®u,d(dv)=d*
Vi phan cap hai khdng con tinh bat bién.
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2. Dao ham riéng, vi phan cua ham hop

Vi phan cap hai cua ham hop

(f=1f() d*f =d(df )=d(f'(u)du)
(u=u(x,y) =d(f'(u))-du+ f'(u)-d(du)

d?f =(f'(u)) (u)-du-du+ f'(u)d®u = f"(u)-du®+ f'(u)-du

Tom lai:

Pé tim dao ham riéng (vi phan) cap hai ctia ham hop ta lay dao ham
(Vi phan) cta dao ham (vi phan) cap moét va phai biét phan biét la
ham hop may bién.
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2. Dao ham riéng, vi phan cua ham hop

Tim d*f cta ham hop:
f=f(u,v)=2u+v%u(x y) =Xy +2xV(X,y) =X° +y’

df = fjdu+ 1,0V =2[(y + 2)dx + xdy]+ 2v

d?f =d(df) =d[2[(y+2)dx+ xdy]+2v[2xdx + 2ydy]]

d*f =d[2((y+2)dx+xdy)]+d[2v(2xdx + 2ydy)]
d°f =2d ((y +2)dx) +2d (xdy )+ 2(2xdx + 2ydy ) dv + 2vd (2xdx + 2ydy )

od ((y+2)dx) =dxd(y+2) =dxdy od (Xxdy) = dxdy
od (2xdx +2ydy) = d (2xdx) + d (2ydy) =2dx? + 2dy?
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2. Dao ham riéng, vi phan cua ham hop

Tim d2f caahamhop f = f(x*+3y)

Pat u=x*+3y

Tacé f=7f(u); u(x,y)=x"+3y

df = f'(u)du = f'(u)(2xdx + 3dy)

df =d(df)=d(f'(u)(2xdx +3dy))

d?f = (2xdx +3dy)-d(f'(u)) + f'(u)-d(2xdx + 3dy)
od(f'(u)) = f"(u)du = f"(u)-(2xdx + 3dy)

od (2xdx + 3dy) = d(2xdx) + d (3dy) =2dxdx+0 = 2dx?
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< NS A D >, L~ R
3. Dao ham rieng, vi phan cua ham an

uj

Gia st phuong trinh F(x,y) =0 xac dinh mot ham an y = y(x)
sao cho F(x, y(x)) =0 v&i moi x thudc mién Xac dinh.
Str dung quy tac day chuyén ta co:

oF dx oF dy 0 <:>8F oF dy
OX dx oy dx ox oy dx

dy__&F/@x__FX’
dx oF [ oy Fy’

30-Jan-21 TS. Nguyén Vin Quang 57

DPai hoc Cong nghé - PHQGHN



3. Dao ham riéng, vi phan cua ham an

Tim y'(x) biét y = y(x) la ham an xac dinh tir phuong trinh:

Xy +x° +y* =¥

Cach 1. Pao ham hai vé phuong trinh, chd y y 1a ham theo x.

ye"¥ —2Xx—y
X+2y—xe”
Cach 2. Str dung cong thirc. Chu y ¢ day st dung dao ham riéng!

V+X-Y+2X+2y-y =¥ (y+Xx-y) =YyY(X)=

F(x,y)=xy+x"+y* —e¥ =0 Ly F Y2y

F/=y+2x—ye”;F/ =x+2y—xe"” F, X+2y—xe”
Ch( y: Can phan biét dao ham theo x & hai cach. Cach 1, dao ham hai vé
coi y 1a ham theo x. Céch 2, dao ham riéng ctia F theo x, coi y la hang.
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- N 2 T 1 Ik A 2 N A
3. Dao ham rieng, vi phan cua ham an

Gia st phuong trinh F(x,y,z) =0 Xac dinh mot ham an z = z(x, y)
sa0 cho F(x,Y,z(x,y))=0 v&i moi (x,y) thudc mién Xac dinh ctia z.

Str dung quy tac day chuyén. Chu y x, y 1a hai bién doc lap, z 1a ham
theo X, .

oF dx oF oz oF OF oz
—t——=0 < —+——=0
OX dx o0z oX OX 07 OX

oz oF/ox _ F oz oFoy F

ox  oFoz  F oy oFoz  F
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3. Dao ham riéng, vi phan cua ham an

Tim 7., biét z = z(x,y) la ham an xac dinh tir phurong trinh:

Z—X—Y

X+y—z=¢

Céach 1. Pao ham hai vé phuong trinh theo x, chi y v 1a hang, z 14 ham
theo x.

oy 1+e
1-z, =" (3,-) =7 =1 oy =1L
+ €

Céach 2. Str dung cong thitc. Chil y & day X & bién, y va z 1a hang!

F(X,y,2)=X+y—-z—-e"7"Y =0 £ 142"

Fxr _ 1_|_ ez—x—y; Fzr _ _1_ ez—x—y X I:Zr o _1_ ez—X—y

Tuong tu tim dao ham riéng cua z theo y.
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< NS A T >, L~ R
3. BDao ham rieng, vi phan cua ham an

Dinh ly (vé ham an)

Cho ham F(x,y) thoa cac diéu kién sau:

1) Xac dinh, lién tuc trong hinh tron mo B(M,,r) tam M, (X, Y,) ban kinh r

2) F((%,%,))=0  3) 5F(2;’y0)¢0

oF oF
OX oy

Khi d6 F(x,y) =0 xac dinh trong lan can U cia X, mot ham y = y(X) thoa man:

4) Ton tai trong B(M,,r) cac dao ham riéng lién tuc

Y, = Y(X,) va F(x,y(x)) =0 trong U. Ngoai ra y = y(x) kha vi, lién tuc trong U

ﬂ__@F/ax__Ex’
dx oF / oy Fy’
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3. Dao ham riéng, vi phan cua ham an

Dao ham riéng cap hai ctia ham an: z = z(x, y)

1) Tim dao ham riéng cap 1 (bang 1 trong hai cach)
2)z) = (z;)'y = (—Eﬁj .ChG y: x l1a hang, y 1a bién, z 1a ham theo y.
y

z

Viphan cap 1 ciiaham an z = z(x,y): dz=zdx+z/dy

Vi phan cép 2cuahiamanz = z(x,y)
d*z =z, dx* +2z; dxdy + z,, dy’

Chi V. Vi z = z(x, y) 1a ham hai bién doc lap x va y. Nén vi phan cap mot, cap
hai hodc cap cao cia ham an cting giong nhu vi phan cap 1 va cap hai cua ham
f = f(x,y) trong phan 1.
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- N 2 T 1 Ik A 2 N A
3. Dao ham rieng, vi phan cua ham an

Tim dz(1,1), biét z = z(x, y) l1a ham an xac dinh tir phuong trinh:
X2 +2y>+2° —3xyz+2y-3=0, z(L,1)=-2.

F(X,y,z)=x>+2y° +2°-3xyz+2y-3=0

F/=3x*-3yz F/=6y°-3xz+2 F/=3z"-3xy

,  F 3x*-3yz yz-x° 1.(-2)-1.1

 =—X=— = >7 (L1) == —=-1
“ F 37°-3xy z°-xy = z(L1) 4-1

= 2 _

S 2 PN
*F/ 3z° —3xy ’ 9

A A A, , : 14

Viphancap 1. dz=zdx+z/dy= —dx—gdy
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~ N LI, S L [ 2 N\ !?\Sv
3. Dao ham rieng, vi phan cua ham an

Vi du

Tim zy, biét z = z(x,y) 14 ham an xac dinh tir phuong trinh:

X+Y+2Z

X°+y°+z°=¢e

F(X,y,2) =X +y°+2° e =0

F/=2x—-e™" =2x-x*-y*-27°; F/'=2z-e""=27-x"-y*-17"
N

/ 2 2 2 \
L FXZZX_X -y —Z Dao ham theo y; x |a hing,

X TRt w2 g2 52 g L
F, X +y +2° -2z y la bién, z la ham theo y.
/ /

, [ 2X=X*—-y’—17°
ny: 2 2 2
X+y' +2°-2z),
(-2y-2z-2))M-T-(2y+2z-2,-2-7))
(x2+y2+22—22)2
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- N 2 T 1 Ik A 2 N A
3. Dao ham rieng, vi phan cua ham an

2
Tim it

vox biét z = z(x,y) la ham an xac dinh tir phuong trinh:
yOX

XyZ +X° +y* =22 -3

F(X,y,2)=Xxyz+ X +y*—-2z+3=0

F'=yz+2X F, =xz+2y F'=xy-2
Z,:_Ex':_yz"‘ZX:yZJFZX x 12 hang, y la bién,
O F o xy-2  2-xy z 13 ham theo y.
z" _( FX’j (yz i ZXJ /
xy | 7 —
F, ), 2-Xy ),
_ (z+yz))-(2-xy)—(yz+2x)-(-x)
(2-xy)’
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1. Tim dao ham riéng cua cac ham sau.
fEn =l +07% 1

feen=e": fuif.
fey)=e"; 1,

30-Jan-21

d.

b.

C.

f(x.y)=arctan=; fy:fe

a

I .
f(I:u]‘!}: m: fl}'(luﬂ}

fe.y)=In(x* +p); £,0.1): £, (1,0)

flxy)=1 xziy if (x. %) = (0,0)

0. if (xx, v)=(0.0)
fOa)=e" fo fin

alﬂ'
F(x.3)=In(2x+3): Q{
w2y OO

JOey)=(x+De 55 gmagan van Quang
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1. T1’1:|]:1E

dt

a. z=5iﬂ_r{:{:-5y;x=;?rt=y=—\."'a.:
b. z=xln{x+2y), x=sinf, v =cost

h

c. z=xe*;x=t", yv=1—-¢z=1+2¢

d. z=2z(t, r'1+5mf}
2. Tinh cac dao ham twong ung:

a. f{u=v}=—+¢3ﬂ”; u=xv+2x v=ye™
Vv

b, f=arctan(+fu); u=>+=_Tim f. f,
Voox

1""‘:-

c. f=e% +ln(x) v=sin" x. Tim —: %

&

d f=f0Cx+4y.x+e) Tim f_. f,
e. f=/Cx+y).Tim f.. £,
f. f=/7Q2x"+py.20). Tim f. £,
_ 3
{f—f{u} 1” +sin i Tim £, £,

w= ll}TisgNguyen Vin Quang
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1. Tinh cic dao him cua cic him in sau

30-Jan-21

a)
b)
c)
d)
¢)

f)
g)

h)
1)
)
k)

1)

V=10 4 2x
cos(xy)+ 2x— yl =2
cos(x—y) =xe”
xy+x5iny:y3

& L 2x—3y=2" 41
xe' +yz+ze" =0

xz =sin(x+v+z)
]ﬂ{I+}‘2}=xz+y1 —Z
wHx-2y=e"" 3'(x)
=12y ¥y (0

2
1yz+x2+y1=lz—3; .-E'_zl
checly
2
eV = x4 2y -3z; oz
cvcx

TS. Nguyén Vin Quang
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4. Dao ham theo hwong
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4. Dao ham theo hwong

f=f(x,y) Vécto don vi clng phuong, chiéu voi O
— U
_ o= =(l.1>)
Oy 1 0=(Uy, ) (X, ) ul

l, = (cosa,cos f)
a, S 14 goc tao boi U va chiéu duong
truc OXx va Oy tuong ung.

..... O(XO’yO) ..........................................

t : - Ox X=X, +tcosa
Vécto M M cung phuong, chiéu vor U : y = Yo +1CoS B t>0
Pao ham cia ham f theo hu:(’)’ng vécto O tai diém M, 12 gidi han (néu ton tai);
F(M)—1(My)
’ = Mjy) = lim 0
fi(Mg) =2, (Mo) = fim ZEE0
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4. Dao ham theo hwong

f(x, f(x
MOM :\/(X_X0)2+(y_y0)2 —t f (MO)_tI_I)rgl ( y) t ( 0 yO)
£/(M,) = lim f (X, +tcosa,y, +ttcos,8)— f (X5, ¥0) _ im f(t); f(0) 1(0)
t—0" t—>OJr

Theo quy tic day chuyén: f'(t) = f,-x'(t) + fy-y'(t)
Do dé: fy(Mg) = f,(Xy, o) -COsa + f,(Xy, Yg)-cOS B

fa (%o, ¥o) = (( fx (X0, Yo), Ty (X, YO))’(COSO‘1COSIB))

gradf (%o, Yo) = ( f4(X. Yo). fy (X0, ¥o))  vécto gradient ciia f tai M .

Tich vo hudng cua vécto gradient

fq(Mg) = (gfadf (X0 ¥o). IO) tai My véi vécto don vi.
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4. Dao ham theo hwong

Tuong tu, ta cO dinh nghia dao ham cua f=f(x,y,z) tai M, theo huéng U:

fg(Mg) = f,(My)-cosa + f (M) -cos f+ ,(Mg)-cosy

f3(Mg) = (gradf (X0 Yo Zo)’g)

e

Trong do: vécto don vi cung huéng véi U la: 1, =(cosa,cos 3,cosy)

a, 8,7 1a cac goc tao bai U va chiéu duong truc Ox, Oy va Oz twong tng.

Vécto gradient cuia f(x,y,z) tai My la:  gradf (M) =( f,(Mg), f; (M), f,(M,))

30-Jan-21 TS. Nguyén Vin Quang 12
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4. Dao ham theo hwong

Tim dao ham cua f(X,y)= Xy2 —3xty? tai diém M,(1,1) theo hudng ctia
vécto 0 =(1,-2)

—»

Vécto don vi cung huéng voi U la: |, =

j (cosa,cos f)

%N

(-
f =y -12x°y° = f; (1) =-11

f, =2xy—-15x"y*= f/ (1,1) =-13

| | | 11 26
fl (LY =f; (LY)-cosa+fy (L1)-cosp = 35

RN
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4. Dao ham theo hwong

Tim dao ham cua f (X, y) = x> —3xy + 4y~ tai diém M,(1,2) theo huéng cua

vécto tao voi chiéu duong truc OX mot goc 30°.

e

Vécto don vi la: 1, = (cosa,cos ).

fy =-3x+8y = f, (1,2)=13
/ / [/ 3\/§ 13
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4. Dao ham theo hwong

Y 13

Tim dao ham cua f (X, y) = arctan > tai diem M, = (2, , ] theo hudéng vécto
X
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